
2 �©�

�̧�ª�õ� >pw

áÔ�ÐÕªA�bç
 ���#Q_� ����̧�ª��Ér ë�HZO�½̈�̧(syntax)\�¦ ú́�ô�Ç��. áÔ�ÐÕªA�bç
 ���#Q_�

5Åq>pw�Ér _�p�½̈�̧(semantics)\�¦ ú́�ô�Ç��. Õª ¿º��t�\�¦ ·ú�t� 3lw
���� Õª ���#Q\�¦ ��

6 x½+É Ãº \O���.

]j@/�Ð Òqt|�� áÔ�ÐÕªÏþ��̀¦ #Qb�G>� ëß�[þt�¦ Õª áÔ�ÐÕªÏþ�_� _�p��� Áº%Á	���t�\�

@/ô�Ç &ñ
_�\�¦ �̧ØÔ�¦��H Äºo���H Õª ���#Q\�¦ ��6 x½+É Ãº \O���. �8ç�H���� Õª &ñ
_�[þt

�Ér E�B�
�t� ·ú§�¦ �D¥1lxs� \O�#Q�� ô�Ç��.

2.1 ë�HZO�½̈�̧

ë�HZO�½̈�̧(syntax)��HáÔ�ÐÕªA�bç
���#Q�ÐáÔ�ÐÕªÏþ��̀¦ ½̈$í

���H~½ÓZO�s���.]j@/�Ð

Òqt|�� áÔ�ÐÕªÏþ�[þt_� |9�½+Ë�̀¦ ëß�×¼��H ~½ÓZO�s���. )
±ú�&h���� ½©gË:Ü¼�Ð &ñ
_��)a��. s�

)
±ú�&h���� ½©gË:[þt�Ð ëß�[þt#Qt���H áÔ�ÐÕªÏþ��Ér ��Áº½̈�̧\�¦ °ú�ð�r s�	�"é¶&h���� �̧_þv

s����¦ ½+É Ãº e����. �= ��Áº½̈�̧�����?

Example 15 &ñ
Ãºd���̀¦ ëß�×¼��H )
±ú�½©gË:�̀¦ Òqty��K� �Ð��.

E → n (n ∈ Z)

| E + E

| - E
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26 �̧�ª�õ� >pw

'Í	���P: ½©gË:�Ér e��_�_� &ñ
Ãº��H &ñ
Ãºd��s����¦ ô�Ç��. 
���_� &ñ
Ãºëß� ú́�éß�Ü¼�Ð ��

t��¦ e����H ��Áº�� ÷&��x��. ¿º���P: ½©gË:�Ér ¿º>h_� &ñ
Ãºd���̀¦ ��t��¦ +\�¦ s�6 xK�

"f &ñ
Ãºd���̀¦ ëß�[þt Ãº e�����¦ ô�Ç��. s���s	כ ��Áº ¿º>h\�¦ �ª�Aá¤Ü¼�Ð B�²ú��¦ e���¦

ÍÒo�\���H “+”\�¦ ��t��¦ e����H ��Áº�� ÷&��x��. ��t�}�� ½©gË:�Ér 
���_� &ñ
Ãºd���̀¦

��t��¦ −\�¦ s�6 xK�"f &ñ
Ãºd���̀¦ ëß�×¼��H �.���s	כ s��̧�	כ ��Áº 
���\�¦ B�²ú��¦ e��

�¦ ÍÒo�\���H “-”\�¦ ��t��¦ e����H ��Áº�� �)a��. 2

Example 16 çß�éß�ô�Ç "î
§î
+þA ���#Q\�¦ Òqty��K� �Ð��. s� ���#Q�Ð Âú� Ãº e����H áÔ�Ð

ÕªÏþ� C��H "î
§î
ë�H(command)Ü¼�Ð"f ��6£§_� ~½ÓZO�Ü¼�Ð ëß�[þt#Q �����:

C → skip

| x := E

| if E then C else C

| C ; C

s��¦ E��H 0A_� \V\�"f &ñ
_�ô�Ç &ñ
Ãºd��s����¦ 
���. s� ~½ÓZO�[þt�Ð ëß�[þt Ãº e����H

"î
§î
ë�H[þt�Ér �̧¿º ��Áº ½̈�̧Óüt [þts���. “skip”ëß� e����H "î
§î
ë�H�Ér Õª��ëß	כ ú́���HÜ¼

�Ð ��t��¦ e����H ��Áº�� ÷&��x��. ¿º���P: ½©gË:�Ér &ñ
Ãºd�� ��Áº\�¦ �̧�Ér¼#�\�, 
���

_� ���Ãº\�¦ ¢,a¼#�\�, ÀÒàÔ �̧×¼��H “:=”e���̀¦ ³ðr�
��¦ e����H ��Áº�� �)a��. [j���P:

½©gË:�Ér [j>h_� ��Áº(&ñ
Ãºd�� ��Áºü< ¿º>h_� "î
§î
#Q ��Áº)\�¦ 
�ÂÒ ��Áº�Ð ��t�

�¦ e���¦ ÀÒàÔ �̧×¼\���H “if”ë�H e���̀¦ ³ðr�
��¦ e����H ��Áº�� �)a��. ��t�}�� ½©gË:�Ér

¿º>h_� "î
§î
#Q ��Áº\�¦ 
�ÂÒ ��Áº�Ð ��t��¦ e���¦ ÀÒàÔ �̧×¼\���H í�H	�&h���� "î
§î


ë�H(“;”)e���̀¦ ³ðr�
��¦ e����H ��Áº�� �)a��. 2

áÔ�ÐÕªÏþ��̀¦ëß�[þtM:�9¹כ�ô�Çþj�èô�Ç_�&ñ
�Ð\�¦��t��¦e����H���©�çß�éß�ô�Çë�HZO�

�̀¦ +� �Ð��. \V 15ü< \V 16\�"f �Ð#�ï�r ½©gË:[þt\���H ½©gË:�̀¦ {9���H ��|ÃÐ�̀¦ [�vl� 0A

K�"f ¹כ��9 s��©�_� &ñ
�Ð�� e��l��̧ 
���. ��6£§s� ¹ô�Çכ��9 &ñ
�Ðëß� ��t��¦ e����H �8
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2.1 ë�HZO�½̈�̧ 27

¹¡¤ ±ú����ô�Ç ½©gË:{9� �:���s	כ

C → &

| = x E

| ? E C C

| ; C C

E → n (n ∈ Z)

| + E E

| - E

|�� d���̂¦�̀¦ jþt ¹�̧כ��9 \O��¦, d���̂¦s� ×�æçß�\� z�{9� ¹�̧כ��9 \O��¦, ��s� ��s�\�

“then”s��� “else”°ú �Ér �©�d��s� e���̀¦ ¹�̧כ��9 \O���. �̧f�� y�� ½©gË:���� ���Ér çß�

éß�ô�Ç d���̂¦�̀¦ æ¼��� Õªëß�s���. ��m���� ��\V Õª�Qô�Ç d���̂¦s� �O\¹כ��9#Q�̧ �)a��. Äº

o��� y�� ½©gË:���� ½̈ì�r½+É Ãº ëß� e�������:

C → &

| x E

| E C C

| C C

E → n (n ∈ Z)

| E E

| - E


�t�ëß�, s�XO�>� ��t� áÔ�ÐÕªÏþ� ëß�×¼��H ~½ÓZO��̀¦ þj@/ô�Ç ¹���K�"fכ �Ð#�×�¦ ¹��Hכ��9

\O���. ë�HZO� ½©gË:[þt�̀¦ �Ð�¦ Áº%Á	�̀¦ ëß�×¼��H ~½ÓZO����t�\�¦ �2³àÔK� ÅÒ��H ½©gË:[þt�̀¦ ��

6 x
�>��)a��.
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2.1.1 a(����¹כ <�Ê�Ér ½̈�̂&h����

t��FK��t��Ð���:rë�HZO�½©gË:[þt�̀¦ aë�HZO�½̈�̧”(abstract(����¹כ“ syntax)���¦�̧
���H

X<, a(����¹כ ë�HZO�½̈�̧(abstract syntax)ü< ½̈�̂&h���� ë�HZO�½̈�̧(concrete syntax)_�

	�s���HáÔ�ÐÕªÏþ��̀¦ëß�[þtM:��6 x
���H½©gË:s���,{9��̀¦M:��6 x
���H½©gË:s���,\�

²ú��9e����. áÔ�ÐÕªÏþ��̀¦ ëß�[þt M: ��6 x
���H ë�HZO��Ér t��FK��t� �Ð���:r )
±ú�&h���� ~½Ó

ZO�s���� Ø�æì�r
���. ëß���H ���õ���H ��Áº½̈�̧\�¦ ����� s�	�"é¶_� ½̈�̧Óüts���. ìøÍ���\�

áÔ�ÐÕªÏþ��̀¦ {9��̀¦ M:_� ë�HZO��Ér �8 4�¤ú̧�K� �����. �=��
����, @/>� ëß�[þt#Q��� áÔ�Ð

ÕªÏþ��̀¦ ³ð�&³½+É M:��H ��Áº\�¦ Õªo�t� ·ú§�¦ {9�	�"é¶&h���� /åJ��[þt_� ��\P�s� ÷&�¦ s�

�Qô�Ç /åJ���� �èo�_� {9�	�"é¶&h���� z�́�̀¦ ~ÃÎ��"f, æ¼���� ú́�ô�Ç ��|ÃÐ_�  Qo�\� Õª�9

4R e��%3��̀¦ 2	�"é¶_� ��Áº½̈�̧\�¦ 4�¤"é¶r�v���H ½©gË:[þts� ÷&l� M:ë�Hs���.

