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x := 1︸ ︷︷ ︸
1

; while (0 < x) x := x + 1︸ ︷︷ ︸
4︸ ︷︷ ︸

3︸ ︷︷ ︸
2︸ ︷︷ ︸

0
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Ẑ_� Z�}s��� Áºô�Çô�Ç �â
Äº

Ẑ = {⊥} ∪ {[a, b] | a ≤ b, a, b ∈ Z ∪ {∞,−∞}}

{9� M:, ~½Ó&ñ
d���Ér:

X̂0 = λm̂.X̂2(X̂1 m̂)
X̂1 = λm̂.m̂{x 7→ [1, 1]}
X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))
X̂3 = λm̂.m̂{x 7→ (m̂ x) +̂ [1, 1]}

áÔ�ÐÕªÏþ� r����&h�\�"f_� �̧��H Bj�̧o� �©�I�\�¦ �í[O�
���H ��s	כ

{} ∈ ˆMemory = Var fin→ ˆValue

���¦
����,
X̂0 {}

\�"f ÂÒ'� “����WìøÍ6£x”�̀¦ {9�Ü¼v���H ~½Ó&ñ
d��[þtëß� Û�¦��� �)a��.
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����"f Û�¦#Q�� ½+É ~½Ó&ñ
d��[þt:

X̂0 {} = X̂2(X̂1 {}) ����"f

X̂1 {} = {x 7→ [1, 1]} ����"f

X̂2 {x 7→ [1, 1]} = {x 7→ [1, 1]} t (X̂2 (X̂3 {x 7→ [1, 1]})) ����"f

X̂3 {x 7→ [1, 1]} = {x 7→ [1, 1]+̂ [1, 1]} ����"f

X̂2 {x 7→ [2, 2]} = {x 7→ [2, 2]} t (X̂2 (X̂3 {x 7→ [2, 2]})) ����"f

X̂3 {x 7→ [2, 2]} = {x 7→ [3, 3]} ����"f

X̂2 {x 7→ [3, 3]} = · · ·
X̂3 {x 7→ [3, 3]} = · · ·

...

Û�¦#Q�� ½+É ~½Ó&ñ
d��s� Áºô�Çy� ú́§��f��.
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~½Ó&ñ
d��_� F�½̈$í
: ,���¹כ ,���¹כ ���¹כ

"î
§î
ë�H Ck_� ��p_���¹כ

X̂k ∈ ˆMemory → ˆMemory

×�æ\�"f

�'ad��e����H Bj�̧o�[þt\� @/ô�Ç �â
Äºëß��̀¦ ÆÒ�9 �·p ~½Ó&ñ
d��[þt

X̂k m̂1 = RHS 1
...

...

X̂k m̂n = RHSn

�Ér ¦�\��p_���¹כ /BNçß�

2 ˆMemory× ˆMemory

\�"f ½̈
���H !lr.
ô�Ç��� �8 ������, 0A_� ~½Ó&ñ
d���̀¦ 
���_� ~½Ó&ñ
d��

X̂k (
⊔

i=1,··· ,n
m̂i) =

⊔
i=1,··· ,n

RHS i.

Ü¼�Ð ÆÒo���H ��Ér	כ ¦�\��p_���¹כ /BNçß�

ˆMemory × ˆMemory

\�"f ½̈
���H !lr. éß�, ˆMemory�� t−completeK���.

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



~½Ó&ñ
d��_� F�½̈$í


éß�Ãº\�¦ ±ú�ÆÒ#Q"f

X̂↑
i ∈ ˆMemory "î
§î
ë�H i_� Ø�¦§4�

X̂↓
i ∈ ˆMemory "î
§î
ë�H i_� {9�§4�

\� @/ô�Ç ~½Ó&ñ
d��Ü¼�Ð F�½̈$í
 ½+É Ãº e����.
~½Ó&ñ
d��_� Ì�	Ãº = O(áÔ�ÐÕªÏþ� ��s�Ý¼).
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��A� ~½Ó&ñ
d��Ü¼�Ð ÂÒ'�

X̂0 = λm̂.X̂2(X̂1 m̂)
X̂1 = λm̂.m̂{x 7→ [1, 1]}
X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))
X̂3 = λm̂.m̂{x 7→ (m̂ x) +̂ [1, 1]}

