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 ƒ�� #Q\• @/ ô�Ç �̄	 {9� m�� � . s� ì�r ��\ •" f »¡¤ &h� •)a $í


õ� ü< ë�H ]j [þt _� K� ��� õ� &ñ
 \• @/ ô�Ç s�� �l � {9� m�� � . †<ÆÂÒ áÔ–ÐÕªA� bç
 ƒ�� #Q y©œ_� 6 x
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 ƒ��
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%i� �9
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 #Q \�¦ italic
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 l� ½+Ë m�� � .

Õªo�“ ¦ ?/� � ?/ Û¼ 5px _� ƒ�� #Q “�� �� –2; #Q @/ ’�� \• �� _� ƒ�� #Q “�� áÔ |½Ó Û¼#Q–Ð æ¼

l�– Ð ô�Ç �̄	 “Ér , I�# Q�� €�� "f ��t �“ ¦ e”� •�H í�H Ãº s� $í
 ëß– �̀¦ �� 6 x 
� •�H �� |ÃÐ [þt s�

"º	 ±ú̃ Õþ̃ ëß– �̀¦ b”� •�H �� |ÃÐ [þt Ð̃�� �8 ��ØÔ>� ?/ _� |
� �̀¦ s�K�
 �o �� �“ ¦ b”� “¦ e”�
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1 •©œ

™è>h

s� y©œ_� \�¦ :Ÿx K�" f �� 6£§ õ� °ú  “Ér |9� ë�H[þt \• @/ ô�Ç ²úš �̀¦ e”� y�� �� � , a%~“Ér ²úš �̀¦ ëß– [þt

#Q?/l � 0A K�" f €9� ¹̄ ô�Ç ™è €ªœ�̀¦ ²ú£ >� •)a �� .

�� €ªœô�Ç áÔ–ÐÕªA� bç
 ƒ�� #Q [þt s� ¾¡§ “¦ e”� •�H /BN:Ÿx •)a "é¶ o� [þt“ Ér Áº %Á	 “�� �� ? ‰&³ F� _�

áÔ–ÐÕªA� bç
 ƒ�� #Q [þt“ Ér \O� �� ëß– �pu p�> h ô�Ç �� ? 7á§ �8 ��� �t �l � 0A K�" f €9� ¹̄ ô�Ç �̄	 [þt

“Ér Áº %Á	 “�� �� ? Dh–Ð î�r áÔ–ÐÕªA� bç
 8̈Š �â
 �̀¦ ò́õ� &h� Ü¼–Ð î�r6 x ½+É Ãº e”� •�H ƒ�� #Q •�H

Áº %Á	 “�� �� ?

s�� Q ô�Ç |9� ë�H[þt \• @/ ô�Ç ²úš “Ér �= €9� ¹̄ ô�Ç �̄	 {9� �� ?

� “¦ èß– •̧ ™èáÔàÔ J? #Q r�Û¼ %7› �̀¦ ’<H ~1� >� �� Ò�¦ Ãº e”� •�H ~½Ó ZO� “Ér áÔ–ÐÕªA� bç
 ƒ��

#Q _� ?/ 6 x` �¦ /BN ÂÒ
� €�� "f ò́õ� &h� Ü¼–Ð e”� )€ ”�� �� . ™èáÔàÔ J? #Q ~½Ó ZO� •:r ×�æ\•

•�H áÔ–ÐÕªA� bç
 ƒ�� #Q s� •:r _� ź» ~ÃÎ gË> s� \O� s� •�H /BN )‡K�t � •�H �̄	 s� @/ÂÒ ì�r s�

l� M: ë�H s�� � .

� @/ÂÒ ì�r _� ™èáÔàÔ J? #Q [þt s� (Ž� ÉÓ'• ƒ�� #Q \�¦ %ƒo�
 � •�H ÂÒ ¾¡§` �¦ ��t �> � ÷& •�H

X< , s� ÂÒ ¾¡§[ þt s� áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f »¡¤ &h� ô�Ç s� •:r õ� z�́ ]j \�¦ �̀¦ ��– Ð s�K�


�“ ¦ [O� >� |̈c €9� ¹̄� � e”� �� . $í
 /åL ô�Ç •©œd”� _� Ãº ï�r \•" f “¦ îß– ÷& •�H áÔ–ÐÕªA� bç


ƒ�� #Q r�Û¼ %7› “Ér #QÖ¼ í�H çß– Áº� -4R !Qo� •�H ��o �ü < °ú  s� 0A I�– Ð Ö�¦ Ãº µ1Ú \• \O�

l� M: ë�H s�� � .

� áÔ–ÐÕªA� bç
 ƒ�� #Q _� ƒ�� ½̈ $í
 õ� [þt  ü�× þ̃ \• ™èáÔàÔ J? #Q >h µ1Ï s�� � •�H �̄	 s� /åL
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5Åq •̧–Ð Ãº †<Æ&h� s�“ ¦ %3� x9� ô�Ç l� Õüt s� ÷& #Q��“ ¦ e”� •�H X< , s�\ • Äºo�� � áÔ–ÐÕª

A� bç
 ƒ�� #Q \�¦ #Q b•G >� K�� � ½+É �̄	 “�� t� \�¦ “¦ •�� K�� � ô�Ç �� . Äºo� ™èáÔàÔ J? #Q

íß– \O� _� �â
Ôqt§ 4� �̀¦ ‚½Ó Ø�¦ ½+É ��H çß– Ü¼–Ð+‹ .

áÔ–ÐÕªA� bç
 ƒ�� #Q _� $í
 õ� , ë�H ]j , Õªo�“ ¦ Õª Òqt yŒ•_� d�¦` �¦ s�K�
 � •�H �̄	 s� (Ž� ÉÓ'•

õ�† <Æ/ /BN †<Æcomputer science, computer engineering�̀¦ „�� /BN 
� •�H X< ×�æ¹̄ ô�Ç x9� �� 2£§ s�� � .

1.1 áÔ–ÐÕªA� bç
 ƒ�� #Q •�H p�> h
 �� �

‰&³ F� _� áÔ–ÐÕªA� bç
 ƒ�� #Q •�H \O� ��� � p�> h ½+É �� ?

áÔ–ÐÕªA� bç
 ƒ�� #Q–Ð ��# Œ”�� ™èáÔàÔ J? #Q \�¦ l�> �� � z�́ 'Ÿ• K� ï�r �� . Äºo�� � “¦ îß–

ô�Ç l�> �� � ™èáÔàÔ J? #Q \�¦ �� 1lx Ü¼–Ð z�́ 'Ÿ• K� ï�r �� . @/ éß– 
�“ ¦ Z�t �� î�r {9� s�� � .

�8 Z�t �� î�r {9� “Ér , 
�� � _� l�> �� � z�́ 'Ÿ• ½+É Ãº e”� •�H áÔ–ÐÕª Ïþ› [þt s� ÁºÃºy � ú́§ s�

e”� �̀¦ Ãº e”� �� •�H �̄	 s�� � . s� •�� l�> � •�H s� [j •©œ\• \O�%3� �� . �� 1lx 	�� � •�H l�> � •�H

\ ��“ ¦ "f •�H " áÔ–ÐÕª Ïþ› ëß– z�́ 'Ÿ• K� ×�¦ ÷�r s�� � . �� 1lx 	� …̀²ú̃ �̀¦ µ1á ��" f ë�H "f \�¦ ¼#�

|9� 
�� �� � 1lx %ò
 •©œ�̀¦ •©œ%ò
 
�� �� � \•#Q Ñþ̃ �̀¦ :Ÿx ]j
 � •�H 1px _� {9� �̀¦ ½+É Ãº •�H \O� �� .

Õª •�� X< , ë�H ]j •�H áÔ–ÐÕªA� bç
 ƒ�� #Q–Ð ��# Œ”�� ™èáÔàÔ J? #Q�� •�H “�� /BNÓüt s� B�Äº

0A I�– Ð î�r •©œI�\ •" f z�́ 'Ÿ• •)a �� •�H &h� s�� � . ]j@/– Ð •Œ• 1lx 
� •�H Óüt |	� “�� t� \�¦ SX‰“�� 
�

t� ·ú§ “¦ z�́ 'Ÿ• ÷& >� •)a �� . Õª SX‰“�� �̀¦ p�o � �� 1lx Ü¼–Ð K� ÅÒ •�H l� Õüt s� �� f”� “Ér p�> h


�� � .

�� •Ér ì�r ��ü < q�“ §K� Ð̃�� . ]j@/– Ð •Œ• 1lx ½+É t� \�¦ p�o � �Ž� 7£x ½+É Ãº \O� •�H l�> � [O�

>� •�H \O� �� . ]j@/– Ð "f e”� �̀¦ t� \�¦ p�o � �Ž� 7£x ½+É Ãº \O� •�H |	� »¡¤ [O� >� •�H \O� �� . “�� /BN

Óüt[ þt s� �� ƒ�� [j> �\ •" f ë�H ]j \O� s� •Œ• 1lx ½+É t� \�¦ p�o � %3� x9� 
�> � ì�r $3� 
� •�H Ãº †<Æ&h�

l� Õüt[ þt“ Ér ú̧̃ µ1Ï² ú̃ K� M®o �� . ¾» —Ér %i� †<Æ, p� &h� ì�r ~½Ó &ñ
 d”� , :Ÿx >� %i� †<Æ1px1px s� Õª� Q ô�Ç

l� Õüt[ þt {9� �̄	 s�� � .

™èáÔàÔ J? #Q�� •�H “�� /BNÓüt \• @/K�" f •�H #Q*‹ ô�Ç �� ? •Œ• $í
 ô�Ç ™èáÔàÔ J? #Q�� ]j@/

–Ð z�́ 'Ÿ• |̈c t� \�¦ p�o � %3� x9� 
�> � SX‰“�� K� ÅÒ •�H l� Õüt[ þt“ Ér e”� •�H �� ?

s� ë�H ]j •�H �� f”� •̧ K� ��� ÷& t� ·ú§ “Ér ë�H ]js �� � . s� ë�H ]j\ • @/ ô�Ç ²úš �̀¦ áÔ–ÐÕªA�

bç
 ƒ�� #Q\•" f• ¸ K� 1> �� ô�Ç �� . s� ~½Ó†¾Ó \•" f t� �FK ��t � ƒ�� ½̈ •)a �̄	 [þt s� �� f”� “Ér p�

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



1.2 áÔ–ÐÕªA� bç
 ƒ�� #Q _� 0A u� 11

f�̈ 
�� � .

t� �FK ��t � $í
 /BN &h� “�� ƒ�� ½̈ ��� õ� �� #Q ‹"� —̧_þv Ü¼–Ð áÔ–ÐÕªA� bç
 ƒ�� #Q\• •©œ‚ÃÌ ÷&

“¦ e”� •�H t� s� y©œ_� \�¦ :Ÿx K� ¶ú̃ (R �̂¦ �̄	 s�� � . Õª XO� >� %3� #Q ”�� r� yŒ• Ü¼–Ð ™èáÔàÔ J?

#Q l� Õüt _� ‰&³ F�Ãº ï�r` �¦ çß– ��
 �“ ¦ , Ð̃��� � “Ér p�A�l � Õüt` �¦ \P� #Q °ú̃ }� €f› �̀¦ ¾¡§ >� ÷&

U�́ .

1.2 áÔ–ÐÕªA� bç
 ƒ�� #Q _� 0A u�

Äº ‚�� áÔ–ÐÕªA� bç
 ƒ�� #Q •�H Áº %Á	 “�� �� ? \• @/K�" f �� €ªœ
�> � s�� �l � |̈c Ãº e”� �� .

(Ž� ÉÓ'•� � •�H l�> �\ •>� "î
§ î
 
� •�H •̧½̈ , áÔ–ÐÕªA� Q [þt ��s � _� ™è :Ÿx _� Ãº éß– , •©œ0A

YU 6\š _� n�� � “�� �̀¦ ³ð ‰&³ 
� •�H •̧½̈ , ·ú̃ “¦o � 7£§` �¦ l� Õüt 
� •�H ³ðl � ZO� , Òqt yŒ•ô�Ç �� \�¦ z�́

'Ÿ• r� ~�́ Ãº e”� •̧ 2Ÿ¤ ³ð ‰&³ 
� •�H •̧½̈ , 1px1px .
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12 ™è>h

#Œ{Œ™Ü¼–Ð ş̌K� 
�� � \�¦ ��– Ð ú̧š �� . áÔ–ÐÕªA� bç
 ƒ�� #Q�� (Ž� ÉÓ'• \�¦ [�t o�l � 0A

K� ëß– [þt #Q ”�� �̄	 s� ��m�� � . (Ž� ÉÓ'•� � áÔ–ÐÕª Ïþ› �̀¦ [�t o�l � 0A K� ëß– [þt #Q ”�� �̄	 s�� � .

%i� �� &h� Ü¼–Ð Õª XO� �� . ëß– [þt #Q ”�� (Ž� ÉÓ'• \�¦ �� 6 x 
�l � 0A K� “¦ îß–ô�Ç �̄	 s� áÔ–ÐÕªA�

bç
 ƒ�� #Q�� ��m�“ ¦ , Õª „�� \• s�p � •7H o� †<Æ��ü < Ãº †<Æ�� [þt s� áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ “¦

îß– Ùþ¡ �� . Õªo�“ ¦ ��" f „�� l� �r –Ð–Ð ½̈ ‰&³ •)a n�t � »1Ï (Ž� ÉÓ'•� � µ1Ï "î
 ÷& %3� �� .

1930̧�� @/ ú̃́ ÂÒ'• , {9� ç�H _� Ãº †<Æ�� [þt“ Ér õ� ƒ�� \ l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç †<Ê Ãº "

�� Áº %Á	 {9� �� \�¦ “¦ •��Ùþ¡ �� . 
�� � _� ��s �n �# Q–Ð , ƒ�� #Q \�¦ 
�� � “¦ îß– K�" f Õª ƒ�� #Q

–Ð &ñ
 _� |̈c Ãº e”� •�H �̄	 [þt` �¦ l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç †<Ê Ãº� �“ ¦ 
�� � , “¦ ]j îß– 
�

%i� �� . &ñ
 SX‰
�> � ‰&³ F� _� n�t � »1Ï (Ž� ÉÓ'•–Ð z�́ 'Ÿ• |̈c Ãº e”� •�H —̧Ž�H áÔ–ÐÕª Ïþ› �̀¦ •Œ•

$í
 ½+É Ãº e”� •�H ƒ�� #Q [þt s� %3� �� . Z�t ³1Ñ >�• ¸ . t� �FK _� n�t � »1Ï (Ž� ÉÓ'• •�H Õª� Q ô�Ç †<Ê Ãº

[þt` �¦ �� 1lx Ü¼–Ð À1Ï o� z�́ 'Ÿ• r�&�ÅÒ •�H •̧½̈ {9� ÷�r s�� � .

z�́ 'Ÿ• K� ÅÒ •�H l�> �� � -$ �� ÷& %3�~ �� t� çß– \• , áÔ–ÐÕªA� bç
 ƒ�� #Q êøÍ �� 1lx z�́ 'Ÿ• �̀¦ %i�

¿º\ • ¿º“ ¦ “¦ îß–ô�Ç ƒ�� #Qs�� � . Õª YU 6\š s� l�> �# Q Ãº ï�r s� |	� Õª Ð̃�� �s̀ ›�� •©œ0A_�
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1.2 áÔ–ÐÕªA� bç
 ƒ�� #Q _� 0A u� 13

ƒ�� #Qs� |	� çß– \• .

áÔ–ÐÕªA� bç
 ƒ�� #Q _� ò́ 6 x` �¦ ›̧ �FK ½̂̈ ‰&h� Ü¼–Ð Ð̃�� . �� 6£§ Õª aË> \•" f ³ð ‰&³ 
� %i�

1pw s� , —̧Ž�H ™èáÔàÔ J? #Q r�Û¼ %7› “Ér \ ƒ�� #Q " \�¦ l� ìøÍ Ü¼–Ð ô�Ç �� . ™èáÔàÔ J? #Q�� ü@ÂÒ

[j> �ü < ™è :Ÿx 
� •�H X< •�H , #Q ‹"� +þA I� Ž�H †½Ó•©œ ƒ�� #Q \�¦ :Ÿx K�" f s�ÀÒ#Qt�l � M: ë�H s�� � .

X<s�� �Z…s�Û¼ r�Û¼ %7› _� |9� _� %ƒo� query processing, –Ð 4Ÿ© áÔ–ÐÕªA� bç
 , 
�× ¼ J? #Q n�

�� “�� , &�Á»m�H�s � ‚�� áÔ–ÐžÐ c+t n�� � “�� , ™èáÔàÔ J? #Q �Ž� 7£x , áÔ–ÐÕªA� bç
 ƒ�� #Q r�Û¼

%7› (•��%i� l� compiler�� z�́ 'Ÿ• l� interpreter), >� e”� áÔ–ÐÕªA� bç
 1px1px \ ƒ�� #Q " \O� s� •Œ• 1lx


� •�H ™èáÔàÔ J? #Q r�Û¼ %7› “Ér \O� �� . —̧Ž�H �̄	 [þt“ Ér ƒ�� #Q %ƒo� r�Û¼ %7› �̀¦ ¾¡§ “¦ e”� �� .

��� �" f —̧Ž�H ™èáÔàÔ J? #Q r�Û¼ %7› _� �â
Ôqt§ 4� _� {9� ÂÒ ì�r“ Ér áÔ–ÐÕªA� bç
 ƒ�� #Q ì�r

�� _� ƒ�� ½̈ $í
 õ� \• l�œíK�" f µ1Ï „�� 
�> � •)a �� . áÔ–ÐÕªA� bç
 ƒ�� #Q _� '‘� éß– l� Õüt \•

@/ ô�Ç s�K�� � \O� s� •�H –Ð 4Ÿ© áÔ–ÐÕªA� bç
 r�Û¼ %7› / 
�× ¼ J? #Q }9� n�� � “�� r�Û¼ %7› / áÔ–Ð

žÐ c+t n�� � “�� r�Û¼ %7› / ™èáÔàÔ J? #Q �Ž� 7£x r�Û¼ %7› / >� e”� áÔ–ÐÕªA� bç
 r�Û¼ %7› / X<s�� �
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14 ™è>h

Z…s�Û¼ r�Û¼ %7› 1px` �¦ ]j@/– Ð n�� � “�� 
�� �� � ½̈ ‰&³ 
�l �� � #Q §>� �� . —̧¿º áÔ–ÐÕªA�

bç
 ƒ�� #Q ì�r �� _� \ »¡¤4Ÿ¤ " �̀¦ t� �Ï@@/– Ð •Œ™�� µ1Ï „�� ½+É Ãº e”� �� . Õªo�“ ¦ , áÔ–ÐÕªA� bç


ƒ�� #Q ì�r �� ��^ ‰•�H ¢̧ , •7H o� †<Æõ� Ãº †<Æ_� »¡¤4Ÿ¤ ��A�\ •" f ëß– éß–éß– 
�> � µ1Ï „�� ½+É Ãº e”�

�� .
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2 •©œ

l� ‘:r l�

áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ s�� �l � 
� •�H X< l� ‘:r &h� Ü¼–Ð �� 6 x 
� •�H #Q 6f [þt õ� ú̃́ 
� •�H ~½Ó d”�

s� e”� �� . Õª #Q 6f ü< ~½Ó d”� _� l� ‘:r“ Ér Ãº †<Æs�� � . s� •©œ\•" f •�H ·ú¡ Ü¼–Ð Äºo�� � ��

6 x ½+É #Q 6f ü< ú̃́ 
� •�H ~½Ó d”� �̀¦ ·ú̃ ��˜ Ð“¦ , Õª �� 6 x \V [þt` �¦ ¶ú̃ (R˜Ð�� .

2.1 )
± úš ZO� inductive de�nition

2.1.1 |9� ½+Ë _� &ñ
 _�

|9� ½+Ë �̀¦ &ñ
 _� 
� •�H ~½Ó ZO� \• •�H ›̧ |	� ]jr � ZO� õ� "é¶ ™è� � \P�ZO� , Õªo�“ ¦ 
�� �� � �8 e”� �� .

)
± úš ZO� s�� � .

)
± úš ZO� “Ér a�¦ ��� �� . Ä» ô�Ç 
�> � Áº ô�Ç ô�Ç �̄	 �̀¦ &ñ
 _�½+É Ãº e”� l� M: ë�H s�� � . Ä» ô�Ç ô�Ç

Ì�	 Ãº _� Ä» ô�Ç ô�Ç ½© gË: [þt –Ð Áº ô�Ç y� ú́§ “Ér "é¶ ™è \�¦ ��t � •�H |9� ½+Ë �̀¦ &ñ
 _� 
� •�H ~½Ó ZO� s�

)
± úš ZO� s�� � .

)
± úš ZO� “Ér @/> � 7£x "î
 _� ô�Ç ~½Ó ZO� s�� �“ ¦ C�Äºt � ëß– , �� z�́ Õª 7£x "î
 s� Ãº �FN s� ��

•�H s�Ä» •�H |9� ½+Ë �̀¦ &ñ
 _� 
� •�H )
± úš ZO� _� \O� >h \�¦ ��� �" f 7£x "î
 K� ��� � •�H �̄	 s�l � M:

ë�H s�� � .

)
± úš 7£x "î
 \• @/K�" f •�H �� 6£§ •©œ(2.1.2)\•" f ¶ú̃ (R˜Ðl�– Ð 
�“ ¦ )
± úš s� |9� ½+Ë �̀¦ &ñ


_� 
� •�H X< �� 6 x ÷& •�H �̄	 \• @/K�" f Äº ‚�� ¶ú̃ (R˜Ð�� .

)
± úš ZO� Ü¼–Ð |9� ½+Ë �̀¦ &ñ
 _� 
� •�H ~½Ó ZO� “Ér , Õª s� 2£§ s� _� p�
 � •�H X<–Ð , ÷& [�t ��" f ��
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16 l� ‘:r l�

u� •�H �̄	 s�� � (÷& [�t ��" f return • , ��u �� � dedicate Ö ). ÷& [�t ��" f ëß– [þt #Q �� •2;

�� •�H �̄	 “Ér , Õª |9� ½+Ë _� "é¶ ™è \�¦ ��t �“ ¦ Õª |9� ½+Ë _� "é¶ ™è \�¦ ëß– Ž�H �� •�H �̄	 s�� � . )
± úš

ZO� Ü¼–Ð &ñ
 _� ÷& •�H |9� ½+Ë “Ér Y>� >h _� ½© gË: [þt –Ð ½̈ $í
 ÷& “¦ , Õª ½© gË: [þt s� )
± úš &h� s�� � :

Áº %Á	 Áº %Á	 s� s�p � |9� ½+Ë _� "é¶ ™è [þt s�� � €�� Õª �̄	 [þt –Ð #Q b•G >�# Q b•G >� 
� €�� ��r � |9� ½+Ë

_� "é¶ ™è� � •)a �� , •�H d”� s�� � .