½̈�̂&h���� ë�HZO�(concrete syntax)�Ér \O����� ½̈�̂&h�{9���? ��Áº½̈�̧�� ��m���

{9�	�"é¶_� z�́�Ð ³ð�&³÷&��H ��6£§_� &ñ
Ãºd�� áÔ�ÐÕªÏþ��̀¦ Òqty��K� �Ð��:

-1+2

0A_� ��Ér	כ ��6£§ ¿º>h_� ��Áº½̈�̧×�æ 
���\�¦ {9�	�"é¶Ü¼�Ð �̀��2;�:���s	כ

〈〈− 1〉 + 2〉 − 〈1 + 2〉

#QÖ¼�?�����	כ áÔ�ÐÕªÏþ� z�́ “-1+2”\�¦ Ñüt ×�æ_� #QÖ¼ áÔ�ÐÕªÏþ�Ü¼�Ð 4�¤½̈r�~�́ ����	כ

��? a(����¹כ ë�HZO�

E → n (n ∈ Z)

| E + E

| - E

Ü¼�Ð��H Ñüt ×�æ\� #QÖ¼ ½̈�̧�Ð 4�¤½̈r�&��� ½+É t� ·ú� Ãº \O���. ¿º��t� ½̈�̧\�¦ �̧¿º

½̈»¡¤½+É Ãº e����.
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2.2 _�p�½̈�̧ 29

&ñ
Ãºd��_� ë�HZO�s� ��6£§õ� °ú ����� #Qb����?

E → n (n ∈ Z)

| E + E

| - F

F → n

| ( E )

0A_� ½©gË:s� ú́�
���H �,�Ér	כ 6£§_� ÂÒ ñ�� ·ú¡\� ·¡­�Ér &ñ
Ãºd����� �â
Äº��H, ¿º��t� µ1Ú

\� \O���: ú́�éß� �����Ãºs�����, F�c ñ�� ·¡­�Ér &ñ
Ãºd��s�����. ����"f, áÔ�ÐÕªÏþ� z�́

“-1+2”_� �â
Äº��H 〈〈− 1〉 + 2〉_� ½̈�̧µ1Ú\���H \O���.

½̈�̂&h���� ë�HZO�½̈�̧��H {9�	�"é¶_� áÔ�ÐÕªÏþ�z�́�̀¦ ~ÃÎ��"f �D¥1lx\O�s� 2	�"é¶_� áÔ

�ÐÕªÏþ� ½̈�̧Óüt�̀¦ 4�¤½̈
���H X< ��6 x÷&��HX<, s� ë�HZO��Ér áÔ�ÐÕªÏþ� 4�¤"é¶(parsing)

<�Ê�ÉráÔ�ÐÕªÏþ�_�ë�HZO����7£x(parsing)s�����Hõ�&ñ
_�[O�>��̧���)a��.Õªõ�&ñ
�ÉrÄº

o��� {9��©�&h�Ü¼�Ð áÔ�ÐÕªÏþ��̀¦ æ¼���(ë�H��[þt_� 1	�"é¶ z�́�Ð) (��ÉÓ'��� Õª ½̈�̧Óüt

�̀¦ ��1lxÜ¼�Ð 4�¤"é¶
���H õ�&ñ
s���.

Äºo���H ½̈�̂&h����ë�HZO��̀¦�8s��©���ÀÒt�·ú§��H��. “áÔ�ÐÕªÏþ�”s����¦
¹כ,����

����)a ë�HZO� ½©gË:[þt�Ð ëß�[þt#Q��� s�	�"é¶_� ��Áº½̈�̧\�¦ >pwô�Ç��. q�2�¤ s�/BM\� &h���H

áÔ�ÐÕªÏþ�[þts� Õª ��Áº½̈�̧\�¦ f��]X� Õªo�t���H ·ú§��¤�8���̧, Õª 2	�"é¶_� ½̈�̧Óüts�

Áº%Á	���t� �D¥1lx÷&t� ·ú§�̧2�¤ &h�]X�y� F�c ñ\�¦ æ¼���� ½+É �.���s	כ

2.2 _�p�½̈�̧

_�p�½̈�̧(semantics)��H áÔ�ÐÕªÏþ�s� >pw
���H ��\�¦ &ñ
_�ô�Ç��. áÔ�ÐÕªÏþ�s� >pw 
���H

����H Áº%Á	�����? “1+2”����H áÔ�ÐÕªÏþ��Ér Áº%Á	�̀¦ >pw
���H��? ���õ�°úכ 3�̀¦ >pw
���H

��, 1õ� 2�̀¦ �8K�"f ���õ�\�¦ >�íß�ô�Ç��, ��H õ�&ñ
�̀¦ >pw
���H��? 3�̀¦ >pwô�Ç���¦ &ñ
_�


���H Û¼��{9�, >pw
���H �� ÏãÎ�FG�̀¦ Ãº�<Æ&h���� ½̈�̧Óüt_� "é¶�è�Ð &ñ
_�K� ����H Û¼��{9�

�̀¦ “ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧”(denotational semantics)���¦ ô�Ç��. ìøÍ���\� áÔ

�ÐÕªÏþ�_�>�íß�õ�&ñ
�̀¦&ñ
_��<ÊÜ¼�Ð+�áÔ�ÐÕªÏþ�_�_�p�\�¦&ñ
_�K�����HÛ¼��{9��̀¦
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“õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧”(operational semantics)���¦ ô�Ç��.

���ª�ô�ÇÛ¼��{9�_�_�p�½̈�̧&ñ
_�ZO��Ér �̧¿ºØ�æì�ry�%3�x9�
���.Õªo��¦y��Û¼��

{9����� áÔ�ÐÕªÏþ� _�p�_� $í
|9��̀¦ 7£x"î

���H ���ª�ô�Ç l�Õüts� >hµ1Ï÷&#Q e����.

Õª!3� �= #��Q��t� Û¼��{9��̀¦ ¶ú�(R�̂¦ ��¹כ��9 e���̀¦��? Õª��Ér	כ ���ª�ô�Ç _�p�½̈

�̧ &ñ
_� ~½Ód��õ� 7£x"î
l�Õüt[þts� �̧¿º 7áx½+Ë&h�Ü¼�Ð ��6 x÷&��H ��s	כ ��¥
�l� M:ë�Hs�

��. #Q�"�M:��H ÏãÎ�FG_� Û¼��{9�s� &h�]X�
��¦ #Q�"�M:��H õ�&ñ
�̀¦ ×¼�Q?/��H Û¼��{9�s�

&h�]X�
���. y�� �â
Äº���� Äºo��� ×¼�Q?/�¦ z�·�Ér n�_�{9�_� Ãºï�r ëß��puëß� ³ð�&³K� ÅÒ

��H _�p�½̈�̧ ~½Ód���̀¦ 2[�����×þ�
�>� �)a��.

2.2.1 ÏãÎ�FG�̀¦ ×¼�Q?/��H

ÏãÎ�FG�̀¦ ×¼�Q?/��H _�p�½̈�̧(denotational semantics)��H áÔ�ÐÕªÏþ�_� _�p�\�¦ ���:�x

&h���� Ãº�<Æ_� [j>�\�"f &ñ
_�ô�Ç��. áÔ�ÐÕªÏþ�s� >pw 
���H ��\�¦ Ãº�<Æ_� Óüt|	�Ü¼�Ð &ñ


_�
���H �.���s	כ %ò
#Q “denotational semantics”\�¦ “t�g�A
���H ��\�¦ ×¼�Q?/��H _�

p�½̈�̧”���¦ f��%i�½+É Ãº e��t�ëß�, Õª�Q��� Õª �¦Ä» :£¤fç
�̀¦ ×¼�Q?/t� 3lw
�l� M:ë�H

\� “ÏãÎ�FG�̀¦×¼�Q?/��H”s����¦���%i�
�%i���. “denotational semantics”��HáÔ�ÐÕªÏþ�

_� _�p�\�¦ ���&ñ

���H ô�Ç ~½ÓZO��̀¦ >pw
���H �¦Ä»"î
��s��¦ Õª ~½ÓZO�_� :£¤fç
�Ér, Ãº�<Æ_�

[j>�\�"f _�p�
���H �� Õª ÏãÎ�FG�̀¦ ×¼�Q?/��H �.���s	כ

:£¤y�,áÔ�ÐÕªÏþ�ÂÒ¾¡§[þt_�_�p�[þts�����̂ áÔ�ÐÕªÏþ�_�_�p�\�¦ ½̈$í
ô�Ç��.s��Q

ô�Ç s�Ä»�Ð �̧wn�d�� _�p�½̈�̧(compositional semantics)���¦ Ô�¦o�l��̧ ô�Ç��. �̧wn�

d�� _�p�½̈�̧�� a%~�Ér s�Ä»��H "î
Ñþ�
���. áÔ�ÐÕªÏþ�_� _�p��� ~1�>� ���&ñ
�)a��. áÔ�Ð

ÕªÏþ�Òqt�̂�Dhëß� ú̧�>ps#Q"fÕªÂÒ¾¡§[þt�̀¦�����
����,ÕªÂÒ¾¡§[þt_�_�p�\�¦��t��¦���

�̂ áÔ�ÐÕªÏþ�_� _�p��� ���&ñ
�)a��.

\V\�¦ [þt#Q�Ð��. ��A�ü< °ú �Ér "î
§î
+þA ���#Q(imperative language)\�¦ Òqty��K��Ð
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��. Äºo��� Zþt ·ú��¦ e����H "î
§î
+þA ���#Q���¦ �Ð��� �)a��.