��6£§�̀¦ Ä»�̧½+É Ãº e����:

X̂↓
0 = {} X̂↑

0 = X̂↑
2

X̂↓
1 = X̂↓

0 X̂↑
1 = X̂↓

1{x 7→ [1, 1]}
X̂↓

2 = X̂↑
1 t X̂↑

3 X̂↑
2 = X̂↓

2 t X̂↑
2

X̂↓
3 = X̂↓

2 X̂↑
3 = X̂↓

3{x 7→ (X̂↓
3 x)+̂[1, 1]}
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0A_� ~½Ó&ñ
d���̀¦ ��r�æ¼���(
X̂↑

0 , · · · X̂↑
3

X̂↓
0 , · · · X̂↓

3

)
= ĜC

(
X̂↑

0 , · · · X̂↑
3

X̂↓
0 , · · · X̂↓

3

)

ĜC��H F̂C\�¦ Õª@/�Ð ìøÍ%ò

��¦, Õª µ1ÚÜ¼�Ð��H t ˆMemory ���íß�÷�r.

0A ~½Ó&ñ
d��_� K���H ���5Åq�<ÊÃº ĜC_� þj�è �¦&ñ
&h�.

Õª K���H, FC�Ð ÂÒ'� °ú �Ér ~½ÓZO�Ü¼�Ð F�½̈$í
ô�Ç GC_� þj�è

�¦&ñ
&h��̀¦ �í[O�; α(lfpFC) v lfpF̂C s�Ù¼�Ð.
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)���, þj�è �¦&ñ
&h� tiĜi
C⊥̂ >�íß��Ér =åQ��t� ·ú§6£§; Ẑ_� Z�}s��� Áº

ô�Ç.

ˆMemory = Var fin→ Ẑ
m̂1 v m̂2

def= ∀x ∈ dom(m̂1) ∪ dom(m̂2) : m̂1 x v m̂2 x

∀x 6∈ dom(m̂) : m̂ x
def= ⊥Ẑ

(Bj�̧o�\�"f x °úכëß� ³ðr�)

Ĝi
C⊥̂, i = 1, 2, · · ·

1 2 3 4 5 6 7 · · ·
X̂↓

2 [1,1] [1,1] [1,1] [1,2] [1,2] [1,3] · · ·
X̂↓

3 [1,1] [1,1] [1,1] [1,2] [1,2] · · ·
X̂↑

0 [1,1] [1,1] [1,1] [1,2] · · ·
X̂↑

1 [1,1] [1,1] [1,1] [1,1] [1,1] [1,1] [1,1] · · ·
X̂↑

2 [1,1] [1,1] [1,1] [1,2] [1,3] · · ·
X̂↑

3 [2,2] [2,2] [2,3] [2,3] · · ·
>�5Åq 7£x��
���H Ĝi

C⊥̂
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(
X̂↑

0 , · · · , X̂↑
3

X̂↓
0 , · · · , X̂↓

3

)
= ĜC

(
X̂↑

0 , · · · , X̂↑
3

X̂↓
0 , · · · , X̂↓

3

)
0A_� K�\�¦ �í[O�
���H �¦̀�	כ Ä»ô�Ç���ëß�\� >�íß�
��9��� »¡¤t�

ZO�(widenning)(5)�̀¦ ��H {Ŷi}i�̀¦ >�íß�K���:

Ŷ0 = ⊥̂

Ŷi+1 =
{

Ŷi if ĜC(Ŷi) v Ŷi

Ŷi 5 ĜC(Ŷi) otherwise

Ä»ô�Çô�Ç �̂��� {Ŷi}i_� =åQ limi Ŷi�Ér tiĜi
C⊥̂�̀¦ �í[O� (Theorem

[widen’s safety])

limi Ŷi\�¦ a%vy�l�(narrowing)(4)�Ð ��1pu�¦: a%v�2³ ���õ��̧
tiĜi

C⊥̂\�¦ �í[O� (Theorem [narrow’s safety])
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5 õ� 4_� \V