2.1.1.1 Õª |9� ½+Ë “Ér s� �̄	 s�� �

›̧ �FK {9� ìøÍ &h� “�� —:r Ü¼–Ð s�� �l �K�˜ Ð €�� s� XO� �� . 
�� � _� ½© gË: “Ér ‹Œ• Ü¼–Ð ½̈ $í
 •)a �� :

�� &ñ
 [þt X ü< ��� •:r x. Õª ½© gË: s� ú̃́ 
� •�H �� •�H \ X \• e”� •�H �̄	 [þt s� &ñ
 _� 
�� 9 •�H |9�

½+Ë \• —̧¿º e”� Ü¼ €�� , x•̧ e”� #Q�� ô�Ç �� " •�H �̄	 s�� � . s�� Q ô�Ç ½© gË: [þt s� —̧#Œ"f 
�� �

_� |9� ½+Ë �̀¦ &ñ
 _�ô �Ç �� . Õª |9� ½+Ë “Ér , ½© gË: [þt s� ¹̄½̈ 
 � •�H "é¶ ™è [þt“ Ér —̧› ¸o � Ÿí †<Ê 
�

“¦ e”� •�H |9� ½+Ë �� î�r X< �� •©œ •Œ• “Ér |9� ½+Ë Ü¼–Ð ô�Ç �� . þj ™è _� |9� ½+Ë s�� �“ ¦ “¦ |9� 
� •�H

s�Ä» •�H , ½© gË: [þt s� ¹̄½̈ 
 � •�H "é¶ ™è [þt“ Ér —̧¿º Ÿí †<Ê 
�t � ëß– Õª µ1Ú_� �̄	 [þt“ Ér ]jü @
�

“¦ z�· #Q"fs �� � .

7á§ �8 "î
 SX‰
�> � ��˜ Ð�� . �� &ñ
 [þt X ü< ��� •:r x_� ‹Œ• (X ; x)–Ð ³ð ‰&³ ÷& •�H ½© gË: [þt

_� —̧e”� �̀¦ � ��“ ¦ 
�� � .

Õª ½© gË: �̀¦ ëß– 7á¤ 
� •�H "é¶ ™è [þt` �¦ —̧¿º ¾¡§ “¦ e”� •�H |9� ½+Ë �̀¦ \� \• @/K�" f {Œ—)€ e”�

�� " <�Ê“Ér , \�- {Œ—jËµ "s�� �“ ¦ ô�Ç �� . 7£¤ , |9� ½+Ë A�� �- {Œ—jËµ , “Ér

(X ; x) 2 � s�“ ¦ X � A s� €�� x 2 A

“�� �â
 Äº \�¦ ú̃́ô �Ç �� . s�] j , � �� &ñ
 _� 
� •�H |9� ½+Ë “Ér —̧Ž�H �- {Œ—2̃³ |9� ½+Ë [þt _� “§ |9� ½+Ë

Ü¼–Ð &ñ
 _� •)a �� :
\

f AjA•�H �- {Œ—jËµ g:

Õª� Q ô�Ç |9� ½+Ë “Ér �- {Œ—2̃³ |9� ½+Ë s� €�� "f �� •©œ •Œ• �� . (�= ?)

Example 1 �� ƒ�� Ãº _� |9� ½+Ë “Ér �� 6£§ ¿º>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

(; ; 0) (f ng; n + 1)
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2.1 )
± úš ZO� inductive de�nition 17

7£¤ , 0“Ér �� ƒ�� Ãºs �“ ¦ , ns� �� ƒ�� Ãº� � €�� n + 1•̧ �� ƒ�� Ãºs �� � . s� ½© gË: [þt \• @/K�" f

{Œ—)€ e”� •�H |9� ½+Ë [þt“ Ér Äºo�� � ·ú̃ “¦ e”� •�H �� ƒ�� Ãº _� |9� ½+Ë N ÷�r ��m�� � Ä»o�Ãº _� |9�

½+Ë Q•̧ e”� �� . 
�t � ëß– �� •©œ •Œ• “Ér Õª� Q ô�Ç |9� ½+Ë “Ér N s�� � .2

Example 2 %ò
 ë�H ™è ë�H �� ·ú̃ ��  Ï@Ü¼–Ð ëß– [þt #Q t� •�H Û¼àÔ a�A _� |9� ½+Ë “Ér �� 6£§ _� ½©

gË: [þt –Ð &ñ
 _� •)a �� :

(; ; � ) (f � g; x� for x 2 f a; � � � ; zg)

7£¤ , � “Ér Û¼àÔ a�A s�“ ¦ , s�� Û¼àÔ a�A s�� � €�� Õª ·ú¡ \• %ò
 ë�H ™è ë�H �� \�¦ 
�� � ·¡­ #Œ•̧ Û¼

àÔ a�A s�� � . s� ½© gË: [þt \• @/K�" f {Œ—)€ e”� •�H �� •©œ •Œ• “Ér |9� ½+Ë s� s� ½© gË: [þt s� &ñ
 _�


� •�H \ Û¼àÔ a�A "s�� � •�H |9� ½+Ë s�� � . 2

2.1.1.2 ³ðl � ZO�

)
± úš ZO� _� ½© gË: �̀¦ ��� �? / •�H ¼#� o� ô�Ç ³ðl �– Ð áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f •�H �� 6£§ ¿º ��

t� �̄	 �̀¦ ÅÒ–Ð •�H �� . 0A_� �� ƒ�� Ãº |9� ½+Ë “Ér :

n ! 0 j n + 1

<�Ê“Ér

0
n

n + 1

s�“ ¦ , 0A_� Û¼àÔ a�A |9� ½+Ë “Ér :

� ! �

j x� (x 2 f a; � � � ; zg)

<�Ê“Ér

�
�
x� x 2 f a; � � � ; zg

Ü¼–Ð ³ð ‰&³ ô�Ç �� .

Õªo�“ ¦ , )
± úš ½© gË: [þt“ Ér ìøÍ ×¼r� ÷& [�t ��" f ³ð ‰&³ |̈c €9� ¹̄ •�H \O� �� . |9� ½+Ë s� Ä» ô�Ç


�� � €�� F� )
 �� €9� ¹̄ \O� s� "é¶ ™è� � \P�ZO� õ� °ú  s� ÅÒ ¹¡¤ æ¼ €�� •)a �� . \V \�¦ [þt #Q , |9� ½+Ë
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18 l� ‘:r l�

f 1; 2; 3g�̀¦ ½© gË: [þt –Ð ³ð ‰&³ 
� €��

(; ; 1) (; ; 2) (; ; 3)

<�Ê“Ér

x ! 1 j 2 j 3

<�Ê“Ér

1 2 3

�� •)a �� .

�� 6£§ Õª aË> “Ér �� ƒ�� Ãº |9� ½+Ë , ¿º °ú̃ A� ��Áº binary tree |9� ½+Ë , o�Û¼àÔ |9� ½+Ë , ��õ � ü<

C� ëß– ��t � •�H |9� ½+Ë �̀¦ )
± úš &h� Ü¼–Ð &ñ
 _�ô �Ç �̄	 s�� � .
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2.1 )
± úš ZO� inductive de�nition 19

Example 3 o�Û¼àÔ _� |9� ½+Ë •̧ �� 6£§ ¿º>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

nil
`

� � `

<�Ê“Ér

` ! nil j � � `

7£¤ , nil “Ér o�Û¼àÔs�“ ¦ , `s� o�Û¼àÔ�� €�� Õª ·ú¡ \• 
�� � _� ”̧×¼ \�¦ ·¡­ “�� � � ` •̧ o�

Û¼àÔs�� � . s� ½© gË: [þt \• @/K�" f {Œ—)€ e”� •�H �� •©œ •Œ• “Ér |9� ½+Ë s� s� ½© gË: [þt s� &ñ
 _�


� •�H \ o�Û¼àÔ " �� •�H |9� ½+Ë s�� � . 2

Example 4 ú̃́éß– \• &ñ
 Ãº \�¦ ��t � •�H ¿º °ú̃ A� ��Áº binary tree[þt _� |9� ½+Ë “Ér �� 6£§ W1

>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

n n 2 Z
t

N(t; nil )

t
N(nil ; t)

t1 t2

N(t1; t2)

<�Ê“Ér

t ! n (n 2 Z)

j N(t; nil )

j N(nil ; t)

j N(t; t)

7£¤ , e”� _�_ � &ñ
 Ãº n“Ér ¿º °ú̃ A� ��Áºs �“ ¦ , t�� ¿º °ú̃ A� ��Áº� � €�� Õª �̄	 �̀¦ ¢,a ¼#� s�� �

ş̌ •Ér ¼#� \• B� éß– �̄	 •̧ ¿º °ú̃ A� ��Áºs �“ ¦ , ¿º>h _� ¿º °ú̃ A� ��Áº \�¦ yŒ•y Œ• ¢,a ¼#� õ� ş̌ •Ér

¼#� \• B� éß– �̄	 •̧ ¿º °ú̃ A� ��Áºs �� � . s� ½© gË: [þt \• @/K�" f {Œ—)€ e”� •�H �� •©œ •Œ• “Ér |9�

½+Ë s� s� ½© gË: [þt s� &ñ
 _� 
� •�H \ ¿º °ú̃ A� ��Áº " �� •�H |9� ½+Ë s�� � . 2
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Example 5 &ñ
 Ãº d”� [þt _� |9� ½+Ë “Ér �� 6£§ _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

n n 2 N
e

� e

e1 e2
e1+ e2

e1 e2
e1� e2

<�Ê“Ér

e ! n (n 2 N)

j � e

j e+ e

j e � e

7£¤ , �� ƒ�� Ãº n“Ér &ñ
 Ãº d”� s�“ ¦ , e�� &ñ
 Ãº d”� s�� � €�� Õª ·ú¡ \• 6£§ _� ÂÒ ñ \�¦ ·¡­ #Œ•̧ &ñ


Ãº d”� s�“ ¦ , ¿º>h _� &ñ
 Ãº d”� ��s �\ •  »	 !lr ÂÒ ñ� � Y�L !lr ÂÒ ñ \�¦ z� 0> V,� #Q•̧ &ñ
 Ãº d”�

s�� � . s� ½© gË: [þt \• @/K�" f {Œ—)€ e”� •�H �� •©œ •Œ• “Ér |9� ½+Ë s� s� ½© gË: [þt s� &ñ
 _� 
� •�H

\ &ñ
 Ãº d”� " s�� � •�H |9� ½+Ë s�� � . 2

Example 6 �� 6£§ _� ½© gË: [þt s� ëß– [þt #Q?/ •�H hA; ai Š©œ[þt _� |9� ½+Ë “Ér Áº %Á	 {9� �� ?

hA; ai
a 2 A

hA; ai hA; bi
hA; a � bi

hA; a � bi
hA; ai

hA [ f ag; bi
hA; abi

hA; abi hA; ai
hA; bi

2

2.1.1.3 Õª |9� ½+Ë “Ér s� XO� >� ëß– Ž�H ��

Õª •�� X< , 0A_� &ñ
 _� •�H "î
 SX‰
�t � ëß– ô�Ç ��t �� � _� ��
 �� � . ½© gË: [þt s� &ñ
 _� 
� •�H |9� ½+Ë

s� Áº %Á	 “�� t� &ñ
 _� 
�“ ¦ e”� t� ëß– , Õª |9� ½+Ë �̀¦ ëß– ×¼ •�H ~½Ó ZO� �̀¦ ·ú̃ �9ÅÒ“¦ e”� t� ·ú§ �� .

(The de�nition is non-constructive.) �� •©œ€�� “Ér Áº %Á	 s�� �� �“ ¦ &ñ
 _� K� Z�~ €Œ¤ t� ëß– ,
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�� •©œ€�� �̀¦ ëß– ×¼ •�H ~½Ó ZO� “Ér ��ØÔu�“ ¦ e”� t� ·ú§ �� ! ëß– ×¼ •�H ~½Ó ZO� �̀¦ ·ú̃ �9ÅÒ •�H &ñ
 _� •�H

�� 6£§ õ� °ú  �� .

½© gË: [þt _� |9� ½+Ë � •�H †<Ê Ãº � \�¦ &ñ
 _�ô �Ç �� . � •�H |9� ½+Ë �̀¦ ~ÃÎ ��" f Õª |9� ½+Ë �̀¦ ��t �

“¦ � ½© gË: [þt` �¦ s� 6 x K�" f ëß– [þt #Q t� •�H —̧Ž�H "é¶ ™è [þt` �¦ ?/ Z�~•�H �� :

� (Y) = f x j
X
x

2 � ; X � Yg

� ½© gË: [þt s� &ñ
 _� 
� •�H |9� ½+Ë “Ér †<Ê Ãº � \• _� K�" f {Œ—)€ e”� •�H |9� ½+Ë (� �� �8 s� •©œ Dh

–Ð î�r �̄	 �̀¦ ëß– [þt #Q ?/t � 3lw 
� •�H |9� ½+Ë , 7£¤ � (X ) � X “�� |9� ½+Ë X )×�æ\•" f þj ™è _� |9�

½+Ë
\

f X j� (X ) � X g (2.1)

s�“ ¦ , s� �̄	 “Ér †<Ê Ãº � _� þj ™è _� “¦ &ñ
&h� least �xed point �� •)a �� . (�= ?)

†<Ê Ãº � _� þj ™è _� “¦ &ñ
&h� “�� s� |9� ½+Ë “Ér ‘�� |9� ½+Ë \•" f ÂÒ'• Ø�¦ µ1Ï K�" f (� 0��“ ¦ 
�

�� ) � \�¦ ô�Ç•�� &h� 6 x 
�“ ¦ �� “:r |9� ½+Ë � 1, ¿º •�� &h� 6 x 
�“ ¦ �� “:r |9� ½+Ë � 21px` �¦ —̧¿º —̧

Ü¼ €�� ëß– [þt #Q ”�� �� . 7£¤ ,

� 0 = ;

� n = � (� n� 1) n 2 N

��“ ¦
 �“ ¦

� 0 [ � 1 [ � 2 [ � � � =
[

i 2 N

� i

•�� d”� Ü¼–Ð ëß– [þt #Q t� •�H �̄	 s� � ½© gË: [þt s� &ñ
 _� 
� •�H |9� ½+Ë s� ÷& •�H �̄	 s�� � . s� XO�

>� ëß– [þt #Q ”�� |9� ½+Ë “Ér d”� 2.1õ� {9� u� ô�Ç �� . (�= ?)

Example 7 �� ƒ�� Ãº _� |9� ½+Ë “Ér �� 6£§ ¿º>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

n ! 0 j n + 1
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s� ½© gË: [þt s� t� &ñ
 
� •�H |9� ½+Ë N “Ér �� 6£§ õ� °ú  s� ëß– [þt #Q ”�� �� :

� 0 = ;

� 1 = f 0g

� 2 = f 0; 1g

� 3 = f 0; 1; 2g

� � �

[þt _� ½+Ë |9� ½+Ë .2

Example 8 o�Û¼àÔ _� |9� ½+Ë •̧ �� 6£§ ¿º>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

` ! nil j � � `

s� ½© gË: [þt \• &ñ
 _� 
� •�H \ o�Û¼àÔ " �� •�H |9� ½+Ë “Ér �� 6£§ õ� °ú  s� ëß– [þt #Q ”�� �� :

� 0 = ;

� 1 = f nil g

� 2 = f nil ; � � nil g

� 3 = f nil ; � � nil ; � � � � nil g

� � �

[þt _� ½+Ë |9� ½+Ë .2

Example 9 ¿º °ú̃ A� ��Áº binary tree_� |9� ½+Ë “Ér �� 6£§ W1>h _� ½© gË: [þt –Ð &ñ
 _� •)a �� :

t ! �

j N(t; nil )

j N(nil ; t)

j N(t; t)
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s� ½© gË: [þt s� &ñ
 _� 
� •�H \ ¿º °ú̃ A� ��Áº " �� •�H |9� ½+Ë “Ér �� 6£§ õ� °ú  s� ëß– [þt #Q ”�� �� :

� 0 = ;

� 1 = f�g

� 2 = f� ; N(� ; nil ); N(nil ; � ); N(� ; � )g

� � �

[þt _� ½+Ë |9� ½+Ë .2

Example 10 %ò
 ë�H ™è ë�H �� ·ú̃ ��  Ï@Ü¼–Ð ëß– [þt #Q t� •�H Û¼àÔ a�A _� |9� ½+Ë “Ér �� 6£§ _� ½©

gË: [þt –Ð &ñ
 _� •)a �� :

� ! �

j x� (x 2 f a; � � � ; zg)

s� ½© gË: [þt s� &ñ
 _� 
� •�H |9� ½+Ë “Ér

� 0 = ;

� 1 = f � g

� 2 = f �; a�; � � � ; z� g

� � �

[þt _� ½+Ë |9� ½+Ë s�� � . 2

Example 11 )
± úš ½© gË: � \• e”� •�H —̧Ž�H ½© gË: X
x �� X \�¦ /BN |9� ½+Ë Ü¼–Ð �� ”�� >� \O�

�� €�� , � �� &ñ
 _� 
� •�H |9� ½+Ë “Ér /BN |9� ½+Ë s� •)a �� . ëß– [þt #Q t� •�H r� •Œ• s� ]j /BN ÷& t� ·ú§

€Œ¤ l� M: ë�H s�� � : � 0 = � 1 = � � � = ; .2

2.1.1.4 "é¶ ™è [þt _� í�H "f

� ½© gË: [þt –Ð )
± úš &h� Ü¼–Ð ëß– [þt #Qt� •�H |9� ½+Ë

[

i 2 N

� i
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_� —̧Ž�H "é¶ ™è [þt“ Ér � \�¦ i •�� &h� 6 x K�" f ëß– [þt #Q ”�� �� . "é¶ ™è [þt _� í�H "f \�¦ &ñ
 _� 
�l �

\�¦ , � i •�� P:\ • Dh \�v >� ëß– [þt #Q t� •�H "é¶ ™è [þt _� í�H "f \�¦ i ��“ ¦ 
�� � . "é¶ ™è [þt ��� � ��

l�� � Y>� P: •�� \• ëß– [þt #Q ”�� �̄	 s�� �\ • ��� � í�H "f� � e”� •�H �̄	 s�� � .

iP: •�� \• ëß– [þt #Qt� •�H "é¶ ™è [þt x•�H i � 1P: •�� \• ëß– [þt #Q &’�~ �� "é¶ ™è [þt X  ü�× þ̃ \•

)
± úš ½© gË: (X ; x)\• _� K�" f ëß– [þt #Q ”�� �̄	 s�� � . i � 1P: •�� _� "é¶ ™è [þt“ Ér ¢̧ i � 2P:

•�� _� "é¶ ™è [þt  ü�× þ̃ \• ëß– [þt #Q ”�� �̄	 s�“ ¦ . s� ƒ�� �WìøÍ 6£x“ Ér ��� ²DG \• •�H �� {Œ• \• ²ú¢ •�H

�� : ÏãÎ �FG \• •�H †½Ó•©œ 0P: •�� \• ëß– [þt #Q ”�� "é¶ ™è [þt s� }�� � •)a �� .

s� XO� >� ƒ�� H$™�� •�H �� {Œ• �̀¦ ×¼�Q?/ •�H í�H "f \�¦ \ l�œí� � —Ér—Ér ô�Ç í�H "f well-founded

order" ��“ ¦ ô�Ç �� . )
± úš ZO� Ü¼–Ð &ñ
 _�ô �Ç |9� ½+Ë “Ér †½Ó•©œ l�œí� � —Ér—Ér ô�Ç í�H "f \�¦ ��t �

“¦ e”� �� . s� $í
 |9� s� )
± úš ZO� 7£x "î
 _� l� Õüt` �¦ �� 0px 
�> � K� ï�r �� .(•©œ 2.1.2)

2.1.1.5 Äºo�� � ��ÀÒ •�H )
± úš ½© gË:

½© gË: [þt s� ëß– ×¼ •�H |9� ½+Ë _� "é¶ ™è [þt“ Ér ½© gË: [þt` �¦ Ä» ô�Ç•�� &h� 6 x K�" f ëß– [þt #Qt� •�H "é¶ ™è

[þt –Ð Òqt yŒ•ô�Ç �� . ¢̧ , E�B�
 �t � ·ú§ •�H ½© gË: [þt ëß– �� 6 x ô�Ç �� . {9� ìøÍ &h� Ü¼–Ð , ô�Ç |9� ½+Ë

�̀¦ &ñ
 _� 
� •�H )
± úš ½© gË: [þt“ Ér Áº ô�Ç y� ú́§ �̀¦ Ãº •̧ e”� “¦ , E�B� ô�Ç �â
 Äº• ¸ e”� �̀¦ Ãº e”�

�� (¿º>h _� �� •Ér ½© gË: (X ; x)ü< (X 0; x)s� °ú  “Ér "é¶ ™è x\• @/K�" f ú̃́ 
� •�H �â
 Äº ).

2.1.2 7£x "î
 _� ~½Ó ZO�

|9� ½+Ë S_� —̧Ž�H "é¶ ™è [þt s� #Q ‹"� $í
 |9� P\�¦ ëß– 7á¤ 
� •�H t� \�¦ 7£x "î
 
�� 9“ ¦ ô�Ç ��“ ¦ 
�

�� . 7£¤ ,

8x 2 S:P(x)

\�¦ 7£x "î
 
�� 9“ ¦ ô�Ç �� . P(x)•�H x�� P�� •�H $í
 |9� �̀¦ ëß– 7á¤ ô�Ç �� •�H >pw s�� � . Õªo�“ ¦

Õª |9� ½+Ë S�� )
± úš &h� “�� ½© gË: [þt � \• _� K�" f &ñ
 _� ÷& %3� ��“ ¦ 
�� � .

��� �" f , S_� "é¶ ™è [þt ��s �\ • •�H í�H "f� � e”� “¦ (0P: •�� "é¶ ™è , 1P: •�� "é¶ ™è , � � � ), Õª

í�H "f •�H †½Ó•©œ 0P: •�� \• l�œí
 �“ ¦ e”� �� . iP: •�� "é¶ ™è [þt s� êøÍ , � ½© gË: [þt` �¦ i •�� &h� 6 x

K�" f Dh \�v >� ëß– [þt #Q t� •�H "é¶ ™è [þt s�� � .

|9� ½+Ë S•�H —̧Ž�H iP: •�� "é¶ ™è [þt` �¦ —̧¿º —̧“Ér |9� ½+Ë s�Ù¼–Ð , S_� —̧Ž�H "é¶ ™è\ • @/

ô�Ç 7£x "î
 “Ér —̧Ž�H iP: •�� \• ëß– [þt #Q t� •�H "é¶ ™è [þt \• @/ ô�Ç 7£x "î
 �̀¦ 
� €�� •)a �� . 0P: •��
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\• ëß– [þt #Q t� •�H "é¶ ™è •�H \O� �� . ��� �" f 7£x "î
 ½+É �̄	 •̧ \O� �� .

