
SNU 4541.664A Program Analysis: Exam 1

19:00 - 22:00, May 4, 2009

Problem 1 (10&h�) ���ñß��̀¦ BjË̈��.

We define the semantics [[C]] of program C be the set of all states

(memory and control state) reachable from the set I of initial states.

Let τC be the function that maps from a state to a state after one-

step transition. The natural extension TC(X) of τC for a set X of

states is

TC(X) = {s′ | τC(s) = s′, s ∈ X}.

Then

[[C]] = fixFC

where

FC(X) = ∪ .

Problem 2 (10&h�) ���ñß��̀¦ BjË̈��.

)±ú� ½©gË: |9�½+Ë Φ��H �<ÊÃº φ\�¦ &ñ
_�:

φ(Y ) = {x |
X

x
∈ Φ, }

Φ ½©gË:[þts� &ñ
_����H |9�½+Ë�Ér �<ÊÃº φ\� _�K�"f {��)�e����H |9�½+Ë×�æ\�

"f ⋂
{X| }

let

= Y

s���. s� |9�½+Ë Y��H φ_� þj�è�¦&ñ
&h�(least fixed point)s���.

Problem 3 (15&h�)0A_�|9�½+Ë Y�� φ_�þj�è�¦&ñ
&h�e���Ér��6£§õ�°ú s�7£x"î
�)a��.

���ñß��̀¦ BjË̈��.
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• φ(Y ) ⊆ Y�����? ÕªXO���. Y\�"f φ\�¦ :�xK� ëß�[þt#Qt���H "é¶�è��H Y\�¦ #Á	#Q

±ú� Ãº \O���. #Á	#Qèß������, · · · s�Ù¼�Ð �̧í�Hs���.

• Y ⊆ φ(Y )�����? ÕªXO���. φ(Y )�� Y�Ð�� ����Ér |9�½+Ës����¦ ���. 0A_�

φ(Y ) ⊆ Y�ÐÂÒ'� φ��Héß��̧�<ÊÃºs�Ù¼�Ð, φ(φ(Y )) ⊆ φ(Y )s���. 7£¤, φ(Y )��

φ\�_�K�"f{��)�e��Ü¼Ù¼�Ð0A_� “X”|9�½+Ë_�������)a��. 7£¤, · · ·

s�Ù¼�Ð �̧í�Hs���.

• ��t�}��Ü¼�Ð Y�� φ_� �¦&ñ
&h� ×�æ\�"f ���©� ����Ér��? ÕªXO���. ���Ér Y ′��

φ_� �¦&ñ
&h�s����¦ ����, 7£¤, φ(Y ′) = Y ′s����, · · · s�Ù¼�Ð

Y��H Y ′�Ð�� �����.

Problem 4 (5&h�) ¿º CPO A ü< Â�� °ú��Ð�� ������

A −→←−α

γ
Â

÷&#Q e������H ��_	כ &ñ
_���H?

Problem 5 (10&h�) 2A
−→←−
α1

γ1

X̂ s��¦ 2B
−→←−
α2

γ2

Ŷs����,

• 2A×B\�¦ X̂ × Ŷ�Ð ��6£§õ� °ú s�

α = λS.〈α1{a | 〈a,−〉 ∈ S}, α2{b | 〈−, b〉 ∈ S}〉

¹�����0pxכ���. °ú��Ð�� ��� γ\�¦ &ñ
_���¦, °ú��Ð�� ������e���̀¦ �Ðs���.

• 2A+B\�¦ X̂ × Ŷ�Ð ��6£§õ� °ú s�

α = λX.〈α1{a|a ∈ X, a ∈ A}, α2{b|b ∈ X, b ∈ B}〉

¹�����0pxכ���. °ú��Ð�� ��� γ\�¦ &ñ
_���¦, °ú��Ð�� ������e���̀¦ �Ðs���.

Problem 6 (15&h�) ���ñß��̀¦ BjË̈��.

¿º CPO A ü< Â�� °ú��Ð�� ������

A −→←−α

γ
Â

÷&#Qe���¦, Aü< Â�̧¿ºy��y�� t\�@/K�"f{��)�e��Ü¼���(t-semi-lattice)

α(x tA y) = α(x) tÂ α(y)s���.

Õª s�Ä»��H ��A�ü< °ú ��.
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• α(x) t α(y) v α(x t y)s���. �=������ · · · s�l�

M:ë�Hs���.

• x t y v γ(α(x) t α(y))s���. �=������ x v Ü¼�ÐÂÒ'�

x v γ(α(x) t α(y)) s��¦ y v Ü¼�ÐÂÒ'� y v γ(α(x) t

α(y)) s�l� M:ë�Hs���.

����"f, °ú��Ð�� �������Ð, α(x t y) v α(x) t α(y)s���.

Problem 7 (20&h�) Fixpoint Transfer Theorem_�ô�Ç!Q���s���. 7£x"î
_����ñß��̀¦

BjË̈��.

Dü< D̂��H y��y�� CPOs��¦ °ú��Ð�� ������s� ÷&#Qe����. �<ÊÃº F : D →

D��H ���5Åq�<ÊÃºs��¦ F̂ : D̂ → D̂��H éß��̧�<ÊÃºs���. α ◦ F v F̂ ◦ α s�

��. Õª�Q���,

α(lfpF ) v
⊔

i∈N

F̂ i(⊥̂).

Proof. α ◦ F v F̂ ◦ α�Ð ÂÒ'�

∀n ∈ N : α ◦ F n v F̂n ◦ α

s���. �=������,

α ◦ Fn+1 = α ◦ F ◦ F n

v α ◦ F ◦ γ ◦ α ◦ F n

(s�Ä»: · · · )

v α ◦ F ◦ γ ◦ F̂n ◦ α

(s�Ä»: · · · )

v F̂ ◦ F̂n ◦ α.

(s�Ä»: · · · )

����"f

∀n ∈ N : (α ◦ F n)⊥ v (F̂n ◦ α)⊥

7£¤

∀n ∈ N : α(F n⊥) v F̂n⊥̂.

�8Ô�¦#Q {α(F i⊥)}iü< {F̂
i⊥̂}i��H �̂���s�Ù¼�Ð (s�Ä»: · · · ) tiα(F i⊥)ü<

ti(F̂
i⊥̂)s� �>rF�� 9 ⊔

i∈N

α(F i⊥) v
⊔

i∈N

(F̂ i⊥̂)

3



s���. α�� ���5Åq�<ÊÃºs�Ù¼�Ð ¢,a¼#�d���̀¦ ��r� æ¼���,

⊔
i∈N

α(F i⊥) = α(
⊔

i∈N
(F i⊥)) (α��H ���5Åq�<ÊÃº)

= α(lfpF ). (���5Åq�<ÊÃº_� þj�è�¦&ñ
&h�)

7£¤,

α(lfpF ) v
⊔

i∈N

(F̂ i⊥̂).

Problem 8 (15&h�) ��6£§_� "î
§î
+þA ���#Q\�¦ Òqty�����.

C → skip | x := E | C ; C

| if B C C

| while B C

E → n (n ∈ Z) | x

| E + E | B (boolean expr)

B → x < E | ¬B

áÔ�ÐÕªÏþ� ÂÒ¾¡§ X_� �̧1pu _�p�(collecting semantics) X��H ��A�ü< °ú �Ér /BNçß�\�

"f &ñ
_��)a��.

C ∈ 2Memory → 2Memory

E ∈ 2Memory → 2Z

B ∈ 2Memory → 2Memory

Memory = Loc
fin

→ Z

&ñ
_����. _�p�/BNçß� 2S��H |9�½+Ë S_� ÂÒì�r|9�½+Ë[þt_� |9�½+Ës��¦ ⊆s� v��� CPOs�

��.

Problem 9 (30&h�) 0A_� ���#Q\�"f, ¦�\��p_���¹כ ���&ñ
���H �<ÊÃº��H ��6£§õ� °ú �Ér

/BNçß�\�"f &ñ
_��)a��:

Ĉ ∈ ˆMemory → ˆMemory

Ê ∈ ˆMemory → Ẑ

B̂ ∈ ˆMemory → ˆMemory

�_��p�/BNçß_���¹כ ÂÒ¾¡§[þt�Ér °ú��Ð�� ������

2Memory
−→←−
α1

γ1 ˆMemory 2Z

−→←−
α2

γ2

Ẑ

÷&#Q e����.
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a(����¹כ ���íß���[þt

+̂ ∈ Ẑ× Ẑ→ Ẑ

−̂ ∈ Ẑ→ Ẑ

·{x ˆ7→ ·} ∈ ˆMemory × Ẑ→ ˆMemory (Bj�̧o� ����â
)

�Ér z�́]j +, −, ·{x 7→ ·}�̀¦ îß�����>� ¹���ô�Çכ �<ÊÃº[þts���. s� ���íß���[þt�̀¦ s�6 x

K�"f îß����ô�Ç ���¹כ _�p��<ÊÃº\�¦ &ñ
_���¦ Õª îß�����<Ê�̀¦ 7£x"î
���. îß����$í
 7£x"î
�Ér

ifü< whileë�H_� �â
Äºëß� ���.

Problem 10 (10&h�)&ñ
Ãº|9�½+Ë�ÉrÕª|9�½+Ë_�þj�è,þj@/_��©�Ü¼�Ð¹�����0כpx���.

2Z

−→←−α

γ
Ẑ = {⊥} ∪ {[a, b] | a, b ∈ Z ∪ {−∞,∞}, a ≤ b}

0Aü< °ú �Ér �BNçß/���¹כ Ẑ�̀¦ “interval domain”s����¦ ô�Ç��.

1. 2Zü< Ẑ\�"f "é¶�è[þt ��s�_� í�H"f(v)\�¦ &ñ
_����.

2. °ú��Ð�� ������ αü< γ\�¦ &ñ
_���¦ �= °ú��Ð�� ���������t� �Ðs���.

Problem 11 (10&h�) “interval domain” Ẑ \� @/K�"f ��6£§_� 5ü< 4 \�¦ V,�y�

l�(widening)ü< a%vy�l�(narrowing) ���íß����Ð ��6 x½+É Ãº e����Ht�\�¦ V,�y�l�ü< a%v

y�l�_� �̧|	�\� ú́�ÆÒ#Q �7H���.

• (5)

⊥5X = X

X 5⊥ = X

[l, u]5 [l′, u′] = [(max(l, l′)<10 ? −∞ : min(l, l′)), (max(u, u′)>10 ? ∞ : max(u, u′))]

• (4)

⊥4X = X

X 4⊥ = X

[l, u]4 [l′, u′] = [min(l, l′)− 1,max(u, u′) + 1]

Problem 12 (20&h�)0A_¹כ����_�p�&ñ
_�\�"f&ñ
Ãº/BNçß� Ẑs� “interval domain”s�

���¦ ���. e��_�_� áÔ�ÐÕªÏþ� C_� ��p_���¹כ Ĉ�� Ä»ô�Çr�çß�?/\� îß�����>� >�íß�

�l� 0AK�"f ¹ô�Çכ��9 &ñ
_�\�¦ ÆÒ�����.
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