⊥5X = X
X 5⊥ = X

[l, u]5 [l′, u′] = [(l′ < l? −∞ : l), (u′ > l? ∞ : u)]

⊥4X = ⊥
X 4⊥ = ⊥

[l, u]4 [l′, u′] = [(l = −∞ ? l′ : l), (u =∞ ? u′ : u)]

{9�l�: “Comparing the Galois Connection and Widening/Narrowing
Approaches to Abstract Interpretation”

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



»¡¤t�ZO�Ü¼�Ð 8A��H �̂��� {Ŷi}i:

Ŷ0 = ⊥̂

Ŷi+1 =
{

Ŷi if ĜC(Ŷi) v Ŷi

Ŷi 5 ĜC(Ŷi) otherwise

(Bj�̧o�\�"f x °úכëß� ³ðr�)

Ŷi, i = 3, 4, · · ·
3 4 5 6 7

X̂↓
2 [1,1] [1,1] 5[1,2]=[1,∞] [1,∞] [1,∞]

X̂↓
3 [1,1] [1,1] [1,1] 5[1,∞]=[1,∞] [1,∞]

X̂↑
0 [1,1] [1,1] [1,1] 5[1,∞]=[1,∞]

X̂↑
1 [1,1] [1,1] [1,1] [1,1] [1,1]

X̂↑
2 [1,1] [1,1] [1,1] 5[1,∞]=[1,∞] [1,∞]

X̂↑
3 [2,2] [2,2] 5[2,3]=[2,∞] [2,∞]

limi Ŷi = Ŷ7.
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a%vy�l��Ð 	±p���6£§
���H �̂��� {Ẑi}i:

Ẑ0 = limi Ŷi

Ẑi+1 = Ẑi 4 ĜC(Ẑi)

(Bj�̧o�\�"f x °úכëß� ³ðr�)

Ẑi, i = 0, 1, · · ·
0 1

X̂↓
2 [1,∞] [1,∞]

X̂↓
3 [1,∞] [1,∞]

X̂↑
0 [1,∞] [1,∞]

X̂↑
1 [1,1] [1,1]

X̂↑
2 [1,∞] [1,∞]

X̂↑
3 [2,∞] [2,∞]

limi Ẑi = Z1 (Õªo��¦ �8 a%~��t���H |	� \O�5pu).
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4�� ò́õ�\�¦ µ1Ï6f
���H \V
Ĉ while E C m̂ = m̂ t (Ĉ while E C (Ĉ C (m̂ u True(E))))
s����, áÔ�ÐÕªÏþ� x := 1 ; while (x < 11) x := x + 1︸ ︷︷ ︸

3︸ ︷︷ ︸
2

\� @/ô�Ç X̂↓
3_�

~½Ó&ñ
d���Ér X̂↓
3 = X̂↓

2 u [−∞, 10].

»¡¤t�ZO� õ�&ñ
�Ér:
4 5 6

X̂↓
2 [1,1] 5 [1,2] =[1,∞] [1,∞]

X̂↓
3 [1,1] [1,1] 5[1,10] = [1,∞]

a%vy�l� õ�&ñ
�Ér:
0 1

X̂↓
2 [1,∞]

X̂↓
3 [1,∞] 4[−∞,10]=[1,10]
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�<ÊÃº ñØ�¦õ� �¦	��<ÊÃº áÔ�ÐÕªÏþ�_� �¹���K�$3כ

E → n (n ∈ Z)
| E + E
| - E
| x ���Ãº

| fλx.E F�)
 �<ÊÃº

| E E �<ÊÃº  ñØ�¦

_�p��<ÊÃº

V : Exp → 2Env → 2Val

_�p�/BNçß�

σ ∈ Env = Var fin→ Val
Val = Z + Closure

Closure = Exp × Env
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8̈��â
\�"f ���Ãº�'a>� Áºr�

2Env −→←−α
γ

Var fin→ 2Val

7£¤, _�p�/BNçß�

σ ∈ Env = Var fin→ Val
Val = 2Z + 2Closure

Closure = Exp × Env

_�p��<ÊÃº

V : Exp → Env → Val

V n σ = {n}
V x σ = σ x

V E1 + E2 σ = (V E1 σ)+̇(V E2 σ)
V - E σ = −̇(V E σ)