C → skip

| x := E

| if E then C else C

| C ; C

E → n (n ∈ Z)

| x

| E + E

| - E

áÔ�ÐÕªÏþ��Ér"î
§î
ë�Hs�÷&�¦,"î
§î
ë�H�Érl�>�_�Bj�̧o�\�&ñ
Ãº°úכ[þt�̀¦$��©�r�v����

"f {9��̀¦ ���'��ô�Ç��. áÔ�ÐÕªÏþ�_� ���Ãº��H Bj�̧o�_� ÅÒ�è\�¦ >pw
�l��̧ 
��¦ (t�&ñ


ë�H “x := E”_� ¢,a¼#�\� ��6 x÷&��H �â
Äº) Õª ÅÒ�è\� $��©��)a &ñ
Ãº°ú̀�כ¦ >pw
�l��̧ ô�Ç

��(>�íß�d�� E\�"f ��6 x÷&��H �â
Äº).

s�XO�>�çß�éß�ô�Ç_�p�½̈�̧\�¦Ãº�<Æ&h�Ü¼�Ð �̧4Sq
�l���H#Q§>�t�·ú§��.Äº���,"î
§î


#Q C_� _�p���H Bj�̧o� �©�I�\�¦ ����or�v���H �<ÊÃº�Ð &ñ
_�ô�Ç��: Bj�̧o�\�¦ ~ÃÎ��"f

Bj�̧o�\�¦ ?/#QZ�~��H. Bj�̧o��̧ ¢̧ ���Ér �<ÊÃº�Ð &ñ
_�ô�Ç��: áÔ�ÐÕªÏþ� ���Ãº\�¦ ~ÃÎ��

"f Õª ���Ãº�� ��t���H &ñ
Ãº°ú̀�כ¦ ?/#QZ�~��H. áÔ�ÐÕªÏþ� ���Ãº��H áÔ�ÐÕªÏþ�\�"f ��6 x


���H ���Ãº s�2£§s���.

Õªo��¦,s����Óüt|	�[þts�#QÖ¼|9�½+Ë\��è5Åq÷&��Ht�\�¦&ñ
_�
���.Õª�Qô�Ç|9�½+Ë�̀¦

_�p�/BNçß�(semantic domain)s����¦ô�Ç��.��A� Memory , Value, Var , Memory →

Memory , Memory → Value1pxs� _�p�/BNçß�s� ÷&��x��:

M ∈ Memory = Var → Value

z ∈ Value = Z

x ∈ Var = ProgramVariable

"î
§î
ë�H C_� _�p� [[C]] ∈ Memory → Memory

>�íß�d�� E_� _�p� [[E]] ∈ Memory → Z

áÔ�ÐÕªA�bç
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s�]j, áÔ�ÐÕªÏþ�_� _�p���H áÔ�ÐÕªÏþ�_� y��y��_� �â
Äº\� @/K�"f 0A\� ��º��ô�Ç _�p�

/BNçß�_� "é¶�è[þt�̀¦ ��t��¦ ��6£§õ� °ú s� &ñ
_��)a��:

[[skip]] M = M

[[x := E]] M = M{x 7→ [[E]] M}

[[if E then C1 else C2]] M = if [[E]]M 6= 0 then [[C]]M else [[C2]]M

[[C1 ; C2]] M = [[C2]] ([[C1]] M)

[[n]] M = n

[[E1 + E2]] M = ([[E1]] M) + ([[E2]] M)

[[- E]] M = −([[E]] M)

�̧wn�d����� ��s	כ �Ðs���H��? �Ðl� a%~��. �̧��H áÔ�ÐÕªÏþ�_� _�p���H Õª ÂÒ¾¡§[þt_� _�

p�ëß��̀¦ ��t��¦ ½̈$í
÷&#Q�����. \V�Ð, if-ë�H_� _�p���H Õª ÂÒ¾¡§[þt_� _�p�[þt�Ð &ñ
_�

÷&#Q e��t� ·ú§�Ér��:

[[if E then C1 else C2]] = · · · [[E]] · · · [[C1]] · · · [[C2]].

2.2.1.1 �̧wn�d��{9� Ãº e����H s�Ä»: _�p�/BNçß� s��:r(domain theory)

Õª���X<, s�XO�>� ÂÒ¾¡§[þt_� _�p��Ð ����̂_� _�p�\�¦ ½̈$í

���H �©�d��&h���� ~½Ód��s� {9�

����;o� ��0px
�t���H ·ú§��. "î
§î
+þA ���#Q\�"f ìøÍ4�¤ë�Hs� ��0px
����¦ 
����, ìøÍ4�¤ë�H

_� _�p�\�¦ ìøÍ4�¤ë�H�̀¦ ½̈$í

���H ÂÒ¾¡§[þt_� _�p�ëß�Ü¼�Ð &ñ
_�
���H ��s	כ çß�éß�u� ·ú§

>��)a��.

�̧wn�d��Ü¼�Ð _�p�\�¦ ���&ñ

�l��� èß�%�ô�Ç �â
Äº\�¦ ¶ú�(R�Ð��. "î
§î
ë�H×�æ\� ìøÍ4�¤

ë�HÜ¼�Ð whileë�H�̀¦ jþt Ãº e�����¦ 
���.

C → · · · | while E do C

whileë�H�Ér �̧|	�d�� E_� °úכs� 0s���� ��Áº�̧�	כ îß�
��¦ =åQ��t�ëß�, �̧|	�d��_� °úכs�

0s���u�́M:��H"î
§î
ë�H C\�¦z�́'��
��¦èß�Êê��r�°ú �Ér whileë�H�̀¦ìøÍ4�¤
�>��)a��.
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����"f ��A�ü< °ú s� whileë�H_� _�p�\�¦ &ñ
_�K� �Ð�9�¦ ½+É Ãº e����x��:

[[while E do C]]M = if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M

�̧wn�d�������? ÕªXO�t� ·ú§��. [[while E do C]]�� [[E]]ü< [[C]]ëß� ��t��¦ &ñ
_�÷&t� ·ú§

�¦ ��l������ [[while E do C]]�̧ ��6 x÷&�¦ e����.

����"f0A_���Ér	כ [[while E do C]]_�&ñ
_�����m���.s����Éréß�í�Hy	כ [[while E do C]]\�

@/ô�Ç ~½Ó&ñ
d��{9� ÷�rs���. Õª ~½Ó&ñ
d��_� K��� ���Ð [[while E do C]]_� &ñ
_�{9� ��s	כ

��.

ÕªXO������ Õª K���H Áº%Á	{9���? K���H õ���� e���̀¦��? �½Ó�©� e���̀¦��? e������� Ä»{9�


�>�e���̀¦��?s�\�@/ô�Ç �̧��H²ú��Ér �̧¿º\V,���¦½+ÉÃºe����.s�Ä»��H_�p�~½Ó&ñ
d��

\�"f ��6 x
���H �̧��H Óüt|	�[þt("é¶�è[þtõ� ���íß���[þt)s� �è5Åq�)a _�p�/BNçß�(semantic

domain)s� 7á§ :£¤Z>�
�l� M:ë�Hs���.

Õª�Qô�Ç _�p�/BNçß�\� @/ô�Ç s��:rs� _�p�/BNçß� s��:r(domain theory)���X<, s� s�

�:r�Ér ��6£§�̀¦ SX����K� ï�r��:

�̧��H (��ÉÓ'� áÔ�ÐÕªÏþ�(�̧��H >�íß� ��0pxô�Ç �<ÊÃº[þt)_� _�p�(_�p�~½Ó&ñ


d��_�K�)��H_�p�/BNçß�s��:r\�"f½©&ñ

���H$í
|9�_�|9�½+Ëîß�\�"fÄ»{9�
�

>� �>rF�
��¦ Õª��Ér	כ s��Qs��Q
���.

_�p�/BNçß�s��:rs�½©"î
K��·pÕª�Qô�Ç|9�½+Ë�Ér CPO(complete partial order set)��

��H $í
|9��̀¦ ëß�7á¤
���H |9�½+Ës���. ÕªA�"f, �̧��H áÔ�ÐÕªÏþ�_� _�p�~½Ó&ñ
d��[þt\� æ¼s�

��H �þt�Ér]	כ �̧¿º #Q�"� CPO_� "é¶�è[þts��¦, :£¤y� ~½Ó&ñ
d��\�"f ��6 x
���H ���íß���[þt

�Ér �̧¿º CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº(continuous function)�Ð &ñ
_��)a��. Õª

�Q���, _�p�~½Ó&ñ
d��_� K���H Ä»{9�
�>� �½Ó�©� #Q�"� CPOîß�\� �>rF�
�>� �)a��.

áÔ�ÐÕªÏþ� C_� _�p� [[C]]\� @/ô�Ç _�p�~½Ó&ñ
d���Ér �½Ó�©� ��6£§õ� °ú �¦

[[C]] = F([[C]])

#�l�"f [[C]] ∈ D (#Q�"� CPO)

Õªo��¦ F ∈ D → D (D\�"f D�Ð����H ���5Åq�<ÊÃº[þt_� CPO)
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([[while E do C]]_� _�p�~½Ó&ñ
d��\� K�{©�
���H F��H Áº%Á	?) s� ~½Ó&ñ
d��_� K���H �½Ó

�©� ���5Åq�<ÊÃº F_� þj�è�¦&ñ
&h�(least fixpoint)Ü¼�Ð &ñ
_��)a��. ���5Åq�<ÊÃº_� þj�è�¦

&ñ
&h��Ér CPO_� $í
|9�õ� ���5Åq�<ÊÃº_� �̧|	�M:ë�H\� �½Ó�©� Ä»{9�
�>� �>rF�ô�Ç��. s� ?/

6 x�Ér ��6£§]X�\�"f ��ÀÒl��Ð
���.

��Óüכ�Ér, s�XO�>� þj�è �¦&ñ
&h�(least fixed point)s�����H Ãº�<Æ&h� �̂¶ZO��̀¦ :�xK�"f

ÏãÎ�FG_� _�p��� �̧wn�d��Ü¼�Ð ��0pxK� t���H s�Ä»�ÐK�"f, ÏãÎ�FG&h���� _�p�½̈�̧\�¦ �¦

&ñ
&h� _�p�½̈�̧(fixpoint semantics)���¦ Ô�¦o�l��̧ ô�Ç��.