� r� •Œ• “Ér , 1P: •�� \• ëß– [þt #Q t� •�H "é¶ ™è [þt \• @/K�" f P�� �� z�́ e”� �̀¦ 7£x "î
 K�� �

ô�Ç �� .

� Õªo�“ ¦ , e”� _�_ � i s� „�� •�� \• ëß– [þt #Q ”�� "é¶ ™è [þt \• @/K�" f P�� �� z�́ s�� � •�H

�� &ñ
 
�\ • ()
± úš �� &ñ
 induction hypothesis��“ ¦ †<Ê ), iP: •�� \• ëß– [þt #Qt� •�H "é¶ ™è [þt

s� P\�¦ ëß– 7á¤ 
� •�H t� \�¦ 7£x "î
 
�� � .

Õª� Q €�� |9� ½+Ë S _� —̧Ž�H "é¶ ™è [þt \• @/K�" f P\�¦ ëß– 7á¤ 
� •�H t� \�¦ 7£x "î
 ô�Ç �̄	 s� •)a �� .

�= �� €�� , |9� ½+Ë S•�H —̧Ž�H i •�� P: ëß– [þt #Qt� •�H "é¶ ™è [þt ëß– Ü¼–Ð ½̈ $í
 ÷& Ù¼–Ð .

2.1.2.1 )
± úš ½© gË: [þt \• @/ ô�Ç �̄	 Ü¼–Ð

s� 7£x "î
 l� Õüt` �¦ )
± úš ½© gË: [þt \• @/ ô�Ç �̄	 Ü¼–Ð ��r � s�� �l � 
� €�� ,

� Äº ‚�� , 'Í	 P: •�� \• ëß– [þt #Q t� •�H "é¶ ™è [þt“ Ér � \• e”� •�H ½© gË: [þt ×�æ\• •�H /BN |9� ½+Ë �̀¦

„�� ]j– Ð ��t �“ ¦ e”� •�H ½© gË: [þt (; ; x)�� ëß– ×¼ •�H x[þt s�� � . “¦– Ð , Õª� Q ô�Ç x[þt \•

@/K�" f 7£x "î
 
� •�H �̄	 s� 'Í	 P: •�� _� "é¶ ™è [þt \• @/ ô�Ç 7£x "î
 s� •)a �� .

� Õª �� 6£§ , Õª s� •©œ P: •�� \• ëß– [þt #Q t� •�H "é¶ ™è [þt“ Ér � \• e”� •�H ½© gË: [þt ×�æ\•" f

/BN |9� ½+Ë s� �� •�� „�� ]j (X 6= ; )\�¦ ��t �“ ¦ e”� •�H ½© gË: [þt (X ; x)s� ëß– ×¼ •�H x[þt

s�� � . x�� iP: •�� \• ëß– [þt #Q t� •�H "é¶ ™è� � €�� X \• e”� •�H "é¶ ™è [þt“ Ér Õª s� „�� •��

\• ëß– [þt #Q ”�� "é¶ ™è [þt s�� � . ��� �" f X \• ��� �� � •�H "é¶ ™è [þt \• @/K�" f �� z�́

s�� � •�H �� &ñ
 
�\ • x\• @/K�" f �� z�́ “�� t� \�¦ 7£x "î
 ô�Ç �� .

s� XO� >� 0A_� ¿º� �t � \�¦ 7£x "î
 
� €�� , —̧Ž�H iP: •�� \• ëß– [þt #Qt� •�H "é¶ ™è [þt (� �� &ñ
 _� 
�

•�H —̧Ž�H "é¶ ™è [þt )\• @/K�" f 7£x "î
 ô�Ç �̄	 s� •)a �� .

2.1.2.2 {9� ìøÍ &h� Ü¼–Ð

¿º>h–Ð ¥̧>ht � •�H 0A ü<°ú  “Ér 7£x "î
 �̀¦ 
�� �– Ð s�� �l � 
� €�� , )
± úš ZO� 7£x "î
 “Ér �� 6£§` �¦

7£x "î
 
� €�� •)a �� : —̧Ž�H i 2 O\• @/K�" f ,

(8j < i:P (j P: •�� "é¶ ™è )) ) P(iP: •�� "é¶ ™è ):
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ô�Ç �� •�� \• ¿º>h� � Ÿí [O� ÷& •�H s�Ä» \�¦ ��4 R Ð̃ €�� ,

� i �� 0{9� M: , \ j < i " \�¦ ëß– 7á¤ 
� •�H j •�H \O� �� . /BN |9� ½+Ë _� —̧Ž�H "é¶ ™è [þt \• @/K�

"f •�H e”� _�_ � �� z�́ s� $í
 wn� 
�Ù¼–Ð , 8j < i:P (j P: •�� "é¶ ™è )•�H †½Ó•©œ $í
 wn� . ��

��" f 0A_� d”� “Ér true ) P(0P: •�� "é¶ ™è )ü< °ú  �� . 0 P: •�� "é¶ ™è•¸ \O� Ü¼Ù¼–Ð

P(0P: •�� "é¶ ™è )•�H †½Ó•©œ $í
 wn� .

i �� 1{9� M: , \ j < i " \�¦ ëß– 7á¤ 
� •�H j •�H 0s�“ ¦ 0P: •�� "é¶ ™è •�H \O� Ü¼Ù¼–Ð 0A_� d”�

“Ér true ) P(1P: •�� "é¶ ™è ) 7£¤ P(1P: •�� "é¶ ™è )�� •)a �� .

� i �� 2 s� •©œ“�� e”� _�_ � \ P: •�� " \• @/K�" f •�H :£¤ Z>� ô�Ç �̄	 \O� s� , 0A_� d”� Õª@/– Ð

\�¦ 7£x "î
 
� €�� , )
± úš �� &ñ
 �̀¦ îß– “¦ (8j < i:P (j P: •�� "é¶ ™è )) 7£x "î
 
� •�H �̄	 s� •)a

�� .

Example 12 —̧Ž�H �� ƒ�� Ãº n\• @/K�" f , 0 + 1 + 2 + � � � + n = n(n + 1)=2“�� t� \�¦

7£x "î
 
�� � .

—̧Ž�H �� ƒ�� Ãº •�H )
± úš ½© gË: n ! 0 j n + 1\�¦ Ä» ô�Ç•�� &h� 6 x K�" f ëß– [þt #Qt� •�H "é¶ ™è

[þt _� —̧e”� s�� � .

'Í	 P: •�� \• ëß– [þt #Q t� •�H "é¶ ™è •�H 0s�� � . ns� 0{9� M: 0A_� 1px  ñ� � $í
 wn� 
� •�H t�

7£x "î
 ô�Ç �� . Õª �� 6£§“Ér i s� „�� •�� \• ëß– [þt #Qt� •�H �� ƒ�� Ãº\ • @/K�" f 0A_� 1px  ñ� � $í


wn� ô�Ç ��“ ¦ �� &ñ
 
�“ ¦ , iP: •�� \• ëß– [þt #Q t� •�H �� ƒ�� Ãº\ • @/K�" f �� z�́ “�� t� 7£x "î
 ô�Ç �� .

iP: •�� \• ëß– [þt #Qt� •�H �� ƒ�� Ãº \�¦ n + 1s�� �“ ¦ 
�� � . Õª s� „�� •�� \• ëß– [þt #Q ”�� �� ƒ��

Ãº [þt ×�æ\• •�H ns� e”� �� . Õª� Q €�� , 0 + � � � + n + (n + 1) = n(n + 1)=2 + (n + 1) =

(n + 1)(n + 2)=2 s�Ù¼–Ð 0A_� 1px d”� s� $í
 wn� ô�Ç �� .

)
± úš ½© gË: [þt` �¦ ��� � 7£x "î
 
� €�� , 0{9� M: �� z�́ “�� t� 7£x "î
 
�“ ¦ , n{9� M: �� z�́ s�� �

•�H �� &ñ
 
�\ • n + 1{9� M: �� z�́ “�� t� 7£x "î
 
� €�� •)a �� . 2

Example 13 ¿º °ú̃ A�� � Tq̀ ðøÍ ��Áº complete binary tree\• @/K�" f , ú̃́éß– ”̧×¼ _� Ì�	

Ãº •�H ?/ÂÒ ”̧×¼ _� Ì�	 Ãºü< °ú  ��� � 
�� � ú́§ �� •�H �̄	 �̀¦ 7£x "î
 
�� � . ¿º °ú̃ A�� � Tq̀ ðøÍ

��Áº t\�¦ ëß– ×¼ •�H )
± úš ½© gË: “Ér

t ! � j N(t; t)
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s�� � . e”� _�_ � t\•" f � (ú̃́éß– ”̧×¼ )_� Ì�	 Ãº ls� N(?/ÂÒ ”̧×¼ )_� Ì�	 Ãº n �8
 �l � 1s�

�� .

� “�� �â
 Äº •�H , Õª XO� �� . t1õ� t2_� $í
 |9� s� Õª XO� ��“ ¦ 
�� � : l1 = n1 + 1 s�“ ¦

l2 = n2 + 1. Õª� Q €�� , N(t1; t2)_� ú̃́éß– ”̧×¼ _� Ãº •�H l1 + l2s�“ ¦ , ?/ÂÒ ”̧×¼ _� Ãº •�H

n1 + n2 + 1s�� � . l1 + l2 = (n1 + n2 + 1) + 1s� $í
 wn� ô�Ç �� . 2

2.2 +þA d”� •7H o� formal logic

+þA d”� •7H o� •�H áÔ–ÐÕªA� bç
 ƒ�� #Qs�� � . Õª ƒ�� #Q–Ð ��# Œ”�� áÔ–ÐÕª Ïþ› “Ér ‚ÃÐ s�� �� � ��

f±	 �̀¦ >� íß–ô�Ç �� . +þA d”� •7H o�\ • @/ ô�Ç s�� �l � •�H áÔ–ÐÕªA� bç
 ƒ�� #Q\• @/K�" f s�� �l �

½+É M: ëß– ��> � |̈c #Œ�Q >h ¥Æ� [þt` �¦ e”� ņq 
�> � K� ï�r �� .

‚��ƒ �� •7H o� propositional logic\�¦ ×�æd”� Ü¼–Ð ·ú̃ ��˜ Ð�� .

2.2.1 —̧€ªœõ� >pw

‚��ƒ �� •7H o�\ •" f Òqt yŒ• 
� •�H •7H o� d”� f •�H �� 6£§ _� )
± úš ZO� gË: Ü¼–Ð ëß– [þt #Q t� •�H |9� ½+Ë _�

"é¶ ™ès�� � . 7£¤ , •7H o� d”� f •�H �� 6£§ _� ~½Ó ZO� Ü¼–Ð ëß– [þt #Q ”�� �� .

f ! T j F

j : f

j f ^ f

j f _ f

j f ) f

0A_� )
± úš ZO� gË: s� &ñ
 _� 
� •�H |9� ½+Ë _� "é¶ ™è [þt , Õª �̄	 [þt s� ‚��ƒ �� •7H o�� � •�H ƒ�� #Q–Ð ��

#Œ”�� áÔ–ÐÕª Ïþ› [þt s�� � . ‚��ƒ �� •7H o� d”� “Ér 0A_� ~½Ó ZO� @/– Ð ëß– [þt #Q t� •�H �̄	 ëß– s� ]j@/

–Ð Òqt| �� ‚��ƒ �� •7H o� d”� “�� �̄	 s�� � . Áº ô�Ç y� ú́§ “Ér ‚��ƒ �� •7H o� d”� [þt“ Ér —̧¿º 0A_� {9� Y�L ��

t� ~½Ó ZO� �̀¦ ìøÍ 4Ÿ¤ &h� 6 x K�" f ëß– [þt #Q ”�� �� .

Õª !3� , ‚��ƒ �� •7H o� d”� _� _� p� •�H Áº %Á	 “�� �� ? Áº ô�Ç y� ú́§ “Ér ‚��ƒ �� •7H o� d”� [þt 
�� �
 �

�� ��� � Õª >pw s� Áº %3� “�� t� Ä» ô�Ç 
�> � &ñ
 _�½+É ~½Ó ZO� “Ér e”� •�H �� ? s� �â
 Äº\ •• ¸ )
± úš
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ZO� �̀¦ s� 6 x K�" f _� p�
 � •�H �� \�¦ &ñ
 _�½+É Ãº e”� �� . e”� _�_ � •7H o� d”� “Ér iP: •�� \• ëß– [þt

#Q ”�� �� . iP: •�� \• ëß– [þt #Q t� •�H •7H o� d”� “Ér Õª s� „�� •�� \• ëß– [þt #Q ”�� •7H o� d”� �̀¦ ��

t�“ ¦ ëß– [þt #Q ”�� �� . ��� �" f , iP: •�� s� „�� \• ëß– [þt #Q ”�� •7H o� d”� _� _� p� \�¦ ��t �“ ¦ ,

iP: •�� \• ëß– [þt #Q ”�� •7H o� d”� _� _� p� \�¦ &ñ
 _� 
� •�H ~½Ó ZO� s� €�� ÷& �’x �� .(�� •Ér �8 a%~“Ér

~½Ó ZO� s� e”� �̀¦ �� ?)

•7H o� d”� f _� _� p� \�¦ [[f ]]��“ ¦ ³ðl �
 �� � .

� 'Í	 P: •�� \• ëß– [þt #Q t� •�H •7H o� d”� _� _� p� \�¦ &ñ
 _� 
�� � . T•�H ‚ÃÐ �̀¦ >pw 
�“ ¦ F •�H

�� f±	 �̀¦ >pw ô�Ç �� .

[[T]] = true

[[F ]] = false

� iP: •�� •7H o� d”� : f _� _� p� •�H Õª s� „�� \• ëß– [þt #Q ”�� f _� _� p� \�¦ ��t �“ ¦ &ñ
 _�

•)a �� . Õª _� p� _� ÂÒ &ñ
 s� •)a �� .

[[: f ]] = not[[f ]]

� �� ðøÍ ��t �– Ð , s� „�� \• ëß– [þt #Q ”�� f 1õ� f 2_� _� p� \�¦ ��t �“ ¦ , �� •Ér d”� [þt _� _� p�

�� ���&ñ
 •)a �� . f 1 ^ f 2_� _� p� •�H Õª Ñüt _� •7H o� Y�L s�“ ¦ , f 1 _ f 2_� _� p� •�H Õª

Ñüt _� •7H o� ½+Ë s�“ ¦ , f 1 ) f 2_� _� p� •�H Õª Ñüt _� •7H o� 5px s�� � .

[[f 1 ^ f 2]] = [[f 1]] andalso[[f 2]]

[[f 1 _ f 2]] = [[f 1]] orelse[[f 2]]

[[f 1 ) f 2]] = [[f 1]] implies[[f 2]]

s� XO� >� #QÖ¼ •7H o� d”� _� _� p�� � Õª •7H o� d”� �̀¦ ½̈ $í
 
� •�H 
�ÂÒ •7H o� d”� _� _� p�– Ð &ñ


_� ÷& €�� e”� _�_ � •7H o� d”� _� _� p�� � &ñ
 _� ÷& •�H !lr s�� � . e”� _�_ � •7H o� d”� “Ér l�œí� � ÷&

•�H (1P: •�� ) •7H o� d”� \•" f ÂÒ'• 	� /BG 	� /BG ëß– [þt #Q ”�� �̄	 s�l � M: ë�H s�� � .

Example 14 •7H o� d”� (T ^ (T _ F )) ) F _� _� p� •�H , &ñ
 _� \• ��� � 	� /BG 	� /BG +‹
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Ð̃ €��

[[(T ^ (T _ F )) ) F ]] = [[T ^ (T _ F )]] implies[[F ]]

= ([[T]] andalso[[T _ F ]]) impliesfalse

= (true andalso([[T]] orelse[[F ]])) impliesfalse

= (true andalso(true orelsefalse)) impliesfalse

= false

s�� � . 2

2.2.2 ÆÒ •:r ½© gË:

‚��ƒ �� •7H o� d”� _� _� p�� � &ñ
 _� ÷& %3� �� . Õª _� p� •�H ‚ÃÐ s�� �� � �� f±	 s�� � .

•7H o� d”� s� ‚ÃÐ “�� t� \�¦ óøÍ Z>� 
� •�H ~½Ó ZO� “Ér Áº %Á	 {9� �� ? Óüt• :r , •7H o� d”� _� _� p� \�¦ &ñ


_�ô �Ç @/– Ð ��� �� �� � Ð̃ €�� ��� õ� \�¦ ·ú̃ Ãº e”� �� : ‚ÃÐ <�Ê“Ér �� f±	 . _� p� _� ��� õ� \�¦ Ð̃

€�� •7H o� d”� s� ‚ÃÐ “�� t� �� •�� t� \�¦ óøÍ Z>� 
� €�� •)a �� . s� �̄	 “Ér áÔ–ÐÕª Ïþ› �̀¦ [�t �9˜Ð“¦ Õª

áÔ–ÐÕª Ïþ› s� ‚ÃÐ �̀¦ ��� õ� –Ð ?/ •�H t� \�¦ óøÍ Z>� 
� •�H �̄	 õ� °ú  �� .

<�Ê r� , áÔ–ÐÕª Ïþ› �̀¦ [�t o�t � ·ú§ “¦ ·ú̃ ��? / •�H ~½Ó ZO� “Ér \O� �̀¦ �� ? •7H o� d”� _� _� p� \�¦

>� íß– 
�t � ·ú§ “¦ , ‚ÃÐ “�� t� �� f±	 “�� t� \�¦ ·ú̃ Ãº e”� •�H ~½Ó ZO� “Ér \O� �̀¦ �� ? •7H o� d”� _� —̧€ªœ

ëß– �̀¦ Ð̃ €�� "f ‚ÃÐ “�� t� \�¦ óøÍ Z>� ½+É Ãº •�H \O� �̀¦ �� ? s�� Q ô�Ç óøÍ Z>� ½© gË: s� �� 0px 
�t � ·ú§

�̀¦ �� ?

Õª •�� ½© gË: �̀¦ 7£x "î
 ½© gË: proof rule <�Ê“Ér ÆÒ •:r ½© gË: inference rules�� �“ ¦ ô�Ç �� .

s� ½© gË: [þt •̧ #Q ‹"� |9� ½+Ë �̀¦ ëß– [þt #Q?/ •�H )
± úš &h� “�� ½© gË: [þt –Ð &ñ
 _� •)a �� . Õª ½©

gË: [þt s� ëß– [þt #Q ?/ •�H |9� ½+Ë “Ér Äºo�� � "é¶ 
� •�H •7H o� d”� [þt (‚ÃÐ “�� •7H o� d”� [þt )–Ð ½̈ $í
 ÷&

•�H |9� ½+Ë s�� � .

\V \�¦ [þt #Q �� 6£§ õ� °ú  “Ér 7£x "î
 ½© gË: proof rules/ ÆÒ •:r ½© gË: inference rules[þt` �¦ Òqt yŒ• 
�

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



30 l� ‘:r l�

�� . )
± úš ½© gË: [þt` �¦ ì�r Ãº g1J –Ð ³ð ‰&³ ô�Ç �̄	 s�� � .

(� ; T) (� ; f )
f 2 �

(� ; F )
(� ; f )

(� ; :: f )
(� ; f )

(� ; f 1) (� ; f 2)
(� ; f 1 ^ f 2)

(� ; f 1 ^ f 2)
(� ; f 1)

(� ; f 1)
(� ; f 1 _ f 2)

(� ; f 1 _ f 2) (� [ f f 1g; f 3) (� [ f f 2g; f 3)
(� ; f 3)

(� [ f f 1g; f 2)
(� ; f 1 ) f 2)

(� ; f 1 ) f 2) (� ; f 1)
(� ; f 2)

(� [ f f g; F )
(� ; : f )

(� ; f ) (� ; : f )
(� ; F )

(� ; f )Š©œ[þt _� |9� ½+Ë �̀¦ ëß– ×¼ •�H ½© gË: [þt s�� � . :£¤ y� , \� \• e”� •�H —̧Ž�H •7H o� d”� [þt s� ‚ÃÐ

s� €�� f •�H ‚ÃÐ " “�� �â
 Äº\ • (� ; f )\�¦ ëß– [þt #Q ?/ •�H ½© gË: [þt s�� � .

@/> � +þA d”� •7H o�\ •" f •�H , \(� ; f )" \�¦ \� ` f " –Ð ³ðl � ô�Ç �� . ½© gË: ��� � •��  ñ \�¦ ·¡­

s�“ ¦ ��r � æ¼ €�� :

� ` T
(r1)

� ` f
f 2 � (r 2) � ` F

� ` f
(r 3)

� ` :: f
� ` f

(r 4)

� ` f 1 � ` f 2

� ` f 1 ^ f 2
(r 5)

� ` f 1 ^ f 2

� ` f 1
(r 6)

� ` f 1

� ` f 1 _ f 2
(r 7)

� ` f 1 _ f 2 � [ f f 1g ` f 3 � [ f f 2g ` f 3

� ` f 3
(r 8)

� [ f f 1g ` f 2

� ` f 1 ) f 2
(r 9)

� ` f 1 ) f 2 � ` f 1

� ` f 2
(r 10)
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� [ f f g ` F
� ` : f

(r 11)
� ` f � ` : f

� ` F
(r12)

s� 7£x "î
 ½© gË: [þt` �¦ � ` f [þt _� |9� ½+Ë �̀¦ ëß– ×¼ •�H )
± úš ½© gË: Ü¼–Ð �̂¦ ÷�r ��m�� � ,

� ` f _� 7£x "î
 �̀¦ ëß– ×¼ •�H )
± úš ½© gË: Ü¼–Ð•̧ �̂¦ Ãº e”� �� . ÕªA�" f \ 7£x "î
 ½© gË: "s�� �“ ¦

ÂÒ •Ér �� .

\V \�¦ [þt #Q , 7£x "î
 ½© gË:
� ` f 1 � ` f 2

� ` f 1 ^ f 2

s� )
± úš &h� Ü¼–Ð s�� �l �
 � •�H �̄	 s� ¿º� �t �� � . � ` f 1ü< � ` f 2�� |9� ½+Ë \• e”� �� €�� ,

� ` f 1 ^ f 2•̧ |9� ½+Ë _� "é¶ ™è#Œ�� ô�Ç �� •�H �̄	 s� 
�� � . Õªo�“ ¦ , � ` f 1 ^ f 2_� 7£x "î


�̀¦ ëß– ×¼ •�H ()
± úš &h� “�� ) ~½Ó ZO� Ü¼–Ð , � ` f 1ü< � ` f 2_� 7£x "î
 s� e”� �� €�� Õª 7£x "î
 [þt` �¦

ì�r ��\ • B� ²ú̃ “¦ ì�r —̧\ • •�H � ` f 1 ^ f 2\�¦ Z�~“Ér �̄	 s� � ` f 1 ^ f 2_� 7£x "î
 �̀¦ ëß– ×¼ •�H

~½Ó ZO� s�� � •�H �̄	 s�� � .

s� XO� >� ëß– [þt #Q t� •�H 7£x "î
 “Ér 
�� � _� ��Áº ½̈› ¸� � •)a �� . s� ��Áº½̈ › ¸ _� ÍÒo�

”̧×¼ •�H 7£x "î
 _� þj 7áx ��� •:r s�� � . ��Áº _� °ú̃ A�½¨› ¸ •�H �� 6 x ô�Ç 7£x "î
 ½© gË: [þt s� ëß– [þt

#Q �·p �� . ½© gË: _� d”� [þt s� yŒ•y Œ• ”̧×¼�� ÷& •�H X< , ì�r —̧d”� ”̧×¼\•" f ì�r �� d”� ”̧×¼ [þt

–Ð ��t �u � •�H ½̈› ¸� � •)a �� . Õª ì�r �� d”� [þt“ Ér ��r � �� •Ér ½© gË: _� ì�r —̧� � ÷& "f Õª ½©

gË: _� ì�r �� d”� [þt –Ð ��r � ��t �u �“ ¦ . Õª ��t � [þt _� þj 7áx {9� Dh •�H 7£x "î
 ½© gË: ×�æ\•" f ì�r

��� � \O� •�H ½© gË: [þt _� ì�r —̧d”� Ü¼–Ð =åQ ë“B >� •)a �� .

\V \�¦ [þt #Q , f p ! : pg ` : p_� 7£x "î
 �̀¦ 0A_� 7£x "î
 ½© gË: Ü¼–Ð ëß– [þt €�� ��A� _� ��

Áº ½̈› ¸� � •)a �� :

f p ! : p;pg ` p
(r2)

f p ! : p;pg ` p ! : p
(r2)

f p ! : p;pg ` p
(r2)

f p ! : p;pg ` : p
(r10)

f p ! : p;pg ` F
(r12)

f p ! : pg ` : p
(r11)

2.2.3 îß– „�� ô�Ç <�Ê“Ér ¢-a „�� ô�Ç

0A_� ½© gË: [þt s� ëß– [þt #Q ?/ •�H ; ` f _� f •�H —̧¿º ‚ÃÐ “�� �� ? ìøÍ @/– Ð , ‚ÃÐ “�� d”� [þt“ Ér —̧

¿º 0A_� 7£x "î
 ½© gË: [þt` �¦ :Ÿx K�" f ; ` f g1J –Ð ëß– [þt #Q t� •�H �� ?
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'Í	 |9� ë�H \• \V ��“ ¦ ²úš½+É Ãº e”� Ü¼ €�� Äºo� _� ½© gË: “Ér îß– „�� sound
�� �“ ¦ , b”� �̀¦ ëß–


�� �“ ¦ ô�Ç �� .

Ñüt P: |9� ë�H \• \V ��“ ¦ ²úš½+É Ãº e”� Ü¼ €�� Äºo� _� ½© gË: “Ér ¢-a „�� complete
�� �“ ¦ , ��

ä¼ aË> s� \O� ��“ ¦ ô�Ç �� .

7£x "î
 ½© gË: [þt s� îß– „�� 
�l �• ¸ 
�“ ¦ ¢-a „�� 
�l �• ¸ 
�� � €�� , ‚ÃÐ “�� d”� [þt ëß– �� f”�\ O� s�

ëß– [þt #Q ?/ •�H ½© gË: s� •)a �� .

îß– „�� 
�� � ¢-a „�� 
�� � •�H l�> � &h� “�� 7£x "î
 ½© gË: [þt _� $í
 |9� \• @/ ô�Ç �̄	 s�� � . Õª l�

>� &h� “�� ½© gË: [þt _� $í
 |9� “Ér ş̌ f”� Äºo�� � Òqt yŒ• 
� •�H _� p�\ • ï�r K�" f ���&ñ
 |̈c Ãº e”� �� .

7£x "î
 ½© gË: s�� � •�H l�> �� � ëß– [þt #Q ?/ •�H d”� [þt _� _� p� \�¦ ‚ÃÐ ›̧K�� � ëß– îß– „�� ô�Ç t� ¢-a „��

ô�Ç t� \�¦ ���&ñ
 ½+É Ãº e”� �� . ’�� �� €�� �̀¦ n”� #Q?/ •�H l�> � •�H Ðqt 3lq &h� {9� ÷�r s�� � . Õª l�> �

�� a%~“Ér s�Ä» •�H †½Ó•©œ “�� l� e”� •�H }f› a%~“Ér ’�� �� €�� �̀¦ ëß– [þt #Q �·p �� •�H Õª l�> � �� ¾ú 

_� _� p� \�¦ ‚ÃÐ ›̧ ½+É M:\ • q�– Ð™è ���&ñ
 •)a �� .

áÔ–ÐÕª Ïþ› \•" f• ¸ Õª ��� —̧€ªœ(ë�H ZO� )õ� 5Åq ?/ 6 x (_� p� )“Ér @/> � �� •Ér ¿º>h _� [j> �

–Ð &ñ
 _� ÷& “¦ , áÔ–ÐÕª Ïþ› �̀¦ ›'a ¹1Ï 
�“ ¦ ì�r $3� 
� •�H —̧Ž�H õ� &ñ
 “Ér l�> � &h� Ü¼–Ð &ñ
 _� •)a

�� . (Ž� ÉÓ'•–Ð �� 1lx �o 
�l � 0A K� . Õª l�> � &h� “�� õ� &ñ
 [þt _� $í
 |9� [þt (õ� ƒ�� ú́• •�H t� , Áº

%Á	 �̀¦ 
� •�H �̄	 “�� t� ) 1px \• @/ ô�Ç •7H _� •�H †½Ó•©œ Õª õ� &ñ
 _� _� p�� � ��� õ� Óüt[ þt _� _� p�

\�¦ ‚ÃÐ ›̧
 � €�� "f SX‰“�� •)a �� .
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3 •©œ

—̧€ªœõ� >pw

áÔ–ÐÕªA� bç
 ƒ�� #Q _� ��� —̧€ªœ“Ér ë�H ZO� ½̈› ¸ syntax\�¦ ú̃́ô �Ç �� . áÔ–ÐÕªA� bç
 ƒ�� #Q _� 5Åq

>pw“Ér _� p�½¨› ¸ semantics\�¦ ú̃́ô �Ç �� .

Õª ¿º� �t � \�¦ &ñ
 _� 
�t � 3lw 
� €�� Õª ƒ�� #Q \�¦ &ñ
 _�ô �Ç �̄	 s� ��m�� � . Õª ¿º� �t � \�¦

·ú̃ t� 3lw 
� €�� Õª ƒ�� #Q \�¦ �� 6 x ½+É Ãº \O� �� . ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› �̀¦ #Q b•G >� ëß– [þt

“¦ Õª áÔ–ÐÕª Ïþ› _� _� p�� � Áº %Á	 “�� t�\ • @/ ô�Ç &ñ
 _� �� \O� s� •�H ƒ�� #Q \�¦ ½̈ ‰&³ ½+É Ãº •̧

\O� “¦ �� 6 x ½+É Ãº •̧ \O� �� . �8 ç�H ��� � Õª &ñ
 _� [þt“ Ér E�B�
 �t � ·ú§ “¦ ™D¥1lx s� \O� #Q��

ô�Ç �� .

3.1 ë�H ZO� ½̈› ¸ syntax

ë�H ZO� ½̈› ¸ syntax•�H áÔ–ÐÕªA� bç
 ƒ�� #Q–Ð áÔ–ÐÕª Ïþ› �̀¦ ½̈ $í
 
� •�H ~½Ó ZO� s�� � . ]j@/– Ð

Òqt| �� áÔ–ÐÕª Ïþ› [þt _� |9� ½+Ë �̀¦ ëß– ×¼ •�H ~½Ó ZO� s�� � . )
± úš &h� “�� ½© gË: Ü¼–Ð &ñ
 _� •)a �� .

s� )
± úš &h� “�� ½© gË: [þt –Ð ëß– [þt #Qt� •�H áÔ–ÐÕª Ïþ› “Ér ��Áº½̈ › ¸ \�¦ °ú• ð�r s�	 � "é¶ _�

—̧_þv s�� � . �= ��Áº½̈ › ¸ “�� �� ?

Example 15 &ñ
 Ãº d”� �̀¦ ëß– ×¼ •�H )
± úš ½© gË: �̀¦ Òqt yŒ• K� Ð̃�� .

E ! n (n 2 Z)

j E + E

j - E
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34 —̧€ªœõ� >pw

'Í	• �� P: ½© gË: “Ér e”� _�_ � &ñ
 Ãº •�H &ñ
 Ãº d”� s�� �“ ¦ ô�Ç �� . 
�� � _� &ñ
 Ãº ëß– ú̃́éß– Ü¼–Ð ��

t�“ ¦ e”� •�H ��Áº� � ÷& �’x �� .

¿º •�� P: ½© gË: “Ér ¿º>h _� &ñ
 Ãº d”� �̀¦ ��t �“ ¦ + \�¦ s� 6 x K�" f &ñ
 Ãº d”� �̀¦ ëß– [þt Ãº e”�

��“ ¦ ô�Ç �� . s� �̄	 s� ��Áº ¿º>h \�¦ €ªœAá¤ Ü¼–Ð B� ²ú̃ “¦ e”� “¦ ÍÒo�\ • •�H \+" \�¦ ��t �“ ¦

e”� •�H ��Áº� � ÷& �’x �� .

��t � }Œ• ½© gË: “Ér 
�� � _� &ñ
 Ãº d”� �̀¦ ��t �“ ¦ � \�¦ s� 6 x K�" f &ñ
 Ãº d”� �̀¦ ëß– ×¼ •�H �̄	

s�� � . s� �̄	 •̧ ��Áº 
�� � \�¦ B� ²ú̃ “¦ e”� “¦ ÍÒo�\ • •�H \-" \�¦ ��t �“ ¦ e”� •�H ��Áº� � •)a

�� . 2

Example 16 çß–éß–ô�Ç "î
§ î
+ þA ƒ�� #Q \�¦ Òqt yŒ• K� Ð̃�� . s� ƒ�� #Q–Ð Âú̃ Ãº e”� •�H áÔ–Ð

Õª Ïþ› C•�H "î
§ î
 ë�H (command)Ü¼–Ð"f �� 6£§ _� ~½Ó ZO� Ü¼–Ð ëß– [þt #Q ”�� �� :

C ! skip

j x := E

j if E then C else C

j C ; C

E•�H 0A_� \V\•" f &ñ
 _�ô �Ç &ñ
 Ãº d”� s�� �“ ¦ 
�� � .

0A_� ~½Ó ZO� [þt –Ð ëß– [þt Ãº e”� •�H "î
§ î
 ë�H[þt“ Ér —̧¿º ��Áº ½̈› ¸ Óüt [þt s�� � .

\skip" ëß– e”� •�H "î
§ î
 ë�H“Ér Õª �̄	 ëß– ú̃́éß– Ü¼–Ð ��t �“ ¦ e”� •�H ��Áº� � ÷& �’x �� .

¿º •�� P: ½© gË: “Ér &ñ
 Ãº d”� ��Áº \�¦ ş̌ •Ér ¼#� \• , 
�� � _� •�� Ãº \�¦ ¢,a ¼#� \• , ÀÒàÔ ”̧×¼

•�H \:=" e”� �̀¦ ³ðr �
 �“ ¦ e”� •�H ��Áº� � •)a �� .

[j •�� P: ½© gË: “Ér [j> h _� ��Áº (&ñ
 Ãº d”� ��Áºü< ¿º>h _� "î
§ î
 #Q ��Áº )\�¦ 
�ÂÒ ��

Áº–Ð ��t �“ ¦ e”� “¦ ÀÒàÔ ”̧×¼\• •�H \if " ë�H e”� �̀¦ ³ðr �
 �“ ¦ e”� •�H ��Áº� � •)a �� .

��t � }Œ• ½© gË: “Ér ¿º>h _� "î
§ î
 #Q ��Áº \�¦ 
�ÂÒ ��Áº–Ð ��t �“ ¦ e”� “¦ ÀÒàÔ ”̧×¼\•

•�H í�H 	� &h� “�� "î
§ î
 ë�H (\;") e”� �̀¦ ³ðr �
 �“ ¦ e”� •�H ��Áº� � •)a �� . 2

áÔ–ÐÕª Ïþ› �̀¦ ëß– [þt M: €9� ¹̄ ô�Ç þj ™è ô�Ç _� &ñ
 Ð̃ \�¦ ��t �“ ¦ e”� •�H �� •©œ çß–éß–ô�Ç ë�H

ZO� �̀¦ +‹ Ð̃�� . Example 15ü< Example 16\•" f Ð̃#Œï�r ½© gË: [þt \• •�H ½© gË: �̀¦ {9� •�H

�� |ÃÐ �̀¦ [�v l� 0A K�" f €9� ¹̄ s� •©œ_� &ñ
 Ð̃�� e”� l�• ¸ 
�� � .
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3.1 ë�H ZO� ½̈› ¸ syntax 35

�� 6£§ s� €9� ¹̄ ô�Ç &ñ
 Ð̃ ëß– ��t �“ ¦ e”� •�H �8 ¹¡¤ ±ú̃ ›�� ô�Ç ½© gË: {9� �̄	 s�� � :

C ! &

j = x E

j ? E C C

j ; C C

E ! n (n 2 Z)

j + E E

j - E

|�� d”� �̂¦` �¦ jþt €9� ¹̄• ¸ \O� “¦ , d”� �̂¦ s� ×�æçß– \• z� {9� €9� ¹̄• ¸ \O� “¦ , ��s � ��s �\ •

\then" s�� � \else"°ú  “Ér •©œd”� s� e”� �̀¦ €9� ¹̄• ¸ \O� �� . ş̌ f”� yŒ• ½© gË: ��� � �� •Ér çß–

éß–ô�Ç d”� �̂¦` �¦ æ¼ €�� Õª ëß– s�� � .

��m� €�� ��\ V Õª� Q ô�Ç d”� �̂¦ s� €9� ¹̄ \O� #Q•̧ •)a �� . Äºo�� � yŒ• ½© gË: ��� � ½̈ ì�r ½+É

Ãº ëß– e”� �� €�� :

C ! &

j x E

j E C C

j C C

E ! n (n 2 Z)

j E E

j - E


�t � ëß– , s� XO� >� ��t � áÔ–ÐÕª Ïþ› ëß– ×¼ •�H ~½Ó ZO� �̀¦ þj @/ ô�Ç ¹̄ €•• K�" f Ð̃#Œ×�¦ €9� ¹̄ •�H

\O� �� . ë�H ZO� ½© gË: [þt` �¦ Ð̃“¦ Áº %Á	 �̀¦ ëß– ×¼ •�H ~½Ó ZO� “�� t� \�¦ 2̃³ àÔK� ÅÒ •�H ½© gË: [þt` �¦ ��

6 x 
�> � •)a �� .
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36 —̧€ªœõ� >pw

3.1.1 ¹̄ €•• •)a <�Ê“Ér ½̂̈ ‰&h� “��

t� �FK ��t � Ð̃�� “:r ë�H ZO� ½© gË: [þt` �¦ \ ¹̄ €•• •)a ë�H ZO� ½̈› ¸ " abstract syntax��“ ¦• ¸ 
� •�H X< ,

¹̄ €•• •)a ë�H ZO� ½̈› ¸ abstract syntaxü< ½̂̈ ‰&h� “�� ë�H ZO� ½̈› ¸ concrete syntax_� 	�s � •�H áÔ–Ð

Õª Ïþ› �̀¦ ëß– [þt M: �� 6 x 
� •�H ½© gË: s�� � , {9� �̀¦ M: �� 6 x 
� •�H ½© gË: s�� � , \• ²ú̃ �9 e”� �� .

áÔ–ÐÕª Ïþ› �̀¦ ëß– [þt M: �� 6 x 
� •�H ë�H ZO� “Ér t� �FK ��t � Ð̃�� “:r )
± úš &h� “�� ~½Ó ZO� s� €��

Ø�æì�r 
�� � . ëß– Ž�H ��� õ� •�H ��Áº½̈ › ¸ \�¦ �� ”�� s�	 � "é¶ _� ½̈› ¸ Óüt s�� � .

ìøÍ €�� \• áÔ–ÐÕª Ïþ› �̀¦ {9� �̀¦ M: _� ë�H ZO� “Ér �8 4Ÿ¤ ú̧š K� ”�� �� . �= ��
 � €�� , @/> � ëß– [þt

#Q ”�� áÔ–ÐÕª Ïþ› �̀¦ ³ð ‰&³ ½+É M: •�H ��Áº \�¦ Õªo�t � ·ú§ “¦ {9� 	� "é¶ &h� “�� /åJ �� [þt _� �� \P�

s� ÷& “¦ s�� Q ô�Ç /åJ ��� � ™èo� _� {9� 	� "é¶ &h� “�� z�́ �̀¦ ~ÃÎ ��" f , æ¼��� � ú̃́ô �Ç �� |ÃÐ_�  Q

o�\ • Õª� 94R e”�%3� �̀¦ 2	� "é¶ _� ��Áº½̈ › ¸ \�¦ 4Ÿ¤ "é¶ r�v � •�H ½© gË: [þt s� ÷& l� M: ë�H s�� � .

½̂̈ ‰&h� “�� ë�H ZO� concrete syntax“Ér \O� ��� � ½̂̈ ‰&h� {9� �� ? ��Áº½̈ › ¸� � ��m�� � {9�
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3.1 ë�H ZO� ½̈› ¸ syntax 37

	� "é¶ _� z�́ –Ð ³ð ‰&³ ÷& •�H �� 6£§ _� &ñ
 Ãº d”� áÔ–ÐÕª Ïþ› �̀¦ Òqt yŒ• K� Ð̃�� :

-1+2

0A_� �̄	 “Ér �� 6£§ ¿º>h _� ��Áº½̈ › ¸ ×�æ 
�� � \�¦ {9� 	� "é¶ Ü¼–Ð `̂� •2;� 	̄ s�� � :

hh� 1i + 2i � h1 + 2i

#QÖ¼ �̄	 “�� �� ? áÔ–ÐÕª Ïþ› z�́ \ -1+2" \�¦ Ñüt ×�æ_� #QÖ¼ áÔ–ÐÕª Ïþ› Ü¼–Ð 4Ÿ¤ ½̈r � ~�́ �̄	

“�� �� ? ¹̄ €•• •)a ë�H ZO�

E ! n (n 2 Z)

j E + E

j - E

Ü¼–Ð •�H Ñüt ×�æ\• #QÖ¼ ½̈› ¸–Ð 4Ÿ¤ ½̈r �&�� � ½+É t� ·ú̃ Ãº \O� �� . ¿º� �t � ½̈› ¸ \�¦ —̧

¿º ½̈ »¡¤ ½+É Ãº e”� �� .

&ñ
 Ãº d”� _� ë�H ZO� s� �� 6£§ õ� °ú  �� €�� #Q b•� �� ?

E ! n (n 2 Z)

j E + E

j - F

F ! n

j ( E )

0A_� ½© gË: s� ú̃́ 
� •�H �̄	 “Ér , 6£§ _� ÂÒ ñ� � ·ú¡ \• ·¡­“ Ér &ñ
 Ãº d”� “�� �â
 Äº •�H , ¿º� �t � µ1Ú

\• \O� �� : ú̃́éß– �� ƒ�� Ãºs �� �� � , F‹c  ñ� � ·¡­“ Ér &ñ
 Ãº d”� s�� �� � . ��� �" f , áÔ–ÐÕª Ïþ› z�́

\ -1+2"_� �â
 Äº •�H hh� 1i + 2i _� ½̈› ¸ µ1Ú \• •�H \O� �� .

½̂̈ ‰&h� “�� ë�H ZO� ½̈› ¸ concrete syntax•�H ™D¥1lx \O� s� 2	� "é¶ _� áÔ–ÐÕª Ïþ› ½̈› ¸ Óüt` �¦ 4Ÿ¤

½̈
 � •�H X< �� 6 x ÷& •�H X< , s� ë�H ZO� “Ér áÔ–ÐÕª Ïþ› 4Ÿ¤ "é¶ parsing <�Ê“Ér áÔ–ÐÕª Ïþ› _� ë�H ZO�� Ž�

7£x parsings�� � •�H õ� &ñ
 _� [O� >�• ¸� � •)a �� . Õª õ� &ñ
 “Ér Äºo�� � áÔ–ÐÕª Ïþ› �̀¦ æ¼ €�� (ë�H

�� [þt _� 1	� "é¶ z�́ –Ð ) (Ž� ÉÓ'•� � Õª ½̈› ¸ Óüt` �¦ �� 1lx Ü¼–Ð 4Ÿ¤ "é¶ 
� •�H õ� &ñ
 s�� � .
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38 —̧€ªœõ� >pw

Äºo� •�H ½̂̈ ‰&h� “�� ë�H ZO� �̀¦ �8 s� •©œ ��ÀÒt� ·ú§ •�H �� . \ áÔ–ÐÕª Ïþ› " s�� �“ ¦ 
� €�� ,

¹̄ €•• •)a ë�H ZO� ½© gË: [þt –Ð ëß– [þt #Q ”�� s�	 � "é¶ _� ��Áº½̈ › ¸ \�¦ >pw ô�Ç �� . q� 2Ÿ¤ s� /BM \• &h�

•�H áÔ–ÐÕª Ïþ› [þt s� Õª ��Áº½̈ › ¸ \�¦ f”�] X� Õªo�t � •�H ·ú§€Œ¤ �8� �• ¸ , Õª 2	� "é¶ _� ½̈› ¸ Óüt

s� Áº %Á	 “�� t� ™D¥1lx ÷& t� ·ú§ •̧ 2Ÿ¤ &h�] X� y� F‹c  ñ \�¦ æ¼��� � ½+É �̄	 s�� � .

3.2 _� p�½¨› ¸ semantics

_� p�½¨› ¸ semantics•�H áÔ–ÐÕª Ïþ› s� >pw 
� •�H �� \�¦ &ñ
 _�ô �Ç �� .

áÔ–ÐÕª Ïþ› s� >pw 
� •�H �� •�H Áº %Á	 “�� �� ? \ 1+2" �� •�H áÔ–ÐÕª Ïþ› “Ér Áº %Á	 �̀¦ >pw 
� •�H

�� ? ��� õ�° ú̄ 3�̀¦ >pw 
� •�H �� , 1õ� 2�̀¦ �8K�" f ��� õ� \�¦ >� íß–ô�Ç �� , •�H õ� &ñ
 �̀¦ >pw 
� •�H

�� ? 3�̀¦ >pw ô�Ç ��“ ¦ &ñ
 _� 
� •�H Û¼�� {9� , >pw 
� •�H �� ÏãÎ �FG �̀¦ Ãº †<Æ&h� “�� ½̈› ¸ Óüt _� "é¶

™è–Ð &ñ
 _� K� �� •�H Û¼�� {9� �̀¦ \ ÏãÎ �FG �̀¦ ×¼�Q?/ •�H _� p�½¨› ¸ " denotational semantics��

“¦ ô�Ç �� . ìøÍ €�� \• áÔ–ÐÕª Ïþ› _� >� íß– õ� &ñ
 �̀¦ &ñ
 _�† <Ê Ü¼–Ð+‹ áÔ–ÐÕª Ïþ› _� _� p� \�¦ &ñ


_� K� �� •�H Û¼�� {9� �̀¦ \ õ� &ñ
 �̀¦ ×¼�Q?/ •�H _� p�½¨› ¸ " operational semantics��“ ¦ ô�Ç �� .

�� €ªœô�Ç Û¼�� {9� _� _� p�½¨› ¸ &ñ
 _� ZO� “Ér —̧¿º Ø�æì�r y� %3� x9� 
�� � . Õªo�“ ¦ yŒ• Û¼

�� {9� ��� � áÔ–ÐÕª Ïþ› _� p� _� $í
 |9� �̀¦ 7£x "î
 
� •�H �� €ªœô�Ç l� Õüt s� >h µ1Ï ÷& #Q e”� �� .

Õª !3� �= #Œ�Q��t � Û¼�� {9� �̀¦ ¶ú̃ (R �̂¦ €9� ¹̄� � e”� �̀¦ �� ? Õª �̄	 “Ér �� €ªœô�Ç _� p�½¨

›̧ &ñ
 _� ~½Ó d”� õ� 7£x "î
 l� Õüt[ þt s� —̧¿º 7áx ½+Ë&h� Ü¼–Ð �� 6 x ÷& •�H �̄	 s� ™�¥ 
�l � M: ë�H s�

�� . #Q ‹"� M: •�H ÏãÎ �FG _� Û¼�� {9� s� &h�] X� 
�“ ¦ #Q ‹"� M: •�H õ� &ñ
 �̀¦ ×¼�Q?/ •�H Û¼�� {9� s�

&h�] X� 
�� � . yŒ• �â
 Äº� �� � Äºo�� � ×¼�Q?/“ ¦ z�· “Ér n�_ …{9� _� Ãº ï�r ëß– �pu ëß– ³ð ‰&³ K� ÅÒ

•�H _� p�½¨› ¸ ~½Ó d”� �̀¦ 2[ �� ‚��× þ̃ 
�> � •)a �� .

3.2.1 õ� &ñ
 �̀¦ ×¼�Q?/ •�H

õ� &ñ
 �̀¦ ×¼�Q?/ •�H _� p�½¨› ¸ operational semantics•�H áÔ–ÐÕª Ïþ› s� z�́ 'Ÿ• ÷& •�H õ� &ñ
 �̀¦ &ñ


_�ô �Ç �� .

áÔ–ÐÕª Ïþ› z�́ 'Ÿ• _� õ� &ñ
 �̀¦ #QÖ¼ Ãº ï�r ³ð ‰&³ K�� � ½+É �� ? #QÖ¼ &ñ
 •̧–Ð ��[ j ô�Ç Ãº

ï�r s� €9� ¹̄ ½+É �� ? >� íß– õ� &ñ
 \•" f •Œ™$í
 _� }9� [þt ��s �\ • {9� #Q�� •�H „�� l� ’��  ñ [þt _� âì

2£§` �¦ {9� {9� s� ³ð ‰&³ K�� � ½+É �� ? ��m� €�� 1s� 1�̀¦ >� íß– 
�“ ¦ 2�� 2\�¦ >� íß– 
�“ ¦ +��
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1+ 2 = 3s�� � •�H 1px d”� �̀¦ &h� 6 x 
� •�H �̄	 Ü¼–Ð ³ð ‰&³ K�� � ½+É �� ? ��m� €�� z�́ 'Ÿ• ÷& •�H õ�

&ñ
 �̀¦ , áÔ–ÐÕª Ïþ› õ� Õª >� íß– ��� õ� \�¦ ��� •:r Ü¼–Ð 
� •�H •7H o� &h� “�� 7£x "î
 _� õ� &ñ
 s�� �“ ¦

³ð ‰&³ K�� � ½+É �� ?

_� p�½¨› ¸ \�¦ &ñ
 _� 
� •�H 3lq ³ð\ • ú́• ÆÒ#Q Õª n�_ …{9� _� &ñ
 •̧ \�¦ &ñ
 
�> � •)a �� . @/> �

•�H •©œ0A_� Ãº ï�r , �� •©œ_� l�> �\ •" f z�́ 'Ÿ• ÷& •�H —̧_þv s�� �� � , l�> � &h� “�� •7H o� r�Û¼ %7›

_� 7£x "î
 Ü¼–Ð &ñ
 _� 
�> � •)a �� .

õ� &ñ
 �̀¦ ×¼�Q?/ •�H _� p�½¨› ¸• ¸ ÏãÎ �FG �̀¦ ×¼�Q?/ •�H Û¼�� {9� denotational semantics%ƒ

!3� Ø�æì�r y� %3� x9� 
�� � . �� •Ér �̄	 s� e”� �� €�� ,

� ›̧ wn� d”� (compositional)s� �� u�́ Ãº e”� �� : áÔ–ÐÕª Ïþ› _� _� p�� � Õª áÔ–ÐÕª Ïþ›

_� ÂÒ ¾¡§[ þt _� _� p� [þt –Ð ëß– ½̈ $í
 ÷& •�H �̄	 “Ér ��m�� � . Õª XO� >� ÷& €�� a%~ t� ëß– , ��

m�# Q•̧ •©œ›'a \O� �� .

� 
�t � ëß– )
± úš &h� (inductive)s�� � : #QÖ¼ áÔ–ÐÕª Ïþ› _� _� p� \�¦ ½̈ $í
 
� •�H ÂÒ ¾¡§[ þt

“Ér )
± úš &h� Ü¼–Ð &ñ
 _� •)a �� . s� )
± úš s� áÔ–ÐÕª Ïþ› _� ½̈› ¸ ëß– �̀¦ ��� � ÷& [�t l�• ¸


�t � ëß– (s� XO� >� ÷& €�� ›̧ wn� d”� s� •)a �� ), áÔ–ÐÕª Ïþ› s�ü @_� �̄	 (_� p� \�¦ ×¼�Q?/

•�H X< �� 6 x ÷& •�H •©œu� [þt )�̀¦ ��� � ÷& [�t l�• ¸ ô�Ç �� .

3.2.1.1 	�H Ð̃ ;Ÿ¤ Ü¼–Ð

áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• s� ”�� 'Ÿ• ÷& •�H õ� &ñ
 �̀¦ 	�H Ð̃ ;Ÿ¤ Ü¼–Ð Õª� 9˜Ð�� big-stepsemantics. •7H

o� r�Û¼ %7› _� 7£x "î
 ½© gË: [þt –Ð ³ð ‰&³ •)a �� . 7£x "î
 
�“ ¦� � 
� •�H �� •�H , "î
§ î
 ë�H Cü< &ñ


Ãº d”� E\• @/K�" f yŒ•y Œ•

M ` C ) M 0 ü< M ` E ) v

s�� � .

M ` C ) M 0•�H \ "î
§ î
 ë�H C�� Bj—̧o� M _� •©œI�\ •" f z�́ 'Ÿ• s� ÷& “¦ ��� õ�_ � Bj

—̧o� •�H M 0s�� � " –Ð {9� Ü¼ €�� •)a �� . M ` E ) v•�H \ &ñ
 Ãº d”� e•�H Bj—̧o� M _� •©œI�

\•" f &ñ
 Ãº °ú̄ v\�¦ >� íß–ô�Ç �� "–Ð {9� “¦ .
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—̧Ž�H ½© gË: [þt` �¦ æ¼ €�� s� XO� >� •)a �� :

M ` skip ) M

M ` E ) v
M ` x := E ) M f x 7! vg

M ` C1 ) M 1 M 1 ` C2 ) M 2

M ` C1 ; C2 ) M 2

M ` E ) 0 M ` C2 ) M 0

M ` if E then C1 else C2 ) M 0

M ` E ) v M ` C1 ) M 0

M ` if E then C1 else C2 ) M 0 v 6= 0

M ` E ) 0
M ` while E do C ) M

M ` E ) v M ` C ) M 1 M 1 ` while E do C ) M 2

M ` while E do C ) M 2
v 6= 0

M ` n ) n

M ` x ) M (x)

M ` E1 ) v1 M ` E2 ) v2

M ` E1 + E2 ) v1 + v2

M ` E ) v
M ` - E ) � v

0A_� ½© gË: [þt“ Ér •7H o�r �Û¼ %7› _� 7£x "î
 ½© gË: s�� �“ ¦ s�K�K�• ¸ •)a �� . "î
§ î
 áÔ–ÐÕª

Ïþ› C_� _� p� •�H e”� _�_ � Bj—̧o� M õ� M 0\• @/K�" f M ` C ) M 0\�¦ 7£x "î
 ½+É Ãº

e”� Ü¼ €�� Õª _� p�� � ÷& �’x �� . @/> � •�H M s� q�# Q e”� •�H Bj—̧o� {9� M: C\�¦ z�́ 'Ÿ• r�v � •�H

õ� &ñ
 �̀¦ ��� �? /“ ¦ z�· Ü¼Ù¼–Ð , ; ` C ) M 0_� 7£x "î
 s� �� 0px 
� €�� C_� _� p�� � •)a �� .

Õª �̄	 s� 7£x "î
 Ô�¦ �� 0px 
� €�� C_� _� p� •�H \O� •�H �̄	 s�� � .

Example 17 x := 1 ; y := x + 1 _� _� p� •�H ; Bj—̧o�\ • @/K�" f �� 6£§ õ� °ú  “Ér 7£x
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"î
 Ü¼–Ð ³ð ‰&³ •)a �� . 0A_� "î
§ î
 ë�H �̀¦ C��“ ¦ 
�� � .

; ` 1 ) 1
; ` x := 1 ) f x 7! 1g

f x 7! 1g ` x ) 1 f x 7! 1g ` 1 ) 1
f x 7! 1g ` x + 1 ) 2

f x 7! 1g ` y := x + 1 ) f x 7! 1; y 7! 2g
; ` C ) f x 7! 1; y 7! 2g

2

s� XO� >� _� p�½¨› ¸ \�¦ &ñ
 _� 
� •�H ~½Ó ZO� �̀¦ \ �� ƒ�� Û¼ •�� " natural semantics, \ ½̈› ¸ &h�

“�� " structural operational semantics, <�Ê“Ér \ ›'a >� +þA " relational semantics _� p�½¨› ¸� �“ ¦

•̧ Ô�¦ •2; �� .

� \ �� ƒ�� Û¼ XO� " ��“ ¦ 
� •�H s�Ä» •�H ��� �• ¸ \ ÆÒ •:r ½© gË: "g1J –Ð ½̈ $í
 ÷& #Q e”� “¦ , \ ��

ƒ�� Û¼ •�� ÆÒ •:r ½© gË: " natural deduction rules s�� �“ ¦ Ô�¦ o� •�H ÆÒ •:r ½© gË: s� e”� #Q"f

Õª •�� s� 2£§` �¦ ·¡­ %i� �̀¦ �̄	 s�� � .

� \ ½̈› ¸ &h� " s�� �“ ¦ 
� •�H s�Ä» •�H ¿º� �t � &ñ
 •̧� � .

t� �FK [�t ��˜ Ð €�� {©œƒ�� ô�Ç —̧_þv %ƒ !3� Ð̃s�t � ëß– , s�� Q ô�Ç Û¼�� {9� –Ð >� íß– õ� &ñ
 �̀¦

×¼�Q?/ •�H _� p�½¨› ¸ ~½Ó d”� “Ér {©œr� _� ™�¥ ô�Ç ~½Ó d”� Ð̃�� •�H �8 ¹¡¤ �� e”� Dh� � e”�%3�

l� M: ë�H s�� � .

{©œr� _� ™�¥ ô�Ç ~½Ó d”� “Ér �� •©œ_� l�> � \�¦ &ñ
 _� 
�“ ¦ áÔ–ÐÕª Ïþ› s� Õª l�> �\ •" f #Q

b•G >� z�́ 'Ÿ• ÷& •�H t� \�¦ &ñ
 _�ô �Ç �� . s�� Q�� Ð̃m� , l�> � _� z�́ 'Ÿ• õ� &ñ
 ×�æ\• áÔ–Ð

Õª Ïþ› s� ÂÒ�� ƒ�� Û¼ XO� >� ›̧ yŒ• �� €�� "f l�> � •©œI� \�¦ ³ð ‰&³ 
� •�H X< 1lx "é¶ ÷& l�• ¸


�“ ¦ , áÔ–ÐÕª Ïþ› _� _� p� \�¦ õ� •̧
 �> � ±ú• “Ér Ãº ï�r _� z�́ 'Ÿ• õ� &ñ
 Ü¼–Ð [j[ j
 �> �

³ð ‰&³ 
�> � •)a �� . (3.2.1.4]X� \•" f ��[ jy � �� µ¡§ ).

s�� Q ô�Ç "º	 ~½Ó d”� �̀¦ \ ½̈ ‰&³ �̀¦ :Ÿx K�" f &ñ
 _� 
�l � "(de�nition by implementa-

tion), \ #Q b•G >� ½̈ ‰&³ 
� •�H t� Ð̃ e”� Ü¼–Ð"f Áº %Á	 “�� t� &ñ
 _� 
�l � " ��“ ¦ 
� •�H X< ,

s� �̄	 Ð̃�� •�H SX‰ƒ�� y� \ ½̈› ¸ &h� " s�t � ·ú§ “Ér �� . áÔ–ÐÕª Ïþ› _� ½̈› ¸� �� � ÆÒ •:r ½©

gË: s� &ñ
 _� ÷& “¦ , >� íß– õ� &ñ
 “Ér Õª ÆÒ •:r ½© gË: [þt s� YU“¦ �̂¦ |ÃÌ s� ÷& #Q ëß– [þt #Q?/

•�H 
�� � _� 7£x "î
 s� ÷& •�H �̄	 s�� � .

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



42 —̧€ªœõ� >pw

\ ½̈› ¸ &h� " s�� �“ ¦ ÂÒØÔ •�H �� •Ér s�Ä» •�H _� p�½© gË: [þt s� ô�Ç |9� ½+Ë (áÔ–ÐÕª Ïþ› õ�

_� p� •©œu� [þt çß–_� ›'a >� Š©œ[þt _� |9� ½+Ë )�̀¦ )
± úš &h� Ü¼–Ð &ñ
 _� 
� •�H ~½Ó d”� s�“ ¦ , Õª

)
± úš s� áÔ–ÐÕª Ïþ› s�� � _� p� •©œu� [þt _� ½̈› ¸ \�¦ ��� � âìØÔl� M: ë�H s�� � .

� \ ›'a >� +þA "s�� �“ ¦• ¸ 
� •�H s�Ä» •�H 0A_� ÆÒ •:r ½© gË: [þt s� ›'a >� •)a ‹Œ• [þt _� |9� ½+Ë �̀¦

&ñ
 _� 
� •�H )
± úš &h� “�� ~½Ó ZO� Ü¼–Ð•̧ ��� � �̂¦ Ãº e”� l� M: ë�H s�� � .

›'a >� •)a ‹Œ• [þt s� êøÍ M ` C ) M 0“�� hM ; C; M 0i ü< M ` E ) v“�� hM ; E; vi [þt

s�� � . 0A_� ½© gË: [þt \• _� K�" f Õª� Q ô�Ç ›'a >� \�¦ ë“B �̀¦ Ãº e”� •�H M ; C; M 0õ�

M ; E; v[þt s� —̧� � ”�� �� .

3.2.1.2 •Œ• “Ér Ð̃ ;Ÿ¤ Ü¼–Ð

áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• �̀¦ •Œ• “Ér Ð̃ ;Ÿ¤ Ü¼–Ð &ñ
 _� K� Ð̃�� small-step semantics.

(M ; skip ) ! (M ; done)

(M ; E) ! (M ; E 0)
(M ; x := E) ! (M ; x := E 0)

(M ; x := v) ! (M f x 7! vg; done)

(M ; E) ! (M ; E 0)
(M ; if E then C1 else C2) ! (M ; if E 0 then C1 else C2)

(M ; if 0 then C1 else C2) ! (M ; C1)

(M ; if n then C1 else C2) ! (M ; C1)
n 6= 0

(M ; C1) ! (M 0; C0
1)

(M ; C1 ; C2) ! (M 0; C0
1 ; C2)

(M ; while E do C) ! (M ; if E then C ; while E do C else skip )

(M ; done; C2) ! (M ; C2)
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(M ; E1) ! (M ; E 0
1)

(M ; E1 + E2) ! (M ; E 0
1 + E2)

(M ; E2) ! (M ; E 0
2)

(M ; v1 + E2) ! (M ; v1 + E 0
2)

(M ; v1 + v2) ! (M ; v1 + v2)

s�� Q ô�Ç Û¼�� {9� �̀¦ •�� s�õ � &ñ
 _� p�½¨› ¸ transition semantics��“ ¦• ¸ ô�Ç �� .

s� ~½Ó d”� \•" f F�p � e”� •�H �̄	 “Ér ë�H ZO�&h� “�� (��� —̧€ªœ�̀¦ ½̈ $í
 
� •�H ) Óüt |	� [þt õ� _� p� &h�

“�� (5Åq>pw �̀¦ ³ð ‰&³ 
� •�H ) Óüt |	� [þt s� ô�Ç X< [O� s�“ ¦ e”� �� •�H �̄	 s�� � .

s� �̄	 s� ë�H ]j |̈c �̄	 “Ér \O� �� . �̄	 —̧€ªœ�̀¦ ½̈ $í
 
� •�H �̄	 [þt õ� 5Åq >pw �̀¦ ½̈ $í
 
� •�H �̄	

[þt s� ìøÍ ×¼r� �� •Ér [j> �\ •" f YO� ~� yŒ™u� b•� #Q4R e”� #Q�� ô�Ç �� •�H �̄	 “Ér , Tarski�� •�H

Ãº †<Æ��� � r� •Œ•ô�Ç „�� :Ÿx {9� ÷�r s�� � .

áÔ–ÐÕª Ïþ› s�ü @_� _� p� •©œu� \O� s� áÔ–ÐÕª Ïþ› ëß– �̀¦ ��t �“ ¦• ¸ •�� s�õ � &ñ
 _� p�½¨

›̧ transition semantics\�¦ &ñ
 _�½+É Ãº• ¸ e”� �� . \V \�¦[ þt #Q , Bj—̧o� \�¦ >pw 
� •�H M s�� � •�H

áÔ–ÐÕª Ïþ› s�ü @_� _� p� •©œu� \O� s� .

\V \�¦ [þt #Q , çß–éß–ô�Ç &ñ
 Ãº d”� áÔ–ÐÕª Ïþ› [þt _� _� p� •�H áÔ–ÐÕª Ïþ› �̀¦ ��r �æ¼ •�H õ� &ñ


Ü¼–Ð &ñ
 _� •)a �� : 1 + 2 + 3 ��r �æ¼ €�� 3 + 3 ��r �æ¼ €�� 6. áÔ–ÐÕª Ïþ› s�ü @\• �� •Ér

•©œu�� � �� 6 x ÷& t� ·ú§ •�H �� .

3.2.1.3 ë�H Ð•o ½̈› ¸ \�¦ :Ÿx K�" f

áÔ–ÐÕª Ïþ› z�́ 'Ÿ• �̀¦ áÔ–ÐÕª Ïþ› �̀¦ ��r � æ¼ •�H õ� &ñ
 Ü¼–Ð &ñ
 _� K� Ð̃�� . \V \�¦ [þt #Q , 1+

2 + 3 ��r �æ¼ €�� 3 + 3 ��r �æ¼ €�� 6. s� XO� >� áÔ–ÐÕª Ïþ› �̀¦ ��r � +‹ �� •�H õ� &ñ
 s� áÔ

–ÐÕª Ïþ› _� z�́ 'Ÿ• s�� �“ ¦ �̂¦ Ãº e”� �� transition semantics.

¿º� �t � \�¦ &ñ
 _� K�� � ô�Ç �� : áÔ–ÐÕª Ïþ› _� #QÖ¼ ÂÒ ì�r` �¦ ��r � +‹� � (>� íß– K�� � ) 
�

•�H �� ? ��r � +‹� � ½+É ÂÒ ì�r` �¦ Áº %Á	 Ü¼–Ð ��r � +‹� � 
� •�H �� ?

áÔ–ÐÕª Ïþ› _� #QÖ¼ ÂÒ ì�r` �¦ ��r � +‹� � (>� íß– K�� � ) 
� •�H �� ? s� |9� ë�H \• @/ ô�Ç ²úš

“Ér \ z�́ 'Ÿ• ë�H Ð•o " evaluation context\• _� K�" f &ñ
 _� •)a �� . z�́ 'Ÿ• ë�H Ð•o _� &ñ
 _� \• ��� �" f

‰&³ F� _� áÔ–ÐÕª Ïþ› �̀¦ ½̈ $í
 
�� �˜ Ð €�� , ��r � +‹� � ½+É ÂÒ ì�r (>� íß– K�� � ½+É 5Åq ÂÒ ì�r )s�

���&ñ
 •)a �� . F�p � e”� •�H �̄	 “Ér Õª &ñ
 _� �� ë�H ZO�&h� Ü¼–Ð �� 0px 
�� � •�H �̄	 s�� � .
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�� 6£§ _� &ñ
 _� \�¦ Ð̃�� . z�́ 'Ÿ• ë�H Ð•o �̀¦ ��t �“ ¦ e”� •�H áÔ–ÐÕª Ïþ› K \�¦ &ñ
 _�ô �Ç �� .

K îß– \• •�H []�� Ã̂Ì 
�� � e”� �� . Õª /BM s� áÔ–ÐÕª Ïþ› \•" f ��r � +‹� � ½+É ÂÒ ì�r , €�� $• z�́ 'Ÿ•

÷& �� ½+É ÂÒ ì�r s� •)a �� . Õª� Q ô�Ç ÂÒ ì�r` �¦ ¾¡§“Ér áÔ–ÐÕª Ïþ› �̀¦ y©œ›̧
 �l � 0A K� \ K []" ��

“¦ æ¼“¦ , Õª ‘�� ñß– \• [þt #Q e”� •�H (��r � +‹� � ½+É ) áÔ–ÐÕª Ïþ› ÂÒ ì�r C ��t � ×¼�Q?/# Q

\ K [C]" ��“ ¦ ³ð ‰&³ ô�Ç �� .

t� �FK ��t � \V–Ð �� 6 x ÷& #Q “:r ƒ�� #Q\•" f , ��r � +‹� � ½+É ÂÒ ì�r []�̀¦ ?/Ÿí ô�Ç z�́ 'Ÿ•

ë�H Ð•o s� ë�H ZO�&h� Ü¼–Ð �� 6£§ õ� °ú  s� &ñ
 _� •)a �� :

K ! []

j x := K

j K ; C

j done; K

j if K then C else C

j while K do C

j K + E

j v + K

j - K

7£¤ , t� &ñ
 ë�H (assignment command)\•" f •�H �� 6£§ \• z�́ 'Ÿ• ÷& �� ½+É ÂÒ ì�r K •�H ş̌ •ÉrAá¤

d”� \• e”� “¦

x := K

í�H "f ë�H \•" f (sequential command) +'_ � "î
§ î
 ë�H s� �� 6£§ \• z�́ 'Ÿ• ÷& �� ½+É ÂÒ ì�r s�

�� €�� , ·ú¡_ � "î
§ î
 ë�H“Ér r� 'Ÿ• s� s�p � =åQ zŒ¤ �̀¦ M: ëß– s�“ ¦

done; K

 »	 !lr d”� \•" f ş̌ •ÉrAá¤ d”� s� �� 6£§ \• z�́ 'Ÿ• ÷& �� ½+É ÂÒ ì�r s�� � €�� , ¢,a Aá¤ d”� _� ��� õ� •�H ��

ü< e”� #Q�� ô�Ç ��

v + K :
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��r � +‹� � ½+É ÂÒ ì�r` �¦ Áº %Á	 Ü¼–Ð ��r � +‹� � 
� •�H �� ? s�] j s� |9� ë�H \• @/ ô�Ç ²úš

“Ér ��r �æ¼l� ½© gË: rewriting rule\• _� K�" f &ñ
 _� •)a �� . Äº ‚�� , ��r � jþt /BM“Ér ��r � æ¼

€�� ÷& “¦
(M ; C) ! (M 0; C0)

(M ; K [C]) ! (M 0; K [C0])

(M ; E) ! (M ; E 0)
(M ; K [E]) ! (M ; K [E 0])

5Åq \•" f #Q b•G >� ��r � æ¼#Œt� •�H �� 
� €�� :

(M ; x := v) ! (M f x 7! vg; done)

(M ; done; done) ! (M ; done)

(M ; if 0 then C1 else C2) ! (M ; C1)

(M ; if v then C1 else C2) ! (M ; C2) (v 6= 0)

(M ; while 0E do C) ! (M ; done)

(M ; while vE do C) ! (M ; C ; while E do C) (v 6= 0)

(M ; v1 + v2) ! (M ; v) (v = v1 + v2)

(M ; - v) ! (M ; � v)

(M ; x) ! (M ; M (x))

s�� � .

Example 18 x := 1 ; y := x + 1 _� _� p� \�¦ ë�H Ð•o ½̈› ¸ \�¦ :Ÿx K�" f ·ú̃ ��˜ Ð €�� ,

(; ; x := 1) ! (f x 7! 1g; done)
(; ; [x := 1] ; y := x + 1) ! (f x 7! 1g; done; y := x + 1)

�� 6£§“Ér ,

(f x 7! 1g; x) ! (f x 7! 1g; 1)
(f x 7! 1g; done; y := [x] + 1) ! (f x 7! 1g; done; y := 1 + 1)
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�� 6£§“Ér ,

(f x 7! 1g; 1 + 1) ! (f x 7! 1g; 2)
(f x 7! 1g; done; y := [1 + 1]) ! (f x 7! 1g; done; y := 2)

�� 6£§“Ér ,

(f x 7! 1g; y := 2) ! (f x 7! 1; y 7! 2g; done)
(f x 7! 1g; done; [y := 2]) ! (f x 7! 1; y 7! 2g; done; done)

�� 6£§“Ér

(f x 7! 1; y 7! 2g; done; done) ! (f x 7! 1; y 7! 2g; done):

2

3.2.1.4 �� •©œ_� l�> � \�¦ :Ÿx K�" f

#Q ‹"� �� •©œ_� l�> � virtual machine�� &ñ
 _� ÷& #Q e”� “¦ áÔ–ÐÕª Ïþ› _� _� p� •�H Õª áÔ–ÐÕª

Ïþ› s� Õª l�> �\ •" f z�́ 'Ÿ• ÷& •�H õ� &ñ
 Ü¼–Ð &ñ
 _� •)a �� . l�> �\ •" f z�́ 'Ÿ• ÷& •�H õ� &ñ
 “Ér l�

>� •©œI�� � B� Û¼ 9\œ��� � •�� �o ÷& •�H õ� &ñ
 s� •)a �� .

\V \�¦ [þt €�� , &ñ
 Ãº d”� _� _� p�� � ô�Ç l�> � _� z�́ 'Ÿ• õ� &ñ
 Ü¼–Ð �� 6£§ õ� °ú  s� &ñ
 _� •)a

�� . •�� Ãº� � \O� •�H &ñ
 Ãº d”� ëß– �̀¦ Òqt yŒ• K� Ð̃�� :

E ! n j E + E j - E

&ñ
 _� 
� •�H l�> � •�H ™è 0A ú̃́ 
� •�H \ Û¼ ×þ̃  Q ’�� " s�� � . Õª l�> � •�H Û¼ ×þ̃ Sü< "î
§ î
 #Q [þt

C–Ð ½̈ $í
 ÷& #Q e”� �� :

hS; Ci
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Û¼ ×þ̃ “Ér &ñ
 Ãº [þt –Ð 	� /BG 	� /BG Áú¢ #Œe”� �� :

S ! � (‘�� Û¼ ×þ̃ )

j n:S (n 2 Z)

"î
§ î
 #Q [þt“ Ér &ñ
 Ãº d”� s�� � Õª ›̧ yŒ• [þt s� Áú¢ #Œe”� �� :

C ! � (‘�� "î
§ î
 #Q )

j E:C

j +:C

j - :C

l�> � •Œ• 1lx õ� &ñ
 _� ô�Ç Û¼ 9\œ“Ér �� 6£§ õ� °ú  s� &ñ
 _� •)a �� :

hS; n:Ci ! hn:S; Ci

hS; E1 + E2:Ci ! hS; E1:E2:+:Ci

hn2:n1:S; +:Ci ! hn:S; Ci (n = n1 + n2)

hn:S; - :Ci ! h� n:S; Ci

&ñ
 Ãº d”� E_� _� p� •�H h�; E i ! � � � �� •)a �� .

¢̧� � •Ér Û¼�� {9� –Ð •�H , "î
§ î
 #Q [þt` �¦ &ñ
 Ãº d”� õ� •�H �� •Ér , l�> � “¦Ä» _� "î
§ î
 #Q [þt –Ð

&ñ
 _�½+É Ãº •̧ e”� �� :

C ! � (‘�� "î
§ î
 #Q )

j pushn:C (n 2 Z)

j pop:C

j add:C

j rev :C

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



48 —̧€ªœõ� >pw

Õªo�“ ¦ , l�> � •Œ• 1lx õ� &ñ
 _� ô�Ç Û¼ 9\œ•̧ �� 6£§ õ� °ú  s� &ñ
 _� •)a �� :

hS; pushn:Ci ! hn:S; Ci

hn:S; pop:Ci ! hS; Ci

hn1:n2:S; add:Ci ! hn:S; Ci (n = n1 + n2)

hn:S; rev :Ci ! h� n:S; Ci

C\• e”� •�H 'Í	 "î
§ î
 #Q \�¦ Ãº 'Ÿ• 
� €�� "f l�> � •©œI�� � •�� 
� •�H õ� &ñ
 s�� � .

Õªo�“ ¦ , s�] j &ñ
 Ãº d”� [þt s� Û¼ ×þ̃  Q ’�� _� #Q ‹"� "î
§ î
 #Q [þt –Ð •�� 8̈Š ÷& •�H t� \�¦ &ñ
 _�


� €�� •)a �� :

[[n]] = pushn

[[E1 + E2]] = [[E1]]:[[E2]]:add

[[- E]] = [[E]]:rev

#Q b•G >� &ñ
 _� 
� ~�� çß– \• , s�� Q ô�Ç l�> � _� õ� &ñ
 s� B�Äº e”� _� &h� s�� �“ ¦ Òqt yŒ• |̈c Ãº

e”� �� . �� •©œ_� l�> � \�¦ #Q b•G >� n�� � “�� 
� •�H �� ? Õª l�> � _� n�_ …{9� “Ér #QÖ¼ YU 6\š

\•" f &ñ
 K�� � 
� •�H �� ? Õª\ • @/ ô�Ç ²úš “Ér áÔ–ÐÕª Ïþ› _� _� p� \�¦ &ñ
 _� 
� •�H 3lq &h� , Õª\ •

��� � ���&ñ
 |̈c �̄	 s�� � .

@/> � �� •©œl�> � \�¦ �� 6 x K�" f áÔ–ÐÕª Ïþ› _� _� p� \�¦ &ñ
 _� 
� •�H �̄	 “Ér áÔ–ÐÕªA� bç


ƒ�� #Q \�¦ ½̈ ‰&³ 
� •�H éß– >�\ •" f �� 6 x •)a �� : áÔ–ÐÕªA� bç
 ƒ�� #Q _� •��%i� l� compiler�� z�́

'Ÿ• l� interpreter\�¦ ½̈ ‰&³ ½+É M: . áÔ–ÐÕªA� bç
 ƒ�� #Q _� $í
 |9� �̀¦ ÏãÎ o�
 �� �� � Õª ƒ�� #Q–Ð

��# Œ”�� áÔ–ÐÕª Ïþ› [þt _� ›'a d”� e”� •�H $í
 |9� �̀¦ ì�r $3� ½+É M:\ • �� 6 x 
� •�H _� p�½¨› ¸–Ð �� 6 x

÷& •�H \V •�H ×¼ ]þt �� . �� •©œ_� l�> � •�H @/> �� � s�ü <°ú  “Ér ì�r $3� \•" f •�H €9� ¹̄
 �t � ·ú§ “Ér

n�_ …{9� (l�> � _� �̂¦ àÔ �µ	 àÔ [þt )�̀¦ ×¼�Q?/l � M: ë�H s�� � .

3.2.2 ÏãÎ �FG �̀¦ ×¼�Q?/ •�H

ÏãÎ �FG �̀¦ ×¼�Q?/ •�H _� p�½¨› ¸ denotational semantics•�H áÔ–ÐÕª Ïþ› _� _� p� \�¦ „�� :Ÿx &h� “��

Ãº †<Æ_� [j> �\ •" f &ñ
 _�ô �Ç �� . áÔ–ÐÕª Ïþ› s� >pw 
� •�H �� \�¦ Ãº †<Æ_� Óüt |	� Ü¼–Ð &ñ
 _� 
�

•�H �̄	 s�� � .

%ò
 #Q \denotational" �̀¦ \ ÏãÎ �FG �̀¦ ×¼�Q?/ •�H "s�� �“ ¦ •��%i� ô�Ç s�Ä» •�H ? \ t� g�A 
�
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•�H �� \�¦ ×¼�Q?/ •�H _� p�½¨› ¸ " ��“ ¦ f”�%i� ½+É Ãº e”� t� ëß– , Õª� Q €�� Õª “¦Ä» :£¤ fç
 �̀¦ ×¼

�Q?/t � 3lw 
�l � M: ë�H s�� � . \denotational semantics"•�H áÔ–ÐÕª Ïþ› _� _� p� \�¦ ���&ñ



� •�H ô�Ç ~½Ó ZO� �̀¦ >pw 
� •�H “¦Ä» "î
 ��s �� � . Õª ~½Ó ZO� _� :£¤ fç
 “Ér , Ãº †<Æ_� [j> �\ •" f _�

p�
 � •�H �� Õª ÏãÎ �FG �̀¦ ×¼�Q?/ •�H �̄	 s�� � .

:£¤ y� , áÔ–ÐÕª Ïþ› ÂÒ ¾¡§[ þt _� _� p� [þt s� „�� ‰̂ áÔ–ÐÕª Ïþ› _� _� p� \�¦ ½̈ $í
 ô�Ç �� . s�

�Q ô�Ç s�Ä»–Ð ›̧ wn� d”� _� p�½¨› ¸ compositional semantics��“ ¦ Ô�¦ o�l �• ¸ ô�Ç �� . ›̧ wn� d”�

_� p�½¨› ¸� � a%~“Ér s�Ä» •�H "î
Ñþ̃ 
�� � . áÔ–ÐÕª Ïþ› _� _� p�� � ~1� >� ���&ñ
 •)a �� . áÔ–Ð

Õª Ïþ› Òqt ”̂� Dh ëß– ú̧̃ >ps #Q"f Õª ÂÒ ¾¡§[ þt` �¦ �� €Œ• 
� €�� , Õª ÂÒ ¾¡§[ þt _� _� p� \�¦ ��t �“ ¦ „��

‰̂ áÔ–ÐÕª Ïþ› _� _� p�� � ���&ñ
 •)a �� .

\V \�¦ [þt #Q Ð̃�� . ��A�ü < °ú  “Ér "î
§ î
+ þA ƒ�� #Q imperative language\�¦ Òqt yŒ• K�˜ Ð�� .

Äºo�� � Zþt ·ú̃ “¦ e”� •�H "î
§ î
+ þA ƒ�� #Q��“ ¦ Ð̃ €�� •)a �� .

C ! skip

j x := E

j if E then C else C

j C ; C

E ! n (n 2 Z)

j x

j E + E

j - E

áÔ–ÐÕª Ïþ› “Ér "î
§ î
 ë�H s� ÷& “¦ , "î
§ î
 ë�H“Ér l�> � _� Bj—̧o�\ • &ñ
 Ãº °ú̄ [þt` �¦ $• •©œr�v � €��

"f {9� �̀¦ ”�� 'Ÿ• ô�Ç �� . áÔ–ÐÕª Ïþ› _� •�� Ãº •�H Bj—̧o� _� ÅÒ™è \�¦ >pw 
�l �• ¸ 
�“ ¦ (t� &ñ


ë�H \ x := E"_� ¢,a ¼#� \• �� 6 x ÷& •�H �â
 Äº ) Õª ÅÒ™è\ • $• •©œ•)a &ñ
 Ãº °ú̄ �̀¦ >pw 
�l �• ¸ ô�Ç

�� (>� íß– d”� E\•" f �� 6 x ÷& •�H �â
 Äº ).

s� XO� >� çß–éß–ô�Ç _� p�½¨› ¸ \�¦ Ãº †<Æ&h� Ü¼–Ð —̧4Sq 
�l � •�H #Q §>� t� ·ú§ �� . Äº ‚�� , "î


§î
 #Q C_� _� p� •�H Bj—̧o� •©œI� \�¦ •�� �o r�v � •�H †<Ê Ãº–Ð &ñ
 _�ô �Ç �� : Bj—̧o� \�¦ ~ÃÎ ��

"f Bj—̧o� \�¦ ?/# Q Z�~•�H . Bj—̧o�• ¸ ¢̧ �� •Ér †<Ê Ãº–Ð &ñ
 _�ô �Ç �� : áÔ–ÐÕª Ïþ› •�� Ãº \�¦

~ÃÎ ��" f Õª •�� Ãº� � ��t � •�H &ñ
 Ãº °ú̄ �̀¦ ?/# Q Z�~•�H . áÔ–ÐÕª Ïþ› •�� Ãº •�H áÔ–ÐÕª Ïþ› \•" f
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�� 6 x 
� •�H •�� Ãº s� 2£§ s�� � .

Õªo�“ ¦ , s� •�� Óüt |	� [þt s� #QÖ¼ |9� ½+Ë \• ™è 5Åq ÷& •�H t� \�¦ &ñ
 _� 
�� � . Õª� Q ô�Ç |9� ½+Ë

�̀¦ _� p� /BN çß– semantic domains�� �“ ¦ ô�Ç �� . ��A� Memory, Value, Var , Memory !

Memory, Memory ! Value1px s� _� p� /BN çß– s� ÷& �’x �� :

M 2 Memory = Var ! Value

z 2 Value = Z

x 2 Var = ProgramVariable

"î
§ î
 ë�H C_� _� p� [[C]] 2 Memory ! Memory

>� íß– d”� E_� _� p� [[E ]] 2 Memory ! Z

s�] j , áÔ–ÐÕª Ïþ› _� _� p� •�H áÔ–ÐÕª Ïþ› _� yŒ•y Œ•_� �â
 Äº\ • @/K�" f 0A \• �� º�� ô�Ç _� p�

/BN çß–_� "é¶ ™è [þt` �¦ ��t �“ ¦ �� 6£§ õ� °ú  s� &ñ
 _� •)a �� :

[[skip ]] M = M

[[x := E]] M = M f x 7! [[E ]] M g

[[if E then C1 else C2]] M = if [[E ]]M 6= 0 then [[C]]M else[[C2]]M

[[C1 ; C2]] M = [[C2]] ([[C1]] M )

[[n]] M = n

[[E1 + E2]] M = ([[E1]] M ) + ([[E2]] M )

[[- E]] M = � ([[E ]] M )

›̧ wn� d”� “�� �̄	 s� Ð̃s� •�H �� ? Ð̃l� a%~ �� . —̧Ž�H áÔ–ÐÕª Ïþ› _� _� p� •�H Õª ÂÒ ¾¡§[ þt _� _�

p� ëß– �̀¦ ��t �“ ¦ ½̈ $í
 ÷& #Q ”�� �� . \V–Ð , if-ë�H _� _� p� •�H Õª ÂÒ ¾¡§[ þt _� _� p� [þt –Ð &ñ


_� ÷& #Q e”� t� ·ú§ “Ér �� :

[[if E then C1 else C2]] = � � � [[E ]] � � � [[C1]] � � � [[C2]]:

3.2.2.1 ›̧ wn� d”� {9� Ãº e”� •�H s�Ä» : _� p� /BN çß– s� •:r domain theory

Õª •�� X< , s� XO� >� ÂÒ ¾¡§[ þt _� _� p�– Ð „�� ‰̂_� _� p� \�¦ ½̈ $í
 
� •�H •©œd”�&h� “�� ~½Ó d”� s� {9�
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�� …�; o� �� 0px 
�t � •�H ·ú§ �� . "î
§ î
+ þA ƒ�� #Q\•" f ìøÍ 4Ÿ¤ë�H s� �� 0px 
�� �“ ¦ 
� €�� , ìøÍ 4Ÿ¤ë�H

_� _� p� \�¦ ìøÍ 4Ÿ¤ë�H �̀¦ ½̈ $í
 
� •�H ÂÒ ¾¡§[ þt _� _� p� ëß– Ü¼–Ð &ñ
 _� 
� •�H �̄	 s� çß–éß– u� ·ú§

>� •)a �� .

›̧ wn� d”� Ü¼–Ð _� p� \�¦ ���&ñ
 
�l �� � èß– %ƒ ô�Ç �â
 Äº \�¦ ¶ú̃ (R˜Ð�� . "î
§ î
 ë�H×�æ\• ìøÍ 4Ÿ¤

ë�H Ü¼–Ð whileë�H �̀¦ jþt Ãº e”� ��“ ¦ 
�� � .

C ! � � � j while E do C

whileë�H“Ér ›̧ |	� d”� E_� °ú̄ s� 0s� €�� ��Áº �̄	 •̧ îß– 
�“ ¦ =åQ ��t � ëß– , ›̧ |	� d”� _� °ú̄ s�

0s� �� u�́ M: •�H "î
§ î
 ë�H C\�¦ z�́ 'Ÿ• 
�“ ¦ èß– Êê ��r � °ú  “Ér whileë�H �̀¦ ìøÍ 4Ÿ¤ 
�> � •)a �� .

��� �" f ��A�ü < °ú  s� whileë�H _� _� p� \�¦ &ñ
 _� K� Ð̃�9“ ¦ ½+É Ãº e”� �’x �� :

[[while E do C]]M = if [[E ]]M 6= 0 then [[while E do C]]([[C]]M ) elseM

›̧ wn� d”� “�� �� ? Õª XO� t� ·ú§ �� . [[while E do C]]�� [[E ]]ü< [[C]]ëß– ��t �“ ¦ &ñ
 _� ÷& t�

·ú§ “¦ ��l �� � ’�� [[while E do C]]•̧ �� 6 x ÷& “¦ e”� �� .

��� �" f 0A_� �̄	 “Ér [[while E do C]]_� &ñ
 _� �� ��m�� � . s� �̄	 “Ér éß– í�H y� [[while E do C]]\•

@/ ô�Ç ~½Ó &ñ
 d”� {9� ÷�r s�� � . Õª ~½Ó &ñ
 d”� _� K�� � ��– Ð [[while E do C]]_� &ñ
 _� {9� �̄	 s�

�� .

Õª XO� �� €�� Õª K� •�H Áº %Á	 {9� �� ? K� •�H õ� ƒ�� e”� �̀¦ �� ? †½Ó•©œ e”� �̀¦ �� ? e”� �� €�� Ä»

{9� 
�> � e”� �̀¦ �� ? s�\ • @/ ô�Ç —̧Ž�H ²úš “Ér —̧¿º \V , ��“ ¦ ½+É Ãº e”� �� . s�Ä» •�H _� p� ~½Ó

&ñ
 d”� \•" f �� 6 x 
� •�H —̧Ž�H Óüt |	� [þt ("é¶ ™è [þt õ� ƒ�� íß– �� [þt )s� ™è 5Åq •)a _� p� /BN çß– semantic

domains� 7á§ :£¤ Z>� 
�l � M: ë�H s�� � .

Õª� Q ô�Ç _� p� /BN çß– \• @/ ô�Ç s� •:r s� _� p� /BN çß– s� •:r domain theory“�� X< , s� s� •:r“ Ér

�� 6£§` �¦ SX‰“�� K� ï�r �� :

—̧Ž�H (Ž� ÉÓ'• áÔ–ÐÕª Ïþ› (—̧Ž�H >� íß– �� 0px ô�Ç †<Ê Ãº [þt )_� _� p� (_� p� ~½Ó &ñ


d”� _� K� )•�H _� p� /BN çß– s� •:r \•" f ½© &ñ
 
� •�H $í
 |9� _� |9� ½+Ë îß– \•" f Ä» {9� 
�

>� ”>r F�
 �“ ¦ Õª �̄	 “Ér s�� Qs�� Q
�� � .

_� p� /BN çß– s� •:r s� ½© "î
 K� �·p Õª� Q ô�Ç |9� ½+Ë “Ér CPOcomplete partial order set�� •�H
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$í
 |9� �̀¦ ëß– 7á¤ 
� •�H |9� ½+Ë s�� � . ÕªA�" f , —̧Ž�H áÔ–ÐÕª Ïþ› _� _� p� ~½Ó &ñ
 d”� [þt \• æ¼s� •�H

�̄	 [þt“ Ér —̧¿º #Q ‹"� CPO_� "é¶ ™è [þt s�“ ¦ , :£¤ y� ~½Ó &ñ
 d”� \•" f �� 6 x 
� •�H ƒ�� íß– �� [þt“ Ér

—̧¿º CPO\•" f CPO–Ð �� •�H ƒ�� 5Åq †<Ê Ãº continuous function–Ð &ñ
 _� •)a �� . Õª� Q €�� , _�

p� ~½Ó &ñ
 d”� _� K� •�H Ä» {9� 
�> � †½Ó•©œ #Q ‹"� CPOîß– \• ”>r F�
 �> � •)a �� .

áÔ–ÐÕª Ïþ› C_� _� p� [[C]]\• @/ ô�Ç _� p� ~½Ó &ñ
 d”� “Ér †½Ó•©œ �� 6£§ õ� °ú  “¦

[[C]] = F ([[C]])

#Œl�" f [[C]] 2 D (#Q ‹"� CPO)

Õªo�“ ¦ F 2 D ! D (D\•" f D–Ð�� •�H ƒ�� 5Åq †<Ê Ãº [þt _� CPO)

([[while E do C]]_� _� p� ~½Ó &ñ
 d”� \• K� {©œ
� •�H F •�H Áº %Á	 ?) s� ~½Ó &ñ
 d”� _� K� •�H †½Ó

•©œ ƒ�� 5Åq †<Ê Ãº F _� þj ™è“¦ &ñ
&h� least �xp ointÜ¼–Ð &ñ
 _� •)a �� . ƒ�� 5Åq †<Ê Ãº _� þj ™è“¦ &ñ


&h� “Ér CPO_� $í
 |9� õ� ƒ�� 5Åq †<Ê Ãº _� ›̧ |	� M: ë�H \• †½Ó•©œ Ä» {9� 
�> � ”>r F� ô�Ç �� . s� ?/ 6 x

“Ér �� 6£§ ]X� \•" f ��ÀÒl�– Ð
�� � .

�� Óǖ—Ér , s� XO� >� þj ™è “¦ &ñ
&h� least �xed points�� � •�H Ãº †<Æ&h� —̂¶ZO� �̀¦ :Ÿx K�" f ÏãÎ �FG

_� _� p�� � ›̧ wn� d”� Ü¼–Ð �� 0px K� t� •�H s�Ä»–ÐK�" f , ÏãÎ �FG &h� “�� _� p�½¨› ¸ \�¦ “¦ &ñ
&h�

_� p�½¨› ¸ �xp oint semantics��“ ¦ Ô�¦ o�l �• ¸ ô�Ç �� .

3.2.2.2 CPO, ƒ�� 5Åq †<Ê Ãº , þj ™è“¦ &ñ
&h�

áÔ–ÐÕª Ïþ› _� Ãº †<Æ&h� “�� (ÏãÎ �FG &h� “�� ) _� p� •�H CPO(completepartial order)�� •�H /BN çß–

_� "é¶ ™è–Ð &ñ
 _� •)a �� . #QÖ¼ |9� ½+Ë s� CPO�� ÷& �9 €�� , Õª |9� ½+Ë _� "é¶ ™è [þt çß– \• #Q

‹"� í�H "f� � e”� “¦ (e”� _�_ � ¿º "é¶ ™è çß– \• í�H "f� � e”� �̀¦ €9� ¹̄ •�H \O� �� , ��� �" f \partial"

order), —̧Ž�H "é¶ ™è˜Ð�� ��A�\ • e”� •�H x9� �� {Œ• "é¶ ™è (ÅÒ–Ð ? Ü¼–Ð ³ð ‰&³ ô�Ç �� )�� †½Ó•©œ

e”� “¦ , Õª í�H "f \�¦ ��t �“ ¦ {9�§ >= –Ð ×�¦` �¦ [j Ö�¦ Ãº e”� •�H "é¶ ™è [þt (chain)s� e”� �� €�� Õª

×�¦ \• e”� •�H —̧Ž�H "é¶ ™è [þt Ð̃�� 0A \• e”� Ü¼ €�� "f �� •©œ •Œ• “Ér "é¶ ™è (LUB, least upper

bound)\�¦ †½Ó•©œ ��t �“ ¦ e”� •�H |9� ½+Ë s�� � .

CPO D1\•" f CPO D2–Ð �� •�H †<Ê Ãº f : D1 ! D2�� ƒ�� 5Åq †<Ê Ãº êøÍ , ‰̂“�� chain�̀¦

‰̂“�� Ü¼–Ð Ð̃?/ €�� "f , D1_� ‰̂“�� chain_� LUB\�¦ Ð̃ „�� K� ÅÒ •�H †<Ê Ãºs �� � . ‰̂“�� _�

LUB�̀¦ 2[ 
�“ ¦ †<Ê Ãº \�¦ &h� 6 x ô�Ç ��� õ� �� †<Ê Ãº \�¦ Õª ‰̂“�� _� "é¶ ™è [þt \• yŒ•y Œ• 2[ 
�“ ¦

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



3.2 _� p�½¨› ¸ semantics 53

Õª ��� õ� \�¦ LUBô�Ç �̄	 õ� {9� u�
 � •�H †<Ê Ãºs �� � :

8chain X � D1:f (
G

X ) =
G

x2 X

f (x):

CPO\•" f CPO–Ð �� •�H ƒ�� 5Åq †<Ê Ãº f •�H †½Ó•©œ þj ™è “¦ &ñ
&h� �x f s� Ä» {9� 
�> � e”� “¦ ,

Õª �̄	 “Ér

? t f (? ) t f (f (? )) t � � � =
G

i 2 N

f i (? )

s�� � .(�= ?)

CPO$í
 |9� �̀¦ ëß– 7á¤ 
� •�H |9� ½+Ë [þt“ Ér B�Äº �� €ªœ
�> � ëß– [þt Ãº e”� �� . |9� ½+Ë �̀¦ ��t �

“¦ CPO\�¦ ëß– [þt Ãº e”� “¦ , ëß– [þt #Q •7H CPO[þt` �¦ ��t �“ ¦ ›̧ ½+Ë K�" f Dh–Ð î�r ½̈› ¸

_� CPO\�¦ ëß– [þt Ãº e”� �� . |9� ½+Ë \• x9� �� {Œ• "é¶ ™è \�¦ 
�� � ÆÒ��
 �“ ¦ �̀¦ �9 ·¡­ “�� (x v

y i� x = y _ x = ? ) |9� ½+Ë “Ér CPOs�� � . CPOü< CPO_� X<
 �ØÔàÔ Y�L Cartesian

product•̧ CPOs�� � . CPOü< CPO_� Ø�¦ ’�� �̀¦ l� %3� 
� •�H ½+Ë separated sum•̧ CPOs�

�� . CPO\•" f CPO–Ð �� •�H ƒ�� 5Åq †<Ê Ãº [þt _� |9� ½+Ë •̧ CPOs�� � . (s� XO� >� CPO[þt

�̀¦ ��t �“ ¦ ½̈ »¡¤ ô�Ç CPO[þt _� "é¶ ™è ��s � _� í�H "f •�H ÂÒ ¾¡§ CPO[þt _� í�H "f \�¦ ��t �“ ¦

&ñ
 _� ÷& •�H X< , Õª í�H "f \�¦ #Q b•G >� &ñ
 _� K�� � ��� õ� �� CPO�� |̈c �� ?)

Example 19 �� 6£§ õ� °ú  s� &ñ
 Ãº _� |9� ½+Ë Z\•" f �̀¦ �9 ·¡­ “�� |9� ½+Ë Z? = Z [ f?g �̀¦

Òqt yŒ• 
�� � . Z "é¶ ™è [þt ��s � _� í�H "f •�H \O� “¦ , í�H "f •�H ş̌ f”� ? õ� Z ��s �\ • ëß– ”>r F� ô�Ç

�� : 8x 2 Z:? v x. —̧Ž�H ‰̂“�� “Ér Ä» ô�Ç ô�Ç U�́ s� \�¦ ��t �“ ¦ e”� Ü¼ €�� �±p =�G @/l � _� "é¶

™è� � Õª ‰̂“�� _� LUBs� •)a �� . ��� �" f Z? “Ér CPOs�� � . 2

Example 20 CPO D1õ� D2_� X<
 �ØÔàÔ Y�L Cartesian product

D1 � D2 = fhx; yi j x 2 D1; y 2 D2g

“Ér CPO�� •)a �� . s� Y�L |9� ½+Ë _� "é¶ ™è [þt ��s � _� í�H "f \�¦ ›̧ wn� d”� component-wiseÜ¼–Ð

Ùþ¡ �̀¦ M:s �� � :

hx; yi v hx0; y0i i� x v D 1 x0 ^ y v D 2 y0:
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54 —̧€ªœõ� >pw

s�M: , þj ™è _� "é¶ ™è •�H h?D 1 ; ? D 2 i �� •)a �� . 2

Example 21 CPO D1õ� D2_� ½+Ë

D1 + D2 = fhx; 1i j x 2 D1g [ fhx; 2i j x 2 D2g [ f?g

“Ér CPO�� •)a �� . s� ½+Ë |9� ½+Ë _� "é¶ ™è [þt ��s � _� í�H "f •�H , ? s� �� •©œ •Œ• “¦ , Õªü@\• •�H

“¦ †¾Ó s� °ú  “Ér "é¶ ™è [þt z�o � Õª “¦ †¾Ó \•" f _� í�H "f– Ð &ñ
Ùþ¡ �̀¦ M:s �� � :

hx; 1i v hx0; 1i i� x v D 1 x0

hx; 2i v hx0; 2i i� x v D 2 x0

2

#Œl�" f •Œ™õß– , “�� ��� � x“�� ƒ�� 5Åq †<Ê Ãº \�¦ ³ð ‰&³ 
� •�H ~½Ó ZO� �̀¦ s�� �l � 
�“ ¦ ��� � .

ƒ�� 5Åq †<Ê Ãº •�H |ÃÐ ��> � íß– ZO� Lambda Calculus\•" f �� 6 x 
� •�H †<Ê Ãº \�¦ ³ð ‰&³ 
� •�H ~½Ó ZO� �̀¦

yn= �9"f , \ �x: †<Ê Ãº 3lu: Ÿx " –Ð ³ð ‰&³ 
�• ¸ 2Ÿ¤ 
�� � . \V \�¦[ þt #Q , 1�̀¦ �8
 � •�H ƒ�� 5Åq †<Ê Ãº

•�H \ �x:x + 1"–Ð ³ð ‰&³ ô�Ç �� .

Example 22 CPO D1\•" f D2–Ð �� •�H —̧Ž�H ƒ�� 5Åq †<Ê Ãº _� |9� ½+Ë D 1 ! D2 “Ér

CPO�� •)a �� . ƒ�� 5Åq †<Ê Ãº [þt ��s � _� í�H "f \�¦ ›̧ wn� d”� point-wiseÜ¼–Ð &ñ
 _� Ùþ¡ �̀¦ M:s �

�� :

f v g i� 8x 2 D1:f (x) v D 2 g(x):

�� •©œ•Œ• “Ér "é¶ ™è •�H �x: ? D 2 �� •)a �� . 2

_� p� ~½Ó &ñ
 d”� \•" f �� 6 x 
� •�H —̧Ž�H Óüt |	� [þt“ Ér CPO_� "é¶ ™ès�� � . ƒ�� íß– �� [þt“ Ér

—̧¿º CPO\•" f CPO–Ð �� •�H ƒ�� 5Åq †<Ê Ãº [þt s�“ ¦ , ƒ�� íß– ��� � �� •�� Óüt |	� [þt •̧ —̧¿º

CPO_� "é¶ ™è [þt s�� � . ��� �" f —̧Ž�H _� p� ~½Ó &ñ
 d”� _� K� •�H †½Ó•©œ #Q ‹"� ƒ�� 5Åq †<Ê Ãº F _�

“¦ &ñ
&h� e”� �̀¦ ��� �? /“ ¦ e”� “¦ :

X = F (X )
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3.2 _� p�½¨› ¸ semantics 55

0A_� ~½Ó &ñ
 d”� _� K� •�H F _� þj ™è “¦ &ñ
&h� �x F –Ð &ñ
 _�½+É Ãº e”� �� :

�x F = t i 2 NF i (? )

�� s�] j , CPOü< ƒ�� 5Åq †<Ê Ãº _� þj ™è “¦ &ñ
&h� s�� � •�H •©œu� \�¦ s� 6 x K�" f while-ë�H _�

_� p�� � #Q b•G >� ›̧ wn� d”� s� ÷& •�H t� Ð̃�� .

Äº ‚�� , Äºo�� � f”� ›'a &h� Ü¼–Ð ½̈ $í
 ô�Ç _� p� /BN çß– [þt“ Ér —̧¿º CPO�� ÷& �� ô�Ç �� :

M 2 Memory = Var ! Value ƒ�� 5Åq †<Ê Ãº CPO

z 2 Value = Z? �̀¦ �9 ·¡­ “�� CPO

x 2 Var = ProgramVariable? �̀¦ �9 ·¡­ “�� CPO

"î
§ î
 ë�H C_� _� p� , ƒ�� 5Åq †<Ê Ãº [[C]] 2 Memory ! Memory ƒ�� 5Åq †<Ê Ãº CPO

>� íß– d”� E_� _� p� , ƒ�� 5Åq †<Ê Ãº [[E]] 2 Memory ! Z? ƒ�� 5Åq †<Ê Ãº CPO

Õª 0A \•" f while-ë�H _� _� p� ~½Ó &ñ
 d”� “Ér

[[while E do C]]M = if [[E ]]M 6= 0 then [[while E do C]]([[C]]M ) elseM

s�� � . Bj—̧o� \�¦ ~ÃÎ ��" f Bj—̧o� \�¦ ?/# Q Z�~•�H ƒ�� 5Åq †<Ê Ãº _� ³ð ‰&³ (�M : � � � )Ü¼–Ð ��

r� æ¼ €�� ,

[[while E do C]] = �M :if [[E ]]M 6= 0 then [[while E do C]]([[C]]M ) elseM :

0A_� ~½Ó &ñ
 d”� �̀¦

X = F (X )

_� —̧€ªœÜ¼–Ð Ð̃ €�� , X •�H [[while E do C]]\• K� {©œ
�“ ¦ , ƒ�� 5Åq †<Ê Ãº F •�H

�X :(�M :if [[E ]]M 6= 0 then X ([[C]]M ) elseM )

2 (Memory ! Memroy) ! (Memory ! Memroy)
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\• K� {©œ
�> � ÷& Ù¼–Ð , while-ë�H _� _� p� [[while E do C]]•�H 0A †<Ê Ãº _� þj ™è “¦ &ñ
&h�

Ü¼–Ð &ñ
 _� •)a �� :

[[while E do C]] = �x F 2 Memory ! Memory

= �x (�X :(�M :if [[E ]]M 6= 0 then X ([[C]]M ) elseM ))

›̧ wn� d”� “�� �̄	 s� Ð̃s� •�H �� ? [[while E do C]]•�H [[E]]ü< [[C]]\�¦ ��t �“ ¦ ›̧ wn� ÷& #Q e”�

�� .
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4 •©œ

l�> � ×�æd”� _� ƒ�� #Q

5o�\ • ��� •2; îß– >h 5Åq . #Q b•G >� áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “�� K�� � 
� •�H t� , Áº %Á	 s� ë�H

]j {9� t�� � ×¼�Q��t � ·ú§ “Ér •©œI� . Õª XO� >� n�� � “�� ô�Ç áÔ–ÐÕªA� bç
 ƒ�� #Q . Õª —̧_þv` �¦

��� �� � Ð̃�� . •©œd”�‚ �� \•" f n�� � “�� K� çß– ƒ�� #Q _� —̧_þv .

\P� \• (Ž� ÉÓ'•� � e”� �� . �� 6 x K�� � ô�Ç �� . (Ž� ÉÓ'•\ •>� r� ~�́ {9� �̀¦ ¼#� 
�> � &ñ
 _�½+É

Ãº e”� •�H ~½Ó ZO� �̀¦ “¦ îß– 
�� � . s� XO� >� C ƒ�� #Q \�¦ ëß– [þt %3�~ �� õ� &ñ
 “Ér {©œr�– Ð"f •�H B�Äº

•©œd”�&h� “�� õ� &ñ
 �̀¦ µ1á •�H �� .

Õª� Q�� ÷& [�t ��˜ Ð €�� �� /' ¹¡§ s� ú́§ �� . ‰&³ F� _� áÔ–ÐÕªA� bç
 ƒ�� #Q l� Õüt \• l�@/# Q

��� � �̂¦ M: C–Ð @/³ ð÷& •�H "º	 r� ]X� _� 5Åu }� , s� õ� &ñ
 �̀¦ ÷& [�t �� �̂¦ �̄	 s�� � .

�= s� õ� &ñ
 �̀¦ ìøÍ 4Ÿ¤ ½+É �� ? Äº ‚�� Õª õ� &ñ
 \•" f• ¸ t� �FK ��t � ¶ú̃ �� zŒ™“Ér ×�æ¹̄ ô�Ç >h

¥Æ� [þt s� e”� �� . ¶ú̃ (R �̂¦ �̄	 s�� � . ¢̧ �� •Ér _� •̧ •�H , õ� ��� � #Q [O�* 3� 1pw s� ‰&³ F� _� ��

|ÃÐ f”� ô�Ç áÔ–ÐÕªA� bç
 ƒ�� #Q l� Õüt s�� � •�H �̄	 •̧ p�A�\ • •�H #Q [O� É̃r —̧_þv Ü¼–Ð Ð̃ {9� Ãº

e”� �� •�H �â
 >� .
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58 l�> � ×�æd”� _� ƒ�� #Q

4.1 ÅÒ#Q ”�� l�> �

Äºo�\ •>� ÅÒ#Q ”�� l�> � •�H �� 6£§ õ� °ú  �� : Bj—̧o�� � e”� �� . ×�æ€©œ%ƒo� •©œu�� � e”� �� .

{9� Ø�¦ §4� s� �� 0px 
�� � . Bj—̧o� \�¦ {9� “¦ , Bj—̧o�\ • jþt Ãº e”� �� . Bj—̧o�\ •" f {9� “Ér �̄	

�̀¦ �o €�� \• ÍÒ wn= Ãº e”� “¦ , v�˜ Ð×¼\•" f {9� “Ér �̄	 �̀¦ Bj—̧o�\ • $• •©œ½+É Ãº e”� �� . ×�æ

€©œ%ƒo� •©œu� cpu•�H l�œí &h� “�� l�> �# Q "î
§ î
 [þt` �¦ %ƒo�
 � •�H z�́ 'Ÿ• l� interpreters�� � . z�́

'Ÿ• ½+É Ãº e”� •�H l�> �# Q "î
§ î
 _� Ì�	 Ãº •�H Ä» ô�Ç 
�“ ¦ “¦ &ñ
 ÷& #Q e”� �� . Õª z�́ 'Ÿ• l� •�H „��

�� �r –Ð n�t � »1Ï (Ž� ÉÓ'• _� �â
 Äº B�Äº •Œ• “Ér „�� —̂¶ ×�¦[ þt –Ð ½̈ ‰&³ ÷& #Q e”� �� .

Õª l�> � •�H :̃r ”̧s � ëß–  Q ’�� Von Neuman machines�� � . l�> �� � z�́ 'Ÿ• ½+É "î
§ î
 ë�H[þt

s� Bj—̧o�\ • Ð̃ ›'a| c̈ Ãº e”� �� . Õª l�> � •�H "î
§ î
 ë�H 
�� �
 �� � \�¦ Bj—̧o�\ •" f {9� #Q

ü< "f z�́ 'Ÿ• ô�Ç �� . Bj—̧o�\ • z�́ �9 e”� •�H "î
§ î
 ë�H[þt \• ��� � Õª l�> � •�H �� •Ér {9� �̀¦ 
�
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4.2 ƒ�� #Q v�Äºl � 0: K --- 59

•�H !lr s�� � .

Õª l�> � •�H Ð̃ ¼#� ëß– 0px _� l�> � universal machines�� � . \ l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç

—̧Ž�H �̄	 " [þt` �¦ >� íß– K� è­q Ãº e”� �� . l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç #Q ‹"� {9� s�� �• ¸ ÅÒ#Q

”�� "î
§ î
 ë�H[þt –Ð ½̈ $í
 K� è­q Ãº e”� �� . Z�t ³1Ñ �� . l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç �̄	 “Ér Áº ô�Ç

y� ú́§ s� e”� �̀¦ Ãº e”� �� . 
�t � ëß– #QÖ¼ �̄	 s�� �• ¸ Ä» ô�Ç >h _� &ñ
 K� ”�� l�> �# Q "î
§ î
 [þt

–Ð ›̧ ½+Ë ½+É Ãº e”� �� . ��u � Ä» ô�Ç ô�Ç ô�Ç ²DG #Q éß– #Q [þt ëß– Ü¼–Ð Áº ô�Ç y� ú́§ “Ér ú̃́ �̀¦ ›̧ ½+Ë


�“ ¦ s�K� ½+É Ãº e”� 1pw s� . �� Óǖ—Ér , Õª l�> � _� ×�æ€©œ%ƒo� •©œu� cpu•�H Ä» ô�Ç >h _� &ñ
 K�

”�� "î
§ î
 ë�H[þt ëß– �̀¦ ·ú̃ “¦ e”� �� . Õª �̄	 Ü¼–Ð \ Ð̃ ¼#� ëß– 0px "s� �� 0px ô�Ç �̄	 s�� � .

l�> �� � z�́ 'Ÿ• 
�• ¸ 2Ÿ¤ ï�r q�
 � •�H "î
§ î
 ë�H[þt _� ›̧ ½+Ë s� áÔ–ÐÕª Ïþ› s�� � . áÔ–ÐÕª Ïþ›

“Ér Õª l�> �\ • ?/o � •�H "î
§ î
 s�� � . Õª l�> � •�H Õª "î
§ î
 @/– Ð Ø�æz�́ y� {9� �̀¦ ”�� 'Ÿ• ô�Ç �� .

s� l�> � \�¦ 7á§ �8 ¼#� o�
 �> � �� 6 x 
�l � 0Aô�Ç ƒ�� #Q \�¦ “¦ îß– K�˜ Ð�� . Õª l�> �# Q Ð̃

�� �8 •©œ0A_� ƒ�� #Q \�¦ “¦ îß– 
�� � .

4.2 ƒ�� #Q v�Äºl � 0: K ---

4.2.1 •�� Ãº : Bj—̧o� ÅÒ™è\ • s� 2£§ ·¡­ s�l �

áÔ–ÐÕª Ïþ› \•" f •�H s� 2£§` �¦ �� 6 x 
�“ ¦� � ô�Ç �� . Äº ‚�� , Bj—̧o� ÅÒ™è\ • s� 2£§` �¦ t� �̀¦ Ãº

e”� >� 
�� � . s� 2£§ Ü¼–Ð Bj—̧o� ÅÒ™è \�¦ @/ ’�� 
�• ¸ 2Ÿ¤ . "î
§ î
 ë�H“Ér #Œ�Q>h� � í�H "f@/

–Ð z�́ 'Ÿ• ÷& •̧ 2Ÿ¤ 
�“ ¦ z�· �� . ìøÍ 4Ÿ¤ s� e”� �� . {9� Ø�¦ §4� s� e”� �� . ›̧ |	� \• ��� �" f z�́ 'Ÿ•

÷& •�H "î
§ î
 �̀¦ ½̈ ì�r 
�“ ¦ z�· �� . s�� Q ô�Ç l�œí &h� “�� ›̧ |	� \• ú́• ÆÒ#Q"f �� 6£§ õ� °ú  “Ér ë�H

ZO� _� ƒ�� #Q–Ð r� •Œ• K�˜ Ð�� .

��A� _� &ñ
 _� �� K--- ƒ�� #Q–Ð Âú̃ Ãº e”� •�H áÔ–ÐÕª Ïþ› [þt _� |9� ½+Ë �̀¦ &ñ
 _�ô �Ç �� . "î


§î
 ë�H õ� d”� �̀¦ ëß– ×¼ •�H )
± úš &h� “�� ~½Ó ZO� s� &ñ
 _� ÷& e”� �� . áÔ–ÐÕª Ïþ› “Ér 
�� � _� "î
§ î
 ë�H
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60 l�> � ×�æd”� _� ƒ�� #Q

s�� � . "î
§ î
 ë�H“Ér #Œ�Q "î
§ î
 ë�H[þt õ� d”� [þt –Ð Ë̈ 9 ”�� �� .

"î
§ î
 ë�H Command C ! skip

j x := E

j C ; C

j if E then C else C

j while E do C

j for x := E to E do C

j read x

j write E

d”� Expression E ! n (n 2 Z)

j true j false

j x

j E + E j - E

j E < E j not E

áÔ–ÐÕª Ïþ› P ! C

"î
§ î
 ë�H“Ér l�> � _� Bj—̧o� •©œI� \�¦ •�� �o r� †�� �� . d”� “Ér l�> � _� Bj—̧o� \�¦ ‚ÃÐ “¦K�" f

°ú̄ �̀¦ >� íß–ô�Ç �� .

yŒ• "î
§ î
 ë�H õ� d”� _� _� p� \�¦ &ñ
 SX‰y� &ñ
 _� 
�� � . Äº ‚�� _� p� \�¦ &ñ
 _� K� °ú̃ M: ��

6 x ½+É "é¶ ™è semantic object[þt s� #QÖ¼ |9� ½+Ë (_� p� /BN çß– )semantic domain_� "é¶ ™è [þt “�� t�

\�¦ &ñ
 
�� � . °ú̄ “Ér &ñ
 Ãº� �� � ‚ÃÐ / �� f±	 s�� � . ��� �" f °ú̄_ � |9� ½+Ë “Ér &ñ
 Ãº |9� ½+Ë s�� �� �

‚ÃÐ / �� f±	 |9� ½+Ë m�� � . Bj—̧o� •�H ÅÒ™è\ •" f °ú̄ Ü¼–Ð �� •�H _…s� �̂¦ {9� �̄	 s�� � . _…s� �̂¦

“Ér Ãº †<Æ&h� Ü¼–Ð •�H 
�� � _� †<Ê Ãºs �� � . &ñ
 _� ½̈ %i� “Ér Bj—̧o� ÅÒ™è , /BN •��%i� “Ér °ú̄ . :£¤

y� &ñ
 _� ½̈ %i� “Ér Bj—̧o� ÅÒ™è |9� ½+Ë ×�æ\•" f Ä» ô�Ç ô�Ç |9� ½+Ë s� ÷& �’x �� . ÅÒ™è •�H áÔ–Ð

ÕªA� Q�� �� 6 x 
� •�H s� 2£§[ þt _� |9� ½+Ë Ü¼–Ð &ñ
 _� 
�� � .
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ÕªA�" f _� p� &ñ
 _� \• �� 6 x ½+É _� p� /BN çß– semantic domain[þt“ Ér ��A�ü < °ú  �� :

n 2 Z Integer

b 2 B Boolean

v 2 Val = Z + B

M 2 Mem = Addr �n! Val

x; y 2 Addr = Id

&ñ
 Ãº \�¦ nÜ¼–Ð jþt �̄	 s�� � . ‚ÃÐ s�� � �� f±	 “Ér b–Ð , °ú̄ “Ér v–Ð , Bj—̧o� •�H M Ü¼–Ð , ÅÒ™è

•�H x, y, z1px Ü¼–Ð jþt �̄	 s�� � .

Notation 1 Z + B•�H ¿º |9� ½+Ë Zü< B_� ½+Ë |9� ½+Ë �̀¦ >pw ô�Ç �� . Addr �n! Val•�H †<Ê Ãº

[þt _� |9� ½+Ë �̀¦ >pw ô�Ç �� . †<Ê Ãº [þt _� s�p �t � •�H Val|9� ½+Ë \• Ÿí †<Ê •)a �� . †<Ê Ãº [þt _� &ñ
 _�

½̈ %i� “Ér |9� ½+Ë Addr_� Ä» ô�Ç ô�Ç ÂÒ ì�r |9� ½+Ë s�� � . ��ß¼ \�n"(�nite) �̀¦ �o¶ú̃ ³ð 0A \• ·¡­

“�� s�Ä»s�� � .

†<Ê Ãº f 2 A �n! B \�¦ ��t �“ ¦ f f x 7! vg��“ ¦ æ¼ €�� (s�M: , x 2 A s�“ ¦ v 2 B),

A �n! B \• e”� •�H Dh–Ð î�r †<Ê Ãº “�� X< x\•" f _� s�p �t � ëß– v–Ð &ñ
 K�t �“ ¦ �� Qt� •�H f ü<

>á¤ °ú  “Ér †<Ê Ãº \�¦ >pw ô�Ç �� .2

áÔ–ÐÕª Ïþ› _� _� p� •�H •7H o� r�Û¼ %7› _� 7£x "î
 ½© gË: [þt –Ð &ñ
 _� •)a �� . �� 6£§` �¦ 7£x "î
 
�

•�H ½© gË: [þt s� |̈c �̄	 s�� � .

M ` C ) M 0 ü< M ` E ) v

M ` C ) M 0•�H Bj—̧o� M \•" f "î
§ î
 C\�¦ z�́ 'Ÿ• 
� €�� Bj—̧o� •©œI�� � M 0–Ð •�� ô�Ç

�� , •�H �� z�́ �̀¦ >pw ô�Ç �� . M ` E ) v•�H Bj—̧o� M \•" f d”� E \�¦ z�́ 'Ÿ• 
� €�� °ú̄ s�

v�� >� íß– •)a �� , •�H �� z�́ �̀¦ >pw ô�Ç �� .

��A� •�H 0A ü< °ú  “Ér �� z�́ [þt` �¦ 7£x "î
 
� •�H •7H o� r�Û¼ %7› s�� � . ÅÒ#Q ”�� áÔ–ÐÕª Ïþ›

C�� e”� �̀¦ M: , s� •7H o� r�Û¼ %7› \•" f M ` C ) M 0�� 7£x "î
 ÷& •�H �â
 Äº ëß– áÔ–ÐÕª Ïþ›

C•�H _� p�� � e”� •�H �̄	 s�� � . Õª� Q ô�Ç 7£x "î
 s� Ô�¦ �� 0px ô�Ç Cü< E•�H _� p� \O� •�H "î
§ î
 ë�H

s�“ ¦ d”� “�� �̄	 s�� � .
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M ` C ) M 0

M ` skip ) M

M ` E ) v
M ` x := E ) M f x 7! vg

M ` C1 ) M 1 M 1 ` C2 ) M 2

M ` C1 ; C2 ) M 2

M ` E ) true M ` C1 ) M 0

M ` if E then C1 else C2 ) M 0

M ` E ) false M ` C2 ) M 0

M ` if E then C1 else C2 ) M 0

M ` E ) false
M ` while E do C ) M

M ` E ) true M ` C ) M 1 M 1 ` while E do C ) M 2

M ` while E do C ) M 2

M ` E1 ) n1 M ` E2 ) n2

M f x 7! n1 + 0g ` C ) M 0

...

M f x 7! n1 + (n2 � n1)g ` C ) M n2 � n1

M ` for x := E1 to E2 do C ) M 0 n2 � n1

M ` read x ) M f x 7! ng

M ` E ) v
M ` write E ) M

M ` E ) v

M ` n ) n

M ` x ) M (x)

M ` E1 ) n1 M ` E2 ) n2

M ` E1 + E2 ) n1 + n2

M ` E ) n
M ` - E ) � n
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M ` E1 ) n1 M ` E2 ) n2

M ` E1 < E2 ) n1 < n2

M ` E ) b
M ` not E ) not b

s� 2£§ s� /BI Bj—̧o� ÅÒ™è� � . Dh Bj—̧o� ÅÒ™è \�¦ �� 6 x 
�“ ¦� � 
� €�� �� •Ér s� 2£§` �¦

�� 6 x 
� €�� •)a �� .

{9� Ø�¦ §4� ë�H _� _� p� \�¦ &ñ
 ô�Ç ½© gË: s� :£¤ s�
 �� � . {9�§ 4� ë�H“Ér ü@ÂÒ\•" f e”� _�_ � &ñ
 Ãº

\�¦ ~ÃÎ ��" f t� &ñ
 ô�Ç Bj—̧o� ÅÒ™è\ • Ð̃ ›'a 
� •�H �̄	 s�� � . ü@ÂÒ[j> �\ • ¶ns “¦ {9�§ 4� ~ÃÎ •�H

õ� &ñ
 �̀¦ ×¼�Q è­q €9� ¹̄ •�H \O� �� . Ø�¦ §4� •̧ ü@ÂÒ[j> �\ • >� íß–ô�Ç °ú̄ �̀¦ Ð̃#ŒÅÒ •�H õ� &ñ
 �̀¦

×¼�Q è­q €9� ¹̄ •�H \O� �� . _� p� \�¦ ���&ñ
 
� •�H X< €9� ¹̄ ô�Ç ?/ 6 x[ þt“ Ér ��m�Ù¼–Ð .

4.2.2 s� 2£§ _� ¿º� �t � _� p�

s� 2£§ îß– \• •�H Áº %Á	 s� e”� �� ? s� 2£§ s� _� p�
 � •�H �̄	 “Ér Áº %Á	 “�� �� ? ™D¥1lx ÷& >�• ¸ K--- \•

"f •�H ¿º� �t � %i� ½+É �̀¦ ô�Ç �� . s� 2£§ _� _� p�� � ¿º ��t �� � .

Äº ‚�� Bj—̧o� ÅÒ™è\ • s� 2£§` �¦ ·¡­ “�� �̄	 s�Ù¼–Ð , s� 2£§ t�# Q ”�� Bj—̧o� ÅÒ™è \�¦ >pw

Ùþ¡ �� :
M ` E ) v

M ` x := E ) M f x 7! vg


�t � ëß– , Õª s� 2£§ Ü¼–Ð Õª s� 2£§ s� t� g�A 
� •�H Bj—̧o� ÅÒ™è\ • e”� •�H °ú̄ �̀¦ >pw 
�l �

•̧ Ùþ¡ �� :

M ` x ) M (x)

s� XO� >� s� 2£§ s� >pw 
� •�H ¿º>h _� °ú̄ �̀¦ s� 2£§ _� \L-v alue"(left-value)ü< \R-v alue"(right-

value)��“ ¦ ÂÒ •Ér �� . s� 2£§ s� x := E_� ¢,a Aá¤ \• ��� � zŒ¤ �̀¦ M:ü < ş̌ •ÉrAá¤ d”� Eîß– \•

��� � zŒ¤ �̀¦ M: Õª _� p�
 � •�H ��� � ��ØÔl� M: ë�H s�� � . ¢,a Aá¤ \• ��� � zŒ¤ �� €�� s� 2£§“Ér

Bj—̧o� ÅÒ™è \�¦ >pw ô�Ç �� . ş̌ •ÉrAá¤ \• ��� � zŒ¤ �̀¦ M: •�H Õª Bj—̧o� ÅÒ™è\ • Ð̃ ›'a•)a °ú̄

�̀¦ >pw ô�Ç �� .

Bj—̧o� ÅÒ™è _� s� 2£§ s� #Q ‹"� M: •�H Õª ÅÒ™è\ • Ð̃ ›'a ÷& e”� •�H °ú̄ s� ÷& l�• ¸ 
� •�H

™D¥1lx s� z�� �� €�� , ¿º>h _� �� •Ér _� p� •�H ¿º� �t � �� •Ér ë�H ZO� Ü¼–Ð ³ð ‰&³ 
�• ¸ 2Ÿ¤ 
� €�� |̈c

�̄	 s�� � . \V \�¦ [þt #Q , s� 2£§ _� _� p� \�¦ 
�� �– Ð &ñ
 _� 
�� � . Bj—̧o� ÅÒ™è–Ð . Õªo�“ ¦
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Õª Bj—̧o� ÅÒ™è _� °ú̄ �̀¦ >pw ½+É M: •�H s� 2£§ ·ú¡ \• ! ³ðr � \�¦ 
�• ¸ 2Ÿ¤ 
� •�H �̄	 s�� � . \V \�¦

[þt #Q , K--- _�

x := x + 1

•�H

x := ! x + 1

–Ð æ¼•̧ 2Ÿ¤ 
� •�H �̄	 s�� � . Õª •�� X< , s� XO� >� 
� €�� áÔ–ÐÕªA� Q�� ›̧ �FK Ô�¦ ¼#� K�
 �t �

·ú§ �̀¦ �� ? áÔ–ÐÕª Ïþ› d”� \• ��� �� � •�H —̧Ž�H s� 2£§ ·ú¡ \• ! \�¦ ·¡­ #Œ�� 
�Ù¼–Ð

x + y + 1 @/ ’�� \• ! x + ! y + 1:

s�� Q ô�Ç ¼#� o� †<Ê s� ƒ�� #Q�� 4Ÿ¤ ú̧š K� t� €�� "f •�H áÔ–ÐÕª Ïþ› �̀¦ s�K�
 �l � #Q §>� >� ëß– ×¼ •�H

è�H "Ó	 ��r �� � •)a �� . K--- \�¦ v� 0> �� €�� "f ¶ú̃ (R �̂¦ �̄	 s�� � .

s� 2£§` �¦ l�> � ×�æd”� _� ƒ�� #Q\•" f •�H •�� Ãº variable��“ ¦• ¸ ÂÒ •Ér �� . s� 2£§ s� _� p�
 �

•�H Bj—̧o� ÅÒ™è _� °ú̄ s� •�� ½+É Ãº e”� Ü¼Ù¼–Ð . áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ×�æ\• •�� Ãº� � _� p�
 �

•�H ÅÒ™è\ • Dh–Ð î�r °ú̄ �̀¦ +‹ V,� �̀¦ Ãº e”� Ü¼Ù¼–Ð .

4.2.3 s� 2£§ _� Ä»´ò #3� 0A

áÔ–ÐÕªA� Q�� Bj—̧o� ÅÒ™è\ • s� 2£§` �¦ f±	 l� r� •Œ• 
� €�� "f ë�H ]j� � Òqt| �� �� . °ú  “Ér s�

2£§` �¦ �� •Ér 6 x •̧–Ð•̧ æ¼“¦ z�· �� €�� ? 7£¤ , °ú  “Ér s� 2£§` �¦ �� •Ér Bj—̧o� ÅÒ™è \�¦ 0A K�

F�� � 6 x 
�“ ¦ z�· �� €�� ? s� �̄	 “Ér �� ƒ�� Û¼�Q î�r ¹̄½̈ s �� � . †½Ó•©œ �� •Ér s� 2£§` �¦ “¦ îß– K�

�� ô�Ç �� €�� áÔ–ÐÕªA� Q _� Ô�¦ ¼#� “Ér 9þt �̄	 s�� � . s� [j •©œ\• I�# Q�� •�H —̧Ž�H �� |ÃÐ [þt

_� s� 2£§ s� —̧¿º ²ú̃ ��� � ô�Ç �� €�� s� 2£§ f±	 •�H �̄	 s� \O� ��� � Y�J u�� �á Ô �’x •�H �� ?

0A_� K--- ƒ�� #Q\•" f •�H °ú  “Ér s� 2£§“Ér °ú  “Ér Bj—̧o� ÅÒ™è \�¦ >pw ô�Ç �� . �� •Ér Bj—̧

o� ÅÒ™è \�¦ 0A K�" f •�H �� •Ér s� 2£§` �¦ �� 6 x K�� � ô�Ç �� . °ú  “Ér s� 2£§` �¦ �� •Ér Bj—̧o� ÅÒ

™è _� s� 2£§ Ü¼–Ð �� 6 x ½+É Ãº� � \O� �� . áÔ–ÐÕª Ïþ› \•" f �� 6 x 
� •�H Bj—̧o� ÅÒ™è� � B�Äº

ú́§ �� €�� , \O� ��� � ú́§ “Ér �� •Ér s� 2£§` �¦ “¦ îß– K�� � ½+É �� ? °ú  “Ér s� 2£§` �¦ �� •Ér Bj—̧o� ÅÒ

™è \�¦ 0A K�" f jþt Ãº •�H \O� �̀¦ �� ? s� 2£§` �¦ F� •Ö̧ 6 x ½+É Ãº •�H \O� �̀¦ �� ?
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s� ë�H ]j \�¦ K� ��� ô�Ç ~½Óîß– “Ér s�p � e”� �� . Ãº †<Æs�� � —̧Ž�H %3� x9� ô�Ç •7HÕüt \•" f ��

6 x 
� •�H ~½Óîß– s�� � . s� 2£§ _� Ä»´ò #3� 0A scope\�¦ {9�&ñ
 ô�Ç #3� 0A –Ð ëß– ]j ô�Ç 
� •�H �̄	 s�� � .

s� 2£§[ þt _� Ä»´ò #3� 0A scope\�¦ áÔ–ÐÕª Ïþ› „�� ‰̂×�æ\•" f {9� ÂÒ ì�r s� ÷& •̧ 2Ÿ¤ 
� •�H �̄	 s�� � .

Õª� Q €�� Ä»´ò #3� 0A �� ��� u�t � ·ú§ •�H �� €�� , °ú  “Ér s� 2£§ s� �� •Ér Bj—̧o� ÅÒ™è \�¦ >pw 
� •�H

�̄	 Ü¼–Ð F�� � 6 x |̈c Ãº e”� •�H �̄	 s�� � .

Õª XO� �� €�� , Õª Ä»´ò #3� 0A scope•�H #Q b•G >� ³ðr � ½+É �� ? Ãº †<Æ\•" f �� 6 x 
� •�H ~½Óîß–

�̀¦ yn= �9š¸� � . áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ _� #3� 0A –Ð s� 2£§ _� Ä»´ò #3� 0A scope�� ���&ñ
 ÷& •̧ 2Ÿ¤


�� � . s� ~½Ó d”� s� ¿
ËÒ6x ô�Ç s�Ä» •�H , Ãº †<Æ\•" f t� èß– 2000̧�� s� •©œ $í
 /BN &h� Ü¼–Ð �� 6 x

�# M®o l� M: ë�H s�� � . �= ? s� 2£§ _� Ä»´ò #3� 0A \�¦ ~1� >� ·ú̃ �� �̂¦ Ãº e”� l� M: ë�H s�� � .

s� 2£§ _� Ä»´ò #3� 0A scope•�H �� 6£§ _� ~½Ó d”� Ü¼–Ð &ñ
 K� ”�� �� :

C !
...

j let x := E in C

Äº ‚�� x�� •�H s� 2£§“Ér Dh–Ð î�r Bj—̧o� ÅÒ™è \�¦ >pw ô�Ç �� . s� 2£§` �¦ Dh \�v >� ‚��ƒ �� 
� •�H !lr

s�� � . Õª ÅÒ™è\ • $• •©œ÷& •�H œíl � °ú̄ “Ér E_� °ú̄ s�� � . Õªo�“ ¦ Õª s� 2£§ s� Õª ÅÒ™è \�¦

_� p� ô�Ç �� •�H �̄	 “Ér "î
§ î
 ë�H C îß– \•" f ëß– Ä»´ò
 �� � . 7£¤ , x_� Ä»´ò #3� 0A scope•�H C s�

�� . s� 2£§ _� Ä»´ò #3� 0A scope•�H áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ _� {9� ÂÒ ì�r “�� �̄	 s�� � . Õª #3� 0A s�

ü@\•" f •�H x•�H �� •Ér Bj—̧o� ÅÒ™è \�¦ >pw ½+É Ãº e”� �� . °ú  “Ér s� 2£§ s� #Œ�Q ÅÒ™è \�¦ >pw


�• ¸ 2Ÿ¤ F� �� 6 x |̈c Ãº e”� �� .

s� 2£§ s� "î
§ î
 ë�H \• ��� � ±ú̃ M: , #QÖ¼ ÅÒ™è \�¦ >pw 
� •�H �� ? Õª /BM �̀¦ yŒ™�� •�H �� •©œ

��� � î�r let -"î
§ î
 ë�H s�� � . Õª s� 2£§` �¦ ‚��ƒ �� ô�Ç . {©œƒ�� ô�Ç ½© gË: s�� � . s� 2£§ _� z�́ ‰̂��

Õª s� 2£§ s� ��� �� � •�H áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\• _� K� ���&