V fλx.E σ = {〈fλx.E, σ〉}
V E1 E2 σ = ∪{V E σ′{x 7→ V E2 σ}{f 7→ {〈fλx.E, σ′〉}}

| 〈fλx.E, σ′〉 ∈ V E1 σ}
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ÅÒ_�

áÔ�ÐÕªÏþ� E_� _�p� V E\�¦ &ñ
_�
���H��?
E�� F�)
�<ÊÃº\�¦  ñØ�¦
��¦ Õª �<ÊÃº?/\� F�)
 ñØ�¦ “f E′”s� e����H
�â
Äº:

V E = · · · V f E′ · · ·
= · · · (· · · V f E′ · · · ) · · ·
= · · ·
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V�Ér E\�¦ ��t��¦ ëß�×¼��H ~½Ó&ñ
d���̀¦ ³ð�&³
���H �	כ ÷�r.
Õª ~½Ó&ñ
d��_� K��� áÔ�ÐÕªÏþ�_� E_� _�p� V E.
d�� E_� ~½Ó&ñ
d���̀¦ ëß�[þt#QÅÒ��H �<ÊÃº

F : (Exp → Env → Val)→ (Exp → Env → Val)

��H ��2£§��m���:

F V n σ = {n}
F V x σ = σ x

F V E1 + E2 σ = {z1 + z2 | zi ∈ V Ei σ}
F V - E σ = {−z | z ∈ V E σ}

F V fλx.E σ = {〈fλx.E, σ〉}
F V E1 E2 σ = ∪{V E σ′{x 7→ V E2 σ}{f 7→ 〈fλx.E, σ′〉}

| 〈fλx.E, σ′〉 ∈ V E1 σ}
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áÔ�ÐÕªÏþ� E_� _�p���H Õª _�p� V E\� @/ô�Ç ~½Ó&ñ
d��

V E = F V E

õ� Eîß�_� �̧��H d�� Ei[þt_� _�p� V Ei\� @/ô�Ç ~½Ó&ñ
d��

V Ei = F V Ei

[þt_� K�\�¦ ��t��¦ &ñ
_�H�d.
Õª ���wn�~½Ó&ñ
d���̀¦ 
���_� �<ÊÃº FE\�¦ s�6 xK�"f ³ð�&³
���� X0

...
Xn

 = FE

 X0
...

Xn


s� ÷&�¦, ~½Ó&ñ
d��_� ÅÒ���/BN Xi��H V Ei@/���\� ��H �,¦��s	כ áÔ�ÐÕª
Ïþ� E_� �̧��H 
�ÂÒ d��[þt�Ér n>h. (FE_� &ñ
_���H F�Ð ÂÒ'� "î
Ñþ�)
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��6£§ áÔ�ÐÕªÏþ�

1 + (kλx.k (- x)) 0

�̀¦ Òqty��
���. 0A áÔ�ÐÕªÏþ�_� �̧��H ÂÒ¾¡§d��[þt���� ��� ñ\�¦ ·¡­s���.

1︸︷︷︸
1

+ ((kλx. k︸︷︷︸
6

(- x︸︷︷︸
8

)︸ ︷︷ ︸
7︸ ︷︷ ︸

5

)

︸ ︷︷ ︸
3

0︸︷︷︸
4

)

︸ ︷︷ ︸
2︸ ︷︷ ︸

0

y�� áÔ�ÐÕªÏþ� d�� Ei\� @/K�"f ~½Ó&ñ
d��

V Ei = F V Ei

�̀¦ �̧�Ér ���wn�~½Ó&ñ
d���Ér
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V E0 = λσ.{z1 + z2 | z1 ∈ V E1 σ, z2 ∈ V E2 σ}
V E1 = λσ.{1}
V E2 = λσ. ∪ {V E σ′{x 7→ V E4 σ}{f 7→ 〈fλx.E, σ′〉}

| 〈fλx.E, σ′〉 ∈ V E3 σ}
V E3 = λσ.{〈kλx.E5, σ〉}
V E4 = λσ.{0}
V E5 = λσ. ∪ {V E σ′{x 7→ V E7 σ}{f 7→ 〈fλx.E, σ′〉}

| 〈fλx.E, σ′〉 ∈ V E6 σ}
V E6 = λσ.σ k

V E7 = λσ.{−z | z ∈ V E8 σ}
V E8 = λσ.σ x
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~½Ó&ñ
d��_� ÅÒ���/BN�̀¦ V Ei @/���\� Xi�Ð ��r�æ¼���:

X0 = λσ.{z1 + z2 | z1 ∈ X1 σ, z2 ∈ X2 σ}
X1 = λσ.{1}
X2 = λσ. ∪ {XE σ′{x 7→ X4 σ}{f 7→ 〈fλx.E, σ′〉}

| 〈fλx.E, σ′〉 ∈ X3 σ}
X3 = λσ.{〈kλx.X5, σ〉}
X4 = λσ.{0}
X5 = λσ. ∪ {XE σ′{x 7→ X7 σ}{f 7→ 〈fλx.E, σ′〉}

| 〈fλx.E, σ′〉 ∈ X6 σ}
X6 = λσ.σ k

X7 = λσ.{−z | z ∈ X8 σ}
X8 = λσ.σ x
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:£¤s�&h�: ~½Ó&ñ
d��_� ÅÒ���/BN[þts� ¢-a���y� ×¼�Q��t� ·ú§6£§.
X2_� ~½Ó&ñ
d���̀¦ �Ð���, “XE”\�"f E_� &ñ
�̂��H X3_� K���

µ1ß)�|9� M: ·ú� Ãº e��5pu.

“〈fλx.E, σ′〉 ∈ X3 σ”

�<ÊÃº�� ��Ä»\�v>� f�Ë�Q��u�́ Ãº e����H(higher-order) ���#Q���
�â
Äº Òqtl���H �&³�©�.
<�Ê�Ér, “if the language has the control a first-class object.”
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lfpFE ��H lfpF_� {9�ÂÒì�r

~½Ó&ñ
d��_� K�

lfpF̂E

��H

lfpF̂ ∈ Exp → Env → Val

×�æ\�"f áÔ�ÐÕªÏþ� E\�¦ ½̈$í

���H d��[þt_� _�p�[þt�Ð ½̈$í
�)a��:

lfpF̂E = 〈(lfpF̂) E0, (lfpF̂) E1, · · · , (lfpF̂) En〉
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�BNçß/���¹כ

σ̂ ∈ ˆEnv = Var fin→ V̂al
V̂al = Ẑ + ˆClosure

ˆClosure = 2Exp

áÔ�ÐÕªÏþ� E _� ���¹כ _�p���H ���5Åq�<ÊÃº F̂ �� E�Ð ÂÒ'� ëß�[þt#Q ?/
��H ���wn�~½Ó&ñ
d��  X0

...
Xn

 = F̂E

 X0
...

Xn


_� K�.
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F̂ ∈ (Exp → ˆEnv → V̂al)→ (Exp → ˆEnv → V̂al)

F̂ V̂ n σ̂ = α2 {n}
F̂ V̂ x σ̂ = σ̂ x

F̂ V̂ E1 + E2 σ̂ = (V̂ E1 σ̂)+̂(V̂ E2 σ̂)
F̂ V̂ - E σ̂ = 	(V̂ E σ̂)
F̂ V̂ λx.E σ̂ = {λx.E}
F̂ V̂ E1 E2 σ̂ = t{V̂ E σ̂{x 7→ σ̂ x ∪ V̂ E2 σ̂} | λx.E ∈ V̂ E1 σ̂}
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F̂��H ���5Åq �<ÊÃºs�Ù¼�Ð, F̂E�̧ ���5Åq�<ÊÃº. ����"f, lfpF̂ü<
lfpF̂E�� �>rF�.

���wn� ~½Ó&ñ
d��_� K� lfpF̂E��H lfpF̂_� {9�ÂÒì�r:

lfpF̂E = 〈(lfpF̂) E0, · · · , (lfpF̂) En〉
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�̀¦��2£§

α(lfpF) v lfpF̂?