2.2.1.2 CPO, ���5Åq�<ÊÃº, þj�è�¦&ñ
&h�

áÔ�ÐÕªÏþ�_� Ãº�<Æ&h����(ÏãÎ�FG&h����) _�p���H CPO(complete partial order)����H /BNçß�

_� "é¶�è�Ð &ñ
_��)a��. #QÖ¼ |9�½+Ës� CPO�� ÷&�9���, Õª |9�½+Ë_� "é¶�è[þt çß�\� #Q

�"�í�H"f��e���¦(e��_�_�¿º"é¶�èçß�\�í�H"f��e���̀¦�9¹כ���H\O���,����"f “partial”

order), �̧��H "é¶�è�Ð�� ��A�\� e����H x9���{�� "é¶�è(ÅÒ�Ð ⊥Ü¼�Ð ³ð�&³ô�Ç��)�� �½Ó�©�

e���¦, Õª í�H"f\�¦ ��t��¦ {9�§>=�Ð ×�¦�̀¦ [jÖ�¦ Ãº e����H "é¶�è[þt(chain)s� e������� Õª

×�¦\� e����H �̧��H "é¶�è[þt �Ð�� 0A\� e��Ü¼���"f ���©� ����Ér "é¶�è(LUB, least upper

bound)\�¦ �½Ó�©� ��t��¦ e����H |9�½+Ës���.

CPO D1\�"f CPO D2�Ð ����H �<ÊÃº f : D1 → D2�� ���5Åq �<ÊÃºêøÍ D1_� �̂

���(chain)_� LUB\�¦ �Ð���K� ÅÒ��H �<ÊÃºs���. �̂���_� LUB�̀¦ 2[
��¦ �<ÊÃº\�¦ &h�6 x

ô�Ç ���õ��� �<ÊÃº\�¦ Õª �̂���_� "é¶�è[þt\� y��y�� 2[
��¦ Õª ���õ�\�¦ LUBô�Ç ��õ	כ {9�

u�
���H �<ÊÃºs���:

∀chain X ⊆ D1.f(
⊔

X) =
⊔

x∈X

f(x).

CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº f��H �½Ó�©� þj�è �¦&ñ
&h� fixfs� Ä»{9�
�>� e���¦,

Õª��Ér	כ

⊥ t f(⊥) t f(f(⊥)) t · · · =
⊔

i∈N

f i(⊥)

s���.(�=?)

CPO$í
|9��̀¦ëß�7á¤
���H|9�½+Ë[þt�ÉrB�Äº���ª�
�>�ëß�[þtÃºe����.|9�½+Ë�̀¦��t��¦
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CPO\�¦ëß�[þtÃºe���¦,ëß�[þt#Q�7H CPO[þt�̀¦��t��¦ �̧½+ËK�"fDh�Ðî�r ½̈�̧_� CPO

\�¦ ëß�[þt Ãº e����. |9�½+Ë\� x9���{�� "é¶�è\�¦ 
��� ÆÒ��
��¦ �̀¦�9·¡­���(x v y iff x =

y ∨ x = ⊥) |9�½+Ë�Ér CPOs���. CPOü< CPO_� X<
�ØÔàÔ Y�L(Cartesian prod-

uct)�̧ CPOs���. CPOü< CPO_� Ø�¦����̀¦ l�%3�
���H ½+Ë(separated sum)�̧ CPOs�

��. CPO\�"f CPO�Ð ����H ���5Åq�<ÊÃº[þt_� |9�½+Ë�̧ CPOs���. (s�XO�>� CPO[þt�̀¦

��t��¦ ½̈»¡¤ô�Ç CPO[þt_� "é¶�è ��s�_� í�H"f��H ÂÒ¾¡§ CPO[þt_� í�H"f\�¦ ��t��¦ &ñ


_�÷&��HX<, Õª í�H"f\�¦ #Qb�G>� &ñ
_�K��� ���õ��� CPO�� |̈c��?)

Example 17 ��6£§õ� °ú s� &ñ
Ãº_� |9�½+Ë Z\�"f �̀¦�9·¡­��� |9�½+Ë Z⊥ = Z ∪ {⊥}�̀¦

Òqty��
���. Z "é¶�è[þt ��s�_� í�H"f��H \O��¦, í�H"f��H �̧f�� ⊥õ� Z ��s�\�ëß� �>rF�ô�Ç

��: ∀x ∈ Z.⊥ v x. �̧��H �̂����Ér Ä»ô�Çô�Ç U�́s�\�¦ ��t��¦ e��Ü¼��� �±p =�G@/l�_� "é¶

�è�� Õª �̂���_� LUBs� �)a��. ����"f Z⊥�Ér CPOs���. 2

Example 18 CPO D1õ� D2_� X<
�ØÔàÔ Y�L(Cartesian product)

D1 ×D2 = {〈x, y〉 | x ∈ D1, y ∈ D2}

�Ér CPO�� �)a��. s� Y�L|9�½+Ë_� "é¶�è[þt ��s�_� í�H"f\�¦ �̧wn�d��(component-wise)Ü¼

�Ð Ùþ¡�̀¦ M:s���:

〈x, y〉 v 〈x′, y′〉 iff x vD1
x′ ∧ y vD2

y′.

s�M:, þj�è_� "é¶�è��H 〈⊥D1
,⊥D2

〉�� �)a��. 2

Example 19 CPO D1õ� D2_� ½+Ë

D1 + D2 = {〈x, 1〉 | x ∈ D1} ∪ {〈x, 2〉 | x ∈ D2} ∪ {⊥}

�Ér CPO�� �)a��. s� ½+Ë|9�½+Ë_� "é¶�è[þt ��s�_� í�H"f��H, ⊥s� ���©� ����¦, Õªü@\���H
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�¦�¾Ós� °ú �Ér "é¶�è[þtz�o� Õª �¦�¾Ó\�"f_� í�H"f�Ð &ñ
Ùþ¡�̀¦ M:s���:

〈x, 1〉 v 〈x′, 1〉 iff x vD1
x′

〈x, 2〉 v 〈x′, 2〉 iff x vD2
x′

2

#�l�"f���õß�,������� x������5Åq�<ÊÃº\�¦³ð�&³
���H~½ÓZO��̀¦s���l�
��¦����.���

5Åq�<ÊÃº��H |ÃÐ��>�íß�ZO�(lambda calculus)\�"f ��6 x
���H �<ÊÃº\�¦ ³ð�&³
���H ~½ÓZO��̀¦

yn=�9"f, “λx.�<ÊÃº ?/ÂÒ”�Ð³ð�&³
��̧2�¤
���.\V\�¦[þt#Q, 1�̀¦�8
���H���5Åq�<ÊÃº��H

“λx.x + 1”�Ð ³ð�&³ô�Ç��.

Example 20 CPO D1\�"f D2�Ð����H �̧��H���5Åq�<ÊÃº_�|9�½+Ë D1 → D2 �Ér CPO

�� �)a��. ���5Åq�<ÊÃº[þt ��s�_� í�H"f\�¦ �̧wn�d��(point-wise)Ü¼�Ð &ñ
_�Ùþ¡�̀¦ M:s���:

f v g iff ∀x ∈ D1.f(x) vD2
f(y).

���©�����Ér "é¶�è��H λx.⊥D2
�� �)a��. 2

_�p�~½Ó&ñ
d��\�"f ��6 x
���H �̧��H Óüt|	�[þt�Ér CPO_� "é¶�ès���. ���íß���[þt�Ér �̧

¿º CPO\�"f CPO�Ð����H���5Åq�<ÊÃº[þts��¦,���íß����������Óüt|	�[þt�̧ �̧¿º CPO

_� "é¶�è[þts���. ����"f �̧��H _�p�~½Ó&ñ
d��_� K���H �½Ó�©� #Q�"� ���5Åq�<ÊÃº F_� �¦&ñ


&h�e���̀¦ ����?/�¦ e���¦:

X = F(X)

0A_� ~½Ó&ñ
d��_� K���H F_� þj�è �¦&ñ
&h� fixF�Ð &ñ
_�½+É Ãº e����:

fixF = ti∈NF
i(⊥)

�� s�]j, CPOü< ���5Åq�<ÊÃº_� þj�è �¦&ñ
&h�s�����H �©�u�\�¦ s�6 xK�"f while-ë�H_�

_�p��� #Qb�G>� �̧wn�d��s� ÷&��H t� �Ð��.
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Äº���, Äºo��� f���'a&h�Ü¼�Ð ½̈$í
ô�Ç _�p�/BNçß�[þt�Ér �̧¿º CPO�� ÷&�� ô�Ç��:

M ∈ Memory = Var → Value ���5Åq�<ÊÃº CPO

z ∈ Value = Z⊥ �̀¦�9·¡­��� CPO

x ∈ Var = ProgramVariable⊥ �̀¦�9·¡­��� CPO

"î
§î
ë�H C_� _�p�, ���5Åq�<ÊÃº [[C]] ∈ Memory → Memory ���5Åq�<ÊÃº CPO

>�íß�d�� E_� _�p�, ���5Åq�<ÊÃº [[E]] ∈ Memory → Z⊥ ���5Åq�<ÊÃº CPO

Õª 0A\�"f while-ë�H_� _�p�~½Ó&ñ
d���Ér

[[while E do C]]M = if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M

s���.Bj�̧o�\�¦~ÃÎ��"fBj�̧o�\�¦?/#QZ�~��H���5Åq�<ÊÃº_�³ð�&³(λM. · · · )Ü¼�Ð��r�

æ¼���,

[[while E do C]] = λM.if [[E]]M 6= 0 then [[while E do C]]([[C]]M) else M.

0A_� ~½Ó&ñ
d���̀¦

X = F(X)

_� �̧�ª�Ü¼�Ð �Ð���, X��H [[while E do C]]\� K�{©�
��¦, ���5Åq�<ÊÃº F��H

λX.(λM.if [[E]]M 6= 0thenX([[C]]M)elseM) ∈ (Memory → Memroy)→ (Memory → Memroy)

\� K�{©�
�>� ÷&Ù¼�Ð, while-ë�H_� _�p� [[while E do C]]��H 0A �<ÊÃº_� þj�è �¦&ñ
&h�

Ü¼�Ð &ñ
_��)a��:

[[while E do C]] = fixF ∈ Memory → Memory

= fix (λX.(λM.if [[E]]M 6= 0 then X([[C]]M) else M))

�̧wn�d����� ��s	כ �Ðs���H��? [[while E do C]]��H [[E]]ü< [[C]]\�¦ ��t��¦ �̧wn�÷&#Qe��

��.
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I

2.2.1.3 ¢-a���y� a(����¹כ _�p�½̈�̧(fully abstract semantics)

ÏãÎ�FG_�Û¼��{9�(denotational semantics)\�"fô�Ç��t�F�p�e����Hs�Ã»:��6 x
���HÃº

�<Æ_� [j>��� Äºo��� áÔ�ÐÕªÏþ� _�p��Ð �'a¹1Ï
��¦ �Ér [j>�ü< &ñ
SX�y� {9�u�
�Ö¼��?

Äº���, s� |9�ë�Hs� �= F�p�e����H |9�ë�H�����? áÔ�ÐÕªÏþ� þj&h��o ~½ÓZO��̀¦ �¦îß�Ùþ¡��

�¦ 
���. Õª ~½ÓZO��Ér ÅÒ#Q��� áÔ�ÐÕªÏþ��̀¦ ����t�K�"f �Ð�� ò́Ö�¦&h���� áÔ�ÐÕªÏþ�Ü¼

�Ð ���8̈�K� ÅÒ��H ~½ÓZO�s����¦ 
���. õ���� Õª þj&h��o ~½ÓZO�s� ú́���Ht� ·ú��¦ z�·Ü¼���,

�̧o�t�±ú� áÔ�ÐÕªÏþ�õ� Õª ~½ÓZO�Ü¼�Ð ���8̈��)a áÔ�ÐÕªÏþ�s� °ú �Ér {9��̀¦ 
���H t� SX����

K��� ô�Ç��. °ú �Ér {9��̀¦ 
���Ht� ·ú����Ð��H �,�Ér	כ áÔ�ÐÕªÏþ�_� _�p��� °ú �Ért� SX����


���H �.���s	כ Õª���X<, °ú �Ér áÔ�ÐÕªÏþ�[þts� áÔ�ÐÕªÏþ�_� _�p� &ñ
_�\�¦ ���� ¶ú�(R�Ð

��� ���Ér �Ü¼�Ð	כ ���:r�����, Õª _�p� &ñ
_�\�¦ ��t��¦ ���8̈�~½ÓZO�s� ú́����¦ 7£x"î

���H

X< æ¼l���H #Q§>���. ��6 x
�l�\� �-Áº 8ú§8ú§ô�Ç �̧½̈(formalism)��� �.���s	כ

\V\�¦[þt#Q, 1+2ü< 1+1+1_� >�íß� ���õ���H 3Ü¼�Ð °ú ��. ����"f ¿º d���Ér °ú �Ér _�

p�\�¦ �������. õ���� Äºo��� &ñ
_�ô�Ç Ãº�<Æ_� [j>�\�"f ¿º d��_� _�p��� °ú �Ér "é¶�è

�Ðt�&ñ
÷&��H��?&ñ
_�ô�Ç_�p�@/�Ð¿ºáÔ�ÐÕªÏþ�_�_�p�\�¦������K®o�8m����Ér¿º

>h_� "é¶�è�Ð t�&ñ
�)a����� Õª Ãº�<Æ_� [j>���H Äºo�_� _��̧ s��©�Ü¼�Ð &ñ
�§ô�Ç ��s	כ

��. °ú ��¤Ü¼��� 
���H "é¶�è[þt�̀¦ ��ØÔ>� ��t��¦ e��Ü¼Ù¼�Ð.

Äºo�_�_��̧ü<{9�u�
���HÃº�<Æ_�[j>�\�¦ ½̈»¡¤ô�ÇÏãÎ�FG_�_�p�½̈�̧\�¦ “Ô�¦�9¹כ�

ô�Ç n�_�{9�s� ¢-a���y� ]j���)a” _�p�½̈�̧(fully abstract semantics)���¦ ô�Ç��. °ú �Ér

{9��̀¦ 
���H áÔ�ÐÕªÏþ��Ér Ãº�<Æ_� _�p� [j>�\�"f�̧ °ú �¦, ��Ë̈�Ð Ãº�<Æ_� _�p�[j>�

\�"f 1lx{9�ô�Ç áÔ�ÐÕªÏþ�[þts� z�́]j�Ð�̧ °ú �Ér {9��̀¦ 
���H áÔ�ÐÕªÏþ�s������ Õª ÏãÎ�FG

_� _�p���H ¢-a#4�ô�Ç K�»1Ï_� �â
t��� �)a �:���s	כ Ô�¦�9¹כ�ô�Ç n�_�{9�s� ¢-a���y� ]j���)a

_�p�½̈�̧�� �)a �.���s	כ

Õª���X<, s� |9�ë�H\� @/ô�Ç ²ú�s� #Qb�G>� �Ð��� /'î�r�,�s	כ “Ô�¦�9¹כ�ô�Ç n�_�{9�”�̀¦

-$�Ð &ñ

�Ö¼��\� ����, �¦���½+É �̧�	כ \O���H ��s	כ �)a��. \V\�¦ [þt#Q, Äºo��� ��6 x

áÔ�ÐÕªA�bç
 ���#Q s���l� I c©s�F̄g��H 2004-2005



2.2 _�p�½̈�̧ 39


���H_�p�½̈�̧��&ñ
_�
���H����Äºo����9¹כ��Ð
���Hn�_�{9�_�&ñ
SX�ô�Ç �̧_þvs���

���¦ K� Z�~Ü¼���, _�p��� ��ØÔ��� ���Ér ��s	כ ÷&��H �,¦��s	כ ���Ér ��Ér	כ _�p��� ��ØÔ

���¦ &ñ
_�÷&��H �.���s	כ

J

2.2.1.4 �¦&ñ
&h�\� @/K�"f 7£x"î

�l�: �¦&ñ
&h� )
±ú�ZO�(fixpoint induction)

ÏãÎ�FG_�~½Ód��Ü¼�Ð&ñ
_�ô�ÇáÔ�ÐÕªÏþ�_�_�p���H CPO0A\�"f&ñ
_��)a���5Åq�<ÊÃº_�þj

�è �¦&ñ
&h�s���. ����"f áÔ�ÐÕªÏþ�_� _�p��� #Q*�#Q*� 
�����H $í
|9��Ér #Q�"� þj�è

�¦&ñ
&h�s� #Q*�#Q*� 
�����H $í
|9�s���. Õª $í
|9��̀¦ 7£x"î

���H �,�Ér	כ þj�è �¦&ñ
&h�_�

$í
|9��̀¦ 7£x"î

���H �.���s	כ

CPO X\�"f X�Ð ����H ���5Åq�<ÊÃº f_� þj�è �¦&ñ
&h��Ér

S = {⊥X , f⊥X , f(f⊥X), · · · }

_� þj�è Ö�©Ìº,á
(least upper bound) tSs���. Õª���X< S |9�½+Ë_� "é¶�è[þt�Ér ��6£§_�

¿º )
±ú�½©gË:\� _�K� ëß�[þt#Q�����:

⊥X

x
f(x)

<�Êr�,þj�è�¦&ñ
&h�_�$í
|9�\�@/K�"f7£x"î

��9���, S |9�½+Ë_� �̧��H"é¶�è[þts�Õª$í


|9��̀¦ëß�7á¤
���Ht�\�¦7£x"î

����÷&��H>���u�́��?�8ç�H����Õª7£x"î
�Ér��¥ô�Ç)
±ú�ZO�

s� ÷&��x��:

• ⊥Xs� Õª $í
|9��̀¦ ëß�7á¤
���H t� �Ð�����.

• x�� Õª $í
|9��̀¦ ëß�7á¤
���� f(x)�̧ Õª $í
|9��̀¦ ëß�7á¤
���H t�\�¦ �Ð�����.

s� 7£x"î
s� s�ÀÒ#Qt���� |9�½+Ë S_� �̧��H "é¶�è[þts� Õª $í
|9��̀¦ ëß�7á¤
���H ��s	כ �)a��.
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Õª���X<, ÕªXO����¦ |9�½+Ë S_� þj�è Ö�©Ìº,á
(least upper bound) tS�� Õª $í
|9��̀¦

ëß�7á¤
���H �����? ÕªXO�t���H ·ú§��. tS��H |9�½+Ë S_� ��¾ú _� "é¶�è�� ÷&��H �â
Äº�� ú́§

��. \V\�¦ [þt#Q, CPO N ∪ {∞}\�¦ Òqty��K� �Ð��. "é¶�è[þt_� í�H"f��H �����Ãº_� ß¼l�

í�H"f�Ð 
��¦ ∞��H �̧��H �����Ãº�Ð�� 	�H "é¶�è�� ÷&��x��. s�M: N |9�½+Ë�̀¦ Òqty��K�

�Ð��. Õª |9�½+Ë_� þj�è Ö�©Ìº,á
(least upper bound) ∞��H N\� e��t� ·ú§��.

s��Qô�Ç ë�H]j\�¦ �FG4�¤
����"f, 0A_� ¿º��t�\�¦ 7£x"î

���� þj�è�¦&ñ
&h�\� @/ô�Ç 7£x

"î
s� ÷&�9���, 7£x"î

��¦�� 
���H $í
|9�s� :£¤Z>�èß� �â
Äº��� �)a��. Õª�Q���, 0Aü< °ú s�

þj�è�¦&ñ
&h��̀¦ ½̈$í

���H |9�½+Ë S_� �̧��H "é¶�è�� Õª $í
|9��̀¦ ëß�7á¤
���� �½Ó�©� Õª þj

�è Ö�©Ìº,á
(least upper bound)��H Õª $í
|9��̀¦ ëß�7á¤
�>� �)a��.

$í
|9�s� :£¤Z>�èß� �â
ÄºêøÍ Áº%Á	�����? þj�è�¦&ñ
&h� )
±ú�ZO��̀¦ ��6 xK�"f 7£x"î
½+É Ãº

e����H $í
|9�[þt�̀¦ ¾¡§\�V,���H $í
|9�(inclusive assertion)[þts����¦ 
���HX<, #Q�"� $í
|9�

s� “¾¡§\�V,���H” $í
|9����t� SX����
�l���H ����\�v��. @/���\�, ��6£§_� ë�HZO�Ü¼�Ð ëß�

[þt#Q t���H $í
|9� AP��H �̧¿º þj�è�¦&ñ
&h� )
±ú�ZO�Ü¼�Ð 7£x"î
K��̧ ÷&��H $í
|9�[þts�

��[MNV72]:

AP → AP ∧ AP | ∀~y.EP

EP → EP ∨ EP | Q(y) | f(y) v g(y)

#�l�"f Q��H 1	� �7Ho�d��(first order predicate)s��¦ fü< g��H ���5Åq�<ÊÃº#��� ô�Ç��.

y������H $í
|9�_� �̧¿º�� s�XO�>� ëß�[þt#Qt���H ��Ér	כ ��m�t�ëß� Äºo��� áÔ�ÐÕªÏþ�

ì�r$3�\�"f 7£x"î
½+É @/ÂÒì�r�Ér �̧¿º 0A_� ~½Ód��Ü¼�Ð ëß�[þt Ãº e����H �.���þts]	כ

2.2.2 õ�&ñ
�̀¦ ×¼�Q?/��H

õ�&ñ
�̀¦×¼�Q?/��H_�p�½̈�̧(operational semantics)��HáÔ�ÐÕªÏþ�s�z�́'��÷&��Hõ�&ñ


�̀¦&ñ
_�ô�Ç��.áÔ�ÐÕªÏþ�_�z�́'��÷&��Hõ�&ñ
s���?z�́'��_�õ�&ñ
�̀¦#QÖ¼Ãºï�r³ð�&³K�

�� ½+É��? >�íß�õ�&ñ
\�"f ���$í
_� }9�[þt ��s�\� {9�#Q����H ���l���� ñ[þt_� âì2£§�̀¦ {9�

{9�s�³ð�&³K���½+É��?��m���� 1s� 1�̀¦>�íß�
��¦ 2�� 2\�¦>�íß�
��¦ +�� 1+2 = 3s�

����H1pxd���̀¦&h�6 x
���H�̀�
Ü¼�Ð³ð�&³K���½+É��?��m����z�́'��÷&��Hõ�&ñ	כ¦,áÔ�ÐÕª

Ïþ�õ� Õª >�íß����õ�\�¦ ����:rÜ¼�Ð 
���H �7Ho�&h���� 7£x"î
_� õ�&ñ
s����¦ ³ð�&³K��� ½+É

��?
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_�p�½̈�̧\�¦ &ñ
_�
���H 3lq³ð\� ú́�ÆÒ#Q Õª n�_�{9�_� &ñ
�̧\�¦ &ñ

�>��)a��. @/>�

��H �©�0A_� Ãºï�r, ���©�_� l�>�\�"f z�́'��÷&��H �̧_þvs�����, l�>�&h���� �7Ho� r�Û¼%7�

_� 7£x"î
Ü¼�Ð &ñ
_�
�>� �)a��.

õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧�̧ ÏãÎ�FG�̀¦ ×¼�Q?/��H Û¼��{9�(denotational seman-

tics)%�!3� Ø�æì�ry� %3�x9�
���. ���Ér ��s	כ e�������,

• �̧wn�d��(compositional)s���u�́Ãºe����:áÔ�ÐÕªÏþ�_�_�p���ÕªáÔ�ÐÕªÏþ�_�

ÂÒ¾¡§[þt_�_�p�[þt�Ðëß� ½̈$í
÷&��H��Ér��m���.ÕªXO�>�÷&���a%~t�ëß�,��m�#Q	כ

�̧ �©��'a\O���.

• 
�t�ëß� )
±ú�&h�(inductive)s���: #QÖ¼ áÔ�ÐÕªÏþ�_� _�p�\�¦ ½̈$í

���H ÂÒ¾¡§[þt

�Ér )
±ú�&h�Ü¼�Ð &ñ
_��)a��. s� )
±ú�s� áÔ�ÐÕªÏþ�_� ½̈�̧ëß��̀¦ ���� ÷&[�tl��̧


�t�ëß�(s�XO�>� ÷&��� �̧wn�d��s� �)a��), áÔ�ÐÕªÏþ� s�ü@_� �¦�\��p_)	כ ×¼�Q?/

��H X< ��6 x÷&��H �©�u�[þt)�̀¦ ���� ÷&[�tl��̧ ô�Ç��.

2.2.2.1 	�H �Ð;�¤Ü¼�Ð

áÔ�ÐÕªÏþ�_�z�́'��s����'��÷&��Hõ�&ñ
�̀¦	�H�Ð;�¤Ü¼�ÐÕª�9�Ð��(big-step semantics).

�7Ho� r�Û¼%7�_� 7£x"î
 ½©gË:[þt�Ð ³ð�&³�)a��. 7£x"î

��¦�� 
���H �� ��H, "î
§î
ë�H Cü<

&ñ
Ãºd�� e\� @/K�"f y��y��

M ` C ⇒M ′ ü< M ` e⇒ v

s���. M ` C ⇒M ′��H “"î
§î
ë�H C�� Bj�̧o� M_� �©�I�\�"f z�́'��s� ÷&�¦ ���õ�_�

Bj�̧o���H M ′s���”�Ð {9�Ü¼��� �)a��. M ` e ⇒ v��H “&ñ
Ãºd�� e��H Bj�̧o� M_� �©�

I�\�"f &ñ
Ãº°úכ v\�¦ >�íß�ô�Ç��”�Ð {9��¦. �̧��H ½©gË:[þt�̀¦ æ¼��� s�XO�>� �)a��:

M ` skip⇒M

M ` E ⇒ v
M ` x := E ⇒M{x 7→ v}
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M ` C1 ⇒M1 M1 ` C2 ⇒M2

M ` C1 ; C2 ⇒M2

M ` E ⇒ 0 M ` C2 ⇒M ′

M ` if E then C1 else C2 ⇒M ′

M ` E ⇒ v M ` C1 ⇒M ′

M ` if E then C1 else C2 ⇒M ′ v 6= 0

M ` E ⇒ 0
M ` while E do C ⇒M

M ` E ⇒ v M ` C ⇒M1 M1 ` while E do C ⇒M2

M ` while E do C ⇒M2
v 6= 0

M ` n⇒ n

M ` x⇒M(x)

M ` E1 ⇒ v1 M ` E2 ⇒ v2

M ` E1 + E2 ⇒ v1 + v2

M ` E ⇒ v
M ` - E ⇒ −v

0A_� ½©gË:[þt�Ér �7Ho�r�Û¼%7�_� 7£x"î
½©gË:s����¦ s�K�K��̧ �)a��. "î
§î
 áÔ�ÐÕª

Ïþ� C_� _�p���H e��_�_� Bj�̧o� Mõ� M ′\� @/K�"f M ` C ⇒M ′\�¦ 7£x"î
½+É Ãº e��

Ü¼��� Õª _�p��� ÷&��x��. @/>���H Ms� q�#Qe����H Bj�̧o�{9�M: C\�¦ z�́'��r�v���H õ�

&ñ
�̀¦ ����?/�¦ z�·Ü¼Ù¼�Ð, ∅ ` C ⇒M ′_� 7£x"î
s� ��0px
���� C_� _�p��� �)a��. Õª

��s	כ 7£x"î
 Ô�¦��0px
���� C_� _�p���H \O���H �.���s	כ

Example 21 x := 1 ; y := x + 1 _� _�p���H ∅Bj�̧o�\� @/K�"f ��6£§õ� °ú �Ér 7£x

"î
Ü¼�Ð ³ð�&³�)a��. 0A_� "î
§î
ë�H�̀¦ C���¦ 
���.

∅ ` 1⇒ 1
∅ ` x := 1⇒ {x 7→ 1}

{x 7→ 1} ` x⇒ 1 {x 7→ 1} ` 1⇒ 1

{x 7→ 1} ` x + 1⇒ 2

{x 7→ 1} ` y := x + 1⇒ {x 7→ 1, y 7→ 2}

∅ ` C ⇒ {x 7→ 1, y 7→ 2}

2
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s�XO�>� _�p�½̈�̧\�¦ &ñ
_�
���H ~½ÓZO��̀¦ “�����Û¼���”(natural semantics), “½̈�̧

&h����”(structural operational semantics), <�Ê�Ér “�'a>�+þA”(relational semantics) _�

p�½̈�̧���¦�̧ Ô�¦�2;��.

• “�����Û¼XO�”���¦
���Hs�Ä»��H�����̧ “ÆÒ�:r½©gË:”g1J�Ð ½̈$í
÷&#Qe���¦, “��

���Û¼��� ÆÒ�:r½©gË:”(natural deduction rules) s����¦ Ô�¦o���H ÆÒ�:r ½©gË:s� e��

#Q"f Õª��� s�2£§�̀¦ ·¡­%i��̀¦ �.���s	כ

• “½̈�̧&h�”s����¦ 
���H s�Ä»��H ¿º��t� &ñ
�̧��. t��FK [�t���Ð��� {©����ô�Ç �̧

_þv%�!3� �Ðs�t�ëß�, s��Qô�Ç Û¼��{9��Ð >�íß�õ�&ñ
�̀¦ ×¼�Q?/��H _�p�½̈�̧ ~½Ód��

�Ér {©�r�_� ��¥ô�Ç ~½Ód���Ð����H �8¹¡¤ ��e��Dh�� e��%3�l� M:ë�Hs���. {©�r�_� ��¥

ô�Ç ~½Ód���Ér ���©�_� l�>�\�¦ &ñ
_�
��¦ áÔ�ÐÕªÏþ�s� Õª l�>�\�"f #Qb�G>� z�́'��

÷&��H t�\�¦ &ñ
_�ô�Ç��. s��Q�� �Ðm�, l�>�_� z�́'��õ�&ñ
×�æ\� áÔ�ÐÕªÏþ�s� ÂÒ

�����Û¼XO�>� �̧y�������"f l�>� �©�I�\�¦ ³ð�&³
���H X< 1lx"é¶÷&l��̧ 
��¦, áÔ�Ð

ÕªÏþ�_� _�p�\�¦ õ��̧
�>� ±ú��Ér Ãºï�r_� z�́'��õ�&ñ
Ü¼�Ð [j[j
�>� ³ð�&³
�>�

�)a��. (2.2.2.4]X�\�"f ��[jy� ��µ¡§). s��Qô�Ç "º	 ~½Ód���̀¦ “½̈�&³�̀¦ :�xK�"f &ñ


_�
�l�”(definition by implementation), “ #Qb�G>� ½̈�&³
���H t� �Ðe��Ü¼�Ð"f

Áº%Á	���t� &ñ
_�
�l�”���¦ 
���HX<, s���Ð����H	כ SX����y� “½̈�̧&h�”s�t� ·ú§�Ér

��. áÔ�ÐÕªÏþ�_� ½̈�̧���� ÆÒ�:r½©gË:s� &ñ
_�÷&�¦, >�íß�õ�&ñ
�Ér Õª ÆÒ�:r½©gË:

[þts� YU�¦�̂¦|ÃÌs� ÷&#Q ëß�[þt#Q?/��H 
���_� 7£x"î
s� ÷&��H �.���s	כ

“½̈�̧&h�”s����¦ ÂÒØÔ��H ���Ér s�Ä»��H _�p�½©gË:[þts� ô�Ç |9�½+Ë(áÔ�ÐÕªÏþ�õ�

_�p��©�u�[þtçß�_� �'a>��©�[þt_� |9�½+Ë)�̀¦ )
±ú�&h�Ü¼�Ð &ñ
_�
���H ~½Ód��s��¦, Õª

)
±ú�s� áÔ�ÐÕªÏþ�s��� _�p��©�u�[þt_� ½̈�̧\�¦ ���� âìØÔl� M:ë�Hs���.

• “�'a>�+þA”s����¦�̧ 
���Hs�Ä»��H0A_�ÆÒ�:r½©gË:[þts��'a>��)a���[þt_�|9�½+Ë�̀¦

&ñ
_�
���H )
±ú�&h���� ~½ÓZO�Ü¼�Ð�̧ �����̂¦ Ãº e��l� M:ë�Hs���. �'a>��)a ���[þts�

êøÍ M ` C ⇒M ′ ��� 〈M,C,M ′〉ü< M ` E ⇒ v��� 〈M,E, v〉[þts���. 0A_� ½©

gË:[þt\� _�K�"f Õª�Qô�Ç �'a>�\�¦ ë�B�̀¦ Ãº e����H M,C,M ′õ� M,E, v[þts� �̧��

t���H |9�½+Ë.
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2.2.2.2 ����Ér �Ð;�¤Ü¼�Ð

áÔ�ÐÕªÏþ�_� z�́'���̀¦ ����Ér �Ð;�¤Ü¼�Ð &ñ
_�K� �Ð��(small-step semantics).

(M, skip)→ (M, done)

(M,E)→ (M,E ′)

(M,x := E)→ (M,x := E ′)

(M,x := v)→ (M{x 7→ v}, done)

(M,E)→ (M,E ′)

(M, if E then C1 else C2)→ (M, if E ′ then C1 else C2)

(M, if 0 then C1 else C2)→ (M,C1)

(M, if n then C1 else C2)→ (M,C1)
n 6= 0

(M,C1)→ (M ′, C ′
1)

(M,C1 ; C2)→ (M ′, C ′
1 ; C2)

(M, while E do C)→ (M, if E then C ; while E do C else skip)

(M, done ; C2)→ (M,C2)

(M,E1)→ (M,E ′
1)

(M,E1 + E2)→ (M,E ′
1 + E2)

(M,E2)→ (M,E ′
2)

(M, v1 + E2)→ (M, v1 + E ′
2)

(M, v1 + v2)→ (M, v1 + v2)

s��Qô�Ç Û¼��{9��̀¦ ���s�õ�&ñ
 _�p�½̈�̧(transition semantics)���¦�̧ ô�Ç��. s�

~½Ód��\�"f F�p�e����H ��Ér	כ ë�HZO�&h����(����̧�ª��̀¦ ½̈$í

���H) Óüt|	�[þtõ� _�p�&h����(5Åq

>pw�̀¦ ³ð�&³
���H) Óüt|	�[þts� ô�Ç X< [O�s��¦ e������H �.���s	כ s���s	כ ë�H]j|̈c ��Ér	כ \O�

��. �	כ �̧�ª��̀¦ ½̈$í

���H ��þtõ]	כ 5Åq >pw�̀¦ ½̈$í

���H ��þts]	כ ìøÍ×¼r� ���Ér [j>�\�

"f YO�~�y��u� b��#Q4R e��#Q�� ô�Ç����H �,�Ér	כ Tarski����H Ãº�<Æ���� r����ô�Ç ���:�x{9�
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÷�rs���.

áÔ�ÐÕªÏþ� s�ü@_� _�p��©�u� \O�s� áÔ�ÐÕªÏþ�ëß��̀¦ ��t��¦�̧ ���s�õ�&ñ
 _�p�½̈

�̧(transition semantics)\�¦ &ñ
_�½+É Ãº�̧ e����. \V\�¦[þt#Q, Bj�̧o�\�¦ >pw
���H Ms�

����H áÔ�ÐÕªÏþ� s�ü@_� _�p��©�u� \O�s�. \V\�¦ [þt#Q, çß�éß�ô�Ç &ñ
Ãºd�� áÔ�ÐÕªÏþ�[þt_�

_�p���H áÔ�ÐÕªÏþ��̀¦ ��r�æ¼��H õ�&ñ
Ü¼�Ð &ñ
_��)a��: 1 + 2 + 3 ��r�æ¼��� 3 + 3 ��

r�æ¼��� 6. áÔ�ÐÕªÏþ� s�ü@\� ���Ér �©�u��� ��6 x÷&t� ·ú§��H��.

2.2.2.3 ë�HÐ�o½̈�̧\�¦ :�xK�"f

áÔ�ÐÕªÏþ� z�́'���̀¦ áÔ�ÐÕªÏþ��̀¦ ��r� æ¼��H õ�&ñ
Ü¼�Ð &ñ
_�K� �Ð��. \V\�¦ [þt#Q, 1 +

2 + 3 ��r�æ¼��� 3 + 3 ��r�æ¼��� 6. s�XO�>� áÔ�ÐÕªÏþ��̀¦ ��r� +� ����H õ�&ñ
s� áÔ

�ÐÕªÏþ�_� z�́'��s����¦ �̂¦ Ãº e����(transition semantics).

¿º��t�\�¦ &ñ
_�K��� ô�Ç��: áÔ�ÐÕªÏþ�_� #QÖ¼ ÂÒì�r�̀¦ ��r� +���(>�íß�K���) 
�

��H��? ��r� +���½+É ÂÒì�r�̀¦ Áº%Á	Ü¼�Ð ��r� +��� 
���H��?

áÔ�ÐÕªÏþ�_�#QÖ¼ÂÒì�r�̀¦��r�+���(>�íß�K���)
���H��?s�|9�ë�H\�@/ô�Ç²ú��Ér

“z�́'��ë�HÐ�o”(evaluation context)\� _�K�"f &ñ
_��)a��. z�́'��ë�HÐ�o_� &ñ
_�\� ����"f

�&³F�_� áÔ�ÐÕªÏþ��̀¦ ½̈$í

����Ð���, ��r� +��� ½+É ÂÒì�r(>�íß�K��� ½+É 5Åq ÂÒì�r)s�

���&ñ
�)a��. F�p�e����H ��Ér	כ Õª &ñ
_��� ë�HZO�&h�Ü¼�Ð ��0px
�����H �.���s	כ

��6£§_�&ñ
_�\�¦�Ð��.z�́'��ë�HÐ�o�̀¦��t��¦e����HáÔ�ÐÕªÏþ� K\�¦&ñ
_�ô�Ç��. Kîß�

\���H []�� �ÃÌ 
��� e����. Õª /BMs� áÔ�ÐÕªÏþ�\�"f ��r� +��� ½+É ÂÒì�r, ���$� z�́'��

÷&�� ½+É ÂÒì�rs� �)a��. Õª�Qô�Ç ÂÒì�r�̀¦ ¾¡§�Ér áÔ�ÐÕªÏþ��̀¦ y©��̧
�l� 0AK� “K[]”��

�¦ æ¼�¦, Õª ���ñß�\� [þt#Qe����H (��r� +���½+É) áÔ�ÐÕªÏþ� ÂÒì�r C ��t� ×¼�Q?/#Q

“K[C]”���¦ ³ð�&³ô�Ç��.

t��FK��t� \V�Ð ��6 x÷&#Q �:r ���#Q\�"f, ��r� +��� ½+É ÂÒì�r []�̀¦ ?/�íô�Ç z�́'��
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ë�HÐ�os� ë�HZO�&h�Ü¼�Ð ��6£§õ� °ú s� &ñ
_��)a��:

K → []

| x := K

| K ; C

| done ; K

| if K then C else C

| while K do C

| K + E

| v + K

| - K

7£¤, t�&ñ
ë�H(assignment command)\�"f��H ��6£§\� z�́'��÷&�� ½+É ÂÒì�r K��H �̧�ÉrAá¤

d��\� e���¦

x := K

í�H"fë�H\�"f(sequential command) +'_� "î
§î
ë�Hs� ��6£§\� z�́'��÷&�� ½+É ÂÒì�r s�

�����, ·ú¡_� "î
§î
ë�H�Ér r�'��s� s�p� =åQz�¤�̀¦ M: ëß�s��¦

done ; K

 »	!lrd��\�"f �̧�ÉrAá¤ d��s� ��6£§\� z�́'��÷&�� ½+É ÂÒì�rs������, ¢,aAá¤ d��_� ���õ���H ��

ü<e��#Q�� ô�Ç��

v + K.

��r� +���½+É ÂÒì�r�̀¦ Áº%Á	Ü¼�Ð ��r� +��� 
���H��? s�]j s� |9�ë�H\� @/ô�Ç ²ú��Ér

��r�æ¼l� ½©gË:(rewriting rule)\� _�K�"f &ñ
_��)a��. Äº���, ��r� jþt /BM�Ér ��r� æ¼

��� ÷&�¦
(M,C)→ (M ′, C ′)

(M,K[C])→ (M ′, K[C ′])
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(M,E)→ (M,E ′)

(M,K[E])→ (M,K[E ′])

5Åq\�"f #Qb�G>� ��r� æ¼#�t���H �� 
����:

(M,x := v) → (M{x 7→ v}, done)

(M, done ; done) → (M, done)

(M, if 0 then C1 else C2) → (M,C1)

(M, if v then C1 else C2) → (M,C2) (v 6= 0)

(M, while 0E do C) → (M, done)

(M, while vE do C) → (M,C ; while E do C) (v 6= 0)

(M, v1 + v2) → (M, v) (v = v1 + v2)

(M, - v) → (M,−v)

(M,x) → (M,M(x))

s���.

Example 22 x := 1 ; y := x + 1 _� _�p�\�¦ ë�HÐ�o½̈�̧\�¦ :�xK�"f ·ú����Ð���,

(∅, x := 1)→ ({x 7→ 1}, done)

(∅, [x := 1] ; y := x + 1)→ ({x 7→ 1}, done ; y := x + 1)

��6£§�Ér,

({x 7→ 1}, x)→ ({x 7→ 1}, 1)

({x 7→ 1}, done ; y := [x] + 1)→ ({x 7→ 1}, done ; y := 1 + 1)

��6£§�Ér,

({x 7→ 1}, 1 + 1)→ ({x 7→ 1}, 2)

({x 7→ 1}, done ; y := [1 + 1])→ ({x 7→ 1}, done ; y := 2)
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��6£§�Ér,

({x 7→ 1}, y := 2)→ ({x 7→ 1, y 7→ 2}, done)

({x 7→ 1}, done ; [y := 2])→ ({x 7→ 1, y 7→ 2}, done ; done)

��6£§�Ér

({x 7→ 1, y 7→ 2}, done ; done)→ ({x 7→ 1, y 7→ 2}, done).

2

2.2.2.4 ���©�_� l�>�\�¦ :�xK�"f

#Q�"� ���©�_� l�>��� &ñ
_�÷&#Q e���¦ áÔ�ÐÕªÏþ�_� _�p���H Õª áÔ�ÐÕªÏþ�s� Õª l�>�

\�"f z�́'��÷&��H õ�&ñ
Ü¼�Ð &ñ
_��)a��. l�>�\�"f z�́'��÷&��H õ�&ñ
�Ér l�>��©�I��� B�

Û¼9\����� ����o÷&��H õ�&ñ
s� �)a��.

\V\�¦ [þt���, &ñ
Ãºd��_� _�p��� ô�Ç l�>�_� z�́'��õ�&ñ
Ü¼�Ð ��6£§õ� °ú s� &ñ
_��)a

��. ���Ãº�� \O���H &ñ
Ãºd��ëß��̀¦ Òqty��K� �Ð��:

E → n | E + E | - E

&ñ
_�
���H l�>���H �è0A ú́�
���H “Û¼×þ� Q���”s���. Õª l�>���H Û¼×þ� Sü< "î
§î
#Q[þt

C�Ð ½̈$í
÷&#Q e����:

〈S,C〉

Û¼×þ��Ér &ñ
Ãº[þt�Ð 	�/BG	�/BG Áú¢#�e����:

S → ε (��� Û¼×þ�)

| n.S (n ∈ Z)
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"î
§î
#Q[þt�Ér &ñ
Ãºd��s��� Õª �̧y��[þts� Áú¢#�e����:

C → ε (��� "î
§î
#Q)

| E.C

| +.C

| -.C

l�>� ���1lxõ�&ñ
_� ô�Ç Û¼9\��Ér ��6£§õ� °ú s� &ñ
_��)a��:

〈S, n.C〉 → 〈n.S, C〉

〈S,E1 + E2.C〉 → 〈S,E1.E2.+.C〉

〈n2.n1.S, +.C〉 → 〈n.S, C〉 (n = n1 + n2)

〈n.S, -.C〉 → 〈−n.S, C〉

&ñ
Ãºd�� E_� _�p���H 〈ε, E〉 → · · ·�� �)a��.

¢̧���Ér Û¼��{9��Ð��H, "î
§î
#Q[þt�̀¦ &ñ
Ãºd��õ���H ���Ér, l�>� �¦Ä»_� "î
§î
#Q[þt�Ð

&ñ
_�½+É Ãº �̧ e����:

C → ε (��� "î
§î
#Q)

| push n.C (n ∈ Z)

| pop.C

| add.C

| rev.C

Õªo��¦, l�>� ���1lxõ�&ñ
_� ô�Ç Û¼9\��̧ ��6£§õ� °ú s� &ñ
_��)a��:

〈S, push n.C〉 → 〈n.S, C〉

〈n.S, pop.C〉 → 〈S,C〉

〈n1.n2.S, add.C〉 → 〈n.S, C〉 (n = n1 + n2)

〈n.S, rev.C〉 → 〈−n.S, C〉
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C\� e����H 'Í	 "î
§î
#Q\�¦ Ãº'��
����"f l�>��©�I��� ���
���H õ�&ñ
s���.

Õªo��¦, s�]j &ñ
Ãºd��[þts� Û¼×þ� Q���_� #Q�"� "î
§î
#Q[þt�Ð ���8̈�÷&��H t�\�¦ &ñ
_�


���� �)a��:

[[n]] = push n

[[E1 + E2]] = [[E1]].[[E2]].add

[[- E]] = [[E]].rev

#Qb�G>� &ñ
_�
�~��çß�\�, s��Qô�Ç l�>�_� õ�&ñ
s� B�Äº e��_�&h�s����¦ Òqty��|̈c Ãº

e����. ���©�_� l�>�\�¦ #Qb�G>� n������ 
���H��? Õª l�>�_� n�_�{9��Ér #QÖ¼ YU6\�\�

"f &ñ
K��� 
���H��? Õª\� @/ô�Ç ²ú��Ér áÔ�ÐÕªÏþ�_� _�p�\�¦ &ñ
_�
���H 3lq&h�, Õª\� ��

�� ���&ñ
|̈c �.���s	כ

@/>� ���©�l�>�\�¦ ��6 xK�"f áÔ�ÐÕªÏþ�_� _�p�\�¦ &ñ
_�
���H ��Ér	כ áÔ�ÐÕªA�bç


���#Q\�¦ ½̈�&³
���H éß�>�\�"f ��6 x�)a��: áÔ�ÐÕªA�bç
 ���#Q_� ���%i�l�(compiler)��

z�́'��l�(interpreter)\�¦ ½̈�&³½+É M:. áÔ�ÐÕªA�bç
 ���#Q_� $í
|9��̀¦ ÏãÎo�
����� Õª ���

#Q�Ð��#����áÔ�ÐÕªÏþ�[þt_��'ad��e����H$í
|9��̀¦ì�r$3�½+ÉM:\���6 x
���H_�p�½̈�̧�Ð

��6 x÷&��H \V��H ×¼]þt��. ���©�_� l�>���H @/>��� s�ü<°ú �Ér ì�r$3�\� ¹s��©�Ü¼�Ðכ��9

n�_�{9�(l�>�_� �̂¦àÔ �µ	àÔ[þt)s� ×¼�Q��l� M:ë�Hs���.

���©�l�>�\�¦ &ñ
_�
���H ~½ÓZO��̀¦ ��s�×¼
���H áÔYUe���°3�Ér \O�t�ëß�, ���©� l�>� n�

������Ér s�XO�>� 
���H �,���s	כ ����H �̧#3��̀¦ �Ðs���H ��YV�� e����. ML�̀¦ z�́'��
�

��H “Categorical Abstract Machine”s�����H���©�l�>�\�¦�¦îß�ô�Çõ�&ñ
�̀¦"fÕütô�Ç�7H

ë�H[CCM87]�̀¦ {9�#Q�Ðl� ��êøÍ��. @/�©� áÔ�ÐÕªA�bç
 ���#Q_� ½̈�̧ü< _�p�\�¦ ����

���×�æy� ÏãÎo�
����"f ���©�l�>�\�¦ n������ô�Ç "Á	��� �â
Äºs���.
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