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z:=1; while (0<z) z:=g+1
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Xo = MuXo(X1m)

X1 = Naam{z— [1,1]}
Xy = MaanU (X, (X3m))
X3 = Maan{z— (mx)+[1,1]}

z2ae Aol Ae] BE vne) AU EA45E Aol
{} e Memory = Var = Value

2tar sk,
Xo {}
oA FE “AMg" S dov= YAANEW W Ao}
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webA Eojok & A S
Ko} = Xe(Xi{) weA

Xi{t = {e~[L1} A
Xofoe = [L1]} = {z—[1 71]} U (X2 (X3 {z— [1,1]})) uwhebA
Xs{e— L1} = {o—[L1+[1,1]} =ekA
Xo{z— 2,2} = {z—[22}0 (X (X3{z—[2,2]}) w=tA
Xs{z—[2,2]} = {z—[33]} w=A
Xo{x—[3,3]} =
Xg{z—[3,3]} =
Fojof 3 340l FA Woby
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A AFA: 2F 2ok 2o
WYE el fopeln)
X € Mer;zory — Meﬁwry

Z oA
o FASE RS thet Fee F8 Wl FAAE

Xpm, = RHS,

oA Fahe A
o @ T Lhobst, 1) WAL Shbe] WA 4

Mer;wry X Meﬁwry

| A Pt Al &, Memory7} Li—completedl of.
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X € Memory WHE o &9
Xil € Memory WEE o] ¢=
of o3k e ATA &S A
WA A = O(=2 28 Aol %)
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Xo = MnXo(X1h)
X1 = Mha{z— [1,1]}
Xy = Amml_l(Xg(X Th))

X3 = Muan{z— (max)+[1,1]}
dee REY 4 Atk
Xy = {) Xy = X;
X = X} X! = XMz w11}
X = XTuX3 XQT = XJuX]
Xy = X, X = Xy (X3o)HL1])
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S Ha n3AE UGHL AL BUA g 29 Eol7t F
3k

Mer;wry = Var 27
Ty 2 Ve dom(mq) U dom(mhe) : iy z C mg x

A ~ def
Vo & dom(m) :mmx = L1,

(W2 A z Fe &A])

GLl, i=1,2,---

1 2 3 4 5 6 7
X, (L] (L] ]| [12] ] [1.2] | [1.3]
X, L] [ [ [ L1 | L2 | [1.2]
X/ 1] | (11 | 1.1 | [1.2]
Xy gy g g ] py
x] 1] | (L1 ] [ | 1.2 | [1.3]
X3 22 [ [2.2] | [2.3] | [23]

AL S7k8ke Gp L
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H9] & Aok A= wEArtol Atste ¥ 54
H(widenning)(7)= & {Y:}: < A4l ok
Yo = 1
o if Go(Y;) C Y
SEl Y; 7 Go(Y;) otherwise

o 3Hek A QN {Vi}; 9] & lim; Vi UG5 1S 4] (Theorem
[widen's safety])

=2 = =)

o lim; V;E 53] 7] (narrowing)(A)2 T3 £33 235
LiGELE ZA] (Theorem [narrow’s safety])

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



1lyvX = X
Xyl = X
Lul 7 [Uu] = [(U<1? —oc0: 1), (U >17 0o u)]
IAX = 1
XAN1L = 1
Lul Al u] = [(l=-00?l 1), (u=00?u" : u)]

217]: “Comparing the Galois Connection and Widening/Narrowing
Approaches to Abstract Interpretation”
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ZAYPoE HE AA {Vik

%= 1 -

. _ Y if Ge(Yi) LY,

Yo = {ﬁvg}’o(i@) otheCrwise
(HEZEANA x gT FA])

Y;,, i=3,4,---
3 4 5 6 7

Xy [ 1] | [1.1] [ v[L2)=[1.00] | [Lox] [1,0]
Xy [y vLool=[Loc] | [1.o0]
X, [L1] | [11] [1.1] vL,00]=[1,0]
X| L[y ][] [1.1] [L1]
Xy | LA | L1 ] [ V[Loo]=[1,00] | [1,0c]
Xj 2.2] | [22] v[23]=[2.00] | [2.]
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(M Z 2ol A & FERE 3EAT)
Zi, 1=0,1,---
0 1

X3 | [oq] | [1,00]
X5 | [100] | [1,0]
Xy | [L00] | [1,ox]
XL |
XJ | [1o0] | [1,00]
X; | [2.00] | [2.00]
lim; Z, = Z) (283 B Folx]+ A $%).
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A7} 23 B3] 5l= 9