�¹���K�$3כ d�¦\� _�K�, 7£x"î
½+É ��Ér	כ

α ◦ F v F̂ ◦ α (<�Ê�Ér, α(f) v g =⇒ α(F f) v F̂ g)

7£¤, �̧��H áÔ�ÐÕªÏþ� d�� E\� @/K�"f

∀f : (α(F f)) E v (F̂(α f)) E.
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½̈�&³

ì�r$3�_� ½̈�&³�Ér, ì�r$3�½+É áÔ�ÐÕªÏþ� E�� ÅÒ#Q&���̀¦ M: ���wn�~½Ó&ñ
d�� X̂0
...

X̂n

 = F̂E

 X̂0
...

X̂n


�̀¦ ÉÒ��H�,	כ 7£¤ lfpF̂E\�¦ >�íß�
���H �.	כ
¿º��t� ~½ÓZO�Ü¼�Ð >�íß�½+É Ãº e����.
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ˆEnv_� "é¶�èÃº�� Ä»ô�Çô�Ç �â
Äº.
ˆEnv → V̂al_� "é¶�è��H Ä»ô�Çô�Ç ��s�Ý¼_� _�s��̂¦. ~½Ó&ñ
d��_�
K� ⊔

i∈N
F̂ i

E(⊥, · · · ,⊥)

\�¦ f��]X� >�íß�.

ˆEnv_� "é¶�è�� Áºô�Çô�Ç �â
Äº. <�Ê�Ér, �̧��H �â
Äº\�¦ >�íß�½+É
��¹כ��9 \O��̀¦ �â
Äº.

���_� ��¹���8̈כâ
 σ̂0s� �̧��H �íl�8̈��â
�̀¦ �í[O�
��̧2�¤
����,
�'ad��e����H ��Ér	כ

((lfpF̂E) ↓ E) σ̂0.

0A\�¦ >�íß�
���H X< ¹ô�Çכ��9 ëß��puëß� ���wn� ~½Ó&ñ
d��\�"f >�íß�.

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



¹ô�Çכ��9“ ëß��puëß� ���wn� ~½Ó&ñ
d��\�"f >�íß�”?

���wn�~½Ó&ñ
d��  X̂0
...

X̂n

 = F̂E

 X̂0
...

X̂n


�̀¦ SX��©�; X̂i\�¦

ˆEnv_� "é¶�è Ãº ëß��pu SX��©�:

X̂0 σ0
...

X̂0 σω
...

X̂n σ0
...

X̂n σω


= F̂ ˆEnv

E



X̂0 σ0
...

X̂0 σω
...

X̂n σ0
...

X̂n σω


0A_� ~½Ó&ñ
d��[þt ×�æ\�"f áÔ�ÐÕªÏþ� Eü< �íl� ��¹���8̈כâ
 σ̂0\�

K�{©�
���H ÅÒ���/BN X̂E σ̂0_� ~½Ó&ñ
d���̀¦ ÉÒ��H X< ¹ô�Çכ��9 ~½Ó&ñ
d��

[þtëß��̀¦ Y�J��"f ó�r��
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¹ô�Çכ��9 ~½Ó&ñ
d��[þts� Áºô�Çy� ú́§�� t���H �â
Äº��H? ¹ô�Çכ��9 ~½Ó&ñ
d��s�
X̂i\� @/K� 4�¤Ãº�Ð ���̧>� ÷&��H �â
Äº, 7£¤, X̂i σ1\� @/ô�Ç ~½Ó&ñ
d��õ�

X̂i σ2\� @/ô�Ç ~½Ó&ñ
d��s� 
¹כ��9�>� ÷&���?

@/���\� X̂i (σ1 t σ2)\� @/ô�Ç ~½Ó&ñ
d��ëß��̀¦ Òqty��ô�Ç�����, >�íß�\�
V,�#Q�� ½+É ~½Ó&ñ
d���Ér ˆEnv_� Z�}s��� Ä»ô�Ç
������ �½Ó�©�
Ä»ô�Ç>h_� ~½Ó&ñ
d��ëß� ��ÀÒ>� �)a��.
ÕªXO�>� K�"f >�íß��)a X̂i (σ1 t σ2)_� K���H X̂i σ1_� K�ü<

X̂i σ2_� K�\�¦ �̧¿º �í[O�.
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