Cwhile E C i =mU(Cwhile E C (C C (N True(E))))
ojl, Z2 33 x :=1; while (z<11) gz :=xz + 1 o tj3t Xé_‘l]

3
) 2
wpg Al X = X} [—o0,10].
4 5 6
SAH AZ2: [ X] [ [L1] | v [12] =[1,00] | [1,09]
X1 | L | 1 V[L,10] = [L,o0]

0 1

X: | [1,00] | Al—00,10]1=[1,10]
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V: Exp — ofmv _ oVal

ccBEw = Var™ Val
Val = Z + Closure
Closure = FEzp x Env
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il fi
2Em) T Var fin, 2Val

=, o) g7
ceBw = Var™ Val
Val = 2L 4 9Closure
Closure = FExp x Env
o g4
V: Exp — Env — Val
Vno = {n}
Veo = oz
VE +Eyo = (VE 0)+(VEyo)
V-Eoc = —-(VEo)

Vflxxe.Eoc = {{f \x.E, o)}
VE Eao = UVEd{x—=VEoHf— {{f\2.E, d)}}
| (f\x.E, 0’y €V Ey o}
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VE = - VfFE ...
= (VfE')

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



F: (Exp — Env — Val) — (Exp — Env — Val)

R ET
FVno = {n}
FVrxo = ovx
FYFEi+FEyo = {Z1+22|ZiEVEiO'}
FV-Eo = {—z|z€VEo}
FVfxe.Eo = {(f\x.E,o0)}

FVE Eo = UWVEd{z—VEdH{f— (fA\x.E,d)}
| (f\x.E,0') € V Ey 0}
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2% Fo] oujE= 1 9u] VY Eo 3t vkA Al
VE=FVE

Al
&

o BE A EEY 9u VB that B
VE;=FVE;

A}
&
rO

= VEOAY & Aolx, =271
nl. (Fpol Bel= F= 75 99)
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VEy = M{zi+22|21€VEi0,20€V FEy0}

VE = Aofl}

VEy, = M.U{VEd{z—VEol{f— (fAr.E o)}
| (f\x.E,0') € V B30}

VE; = Mo{(kXx.Es5,0)}

VE, = Mo{0}

VEs = M.U{VEd{z—VE;o}{f— (f\x.E,0')}
| (f\z.E,0') €V Eg o}

VEs = M.ok

V E; XAo{—z|z€VEgo}

VEs = Moz

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 11



WAl FAFS VE, Ao X; 2 ThA| 2 H:

Xo = do{z1+2|z1€X10,20 € Xo0}

X1 = Xlo{l}

Xo = MoU{Xgod'{z— Xyo{f— (fAx.E, o)}
| (f\x.E,0') € X530}

X3 = Ado{(k\x.X5,0)}

Xy Xo.{0}

X5 = doU{Xgo'{z— Xyo}{fr— (fAz.E, o)}
| (fA\z.E,0') € Xg 0}

X = Mook
X; = dof{-z|z€ Xgo}
Xg = Mooz
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FEo) AR SEA 2.
CXE" A B9 AL X527

o %57 A5FA Selthd 4 9 (higher-order) 21019l
T A= A4
“if the language has the control a first-class object.”
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fpFr = ifpF 2
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ifpFr

rlr

lfp]:" € Fxp — Env — Val
Fold 2219 BE T4 459 JusE T4ATh

IfnFe = ((fpF) Eo, (IfpF) Er,-- -, (IfpF) En)
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o € Env
Val
Closure

rlr

Var % Val
7 + Closure
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F € (Exp — Env — Val) — (Ezp — Env — Val)

FVné = a{n}
FVzé6 = 6z
FVE +Ey6 = (VEla)QL(VEQa)
FVY-Eé¢ = o(VE&)
FV . E6 = {\z.E}
FVE Ey6 = WVEG{z—6zUVE 6} | M. E€cVE 6}
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o FE A% Fgolm, T A& weA, ipFe)
UpFr7t EA.
o A WA UpFpt pFe] IR

nFr = ((fpF) Eo, -, (IfpF) Ep)

e
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a(lfpF) C IfpF?

aocFCFoa (ZL,a(f)Cg = a(F f)C Fyg)
, BE 2233 2] pof tis]A

Vf:(a(F f)) EC (F(af)E.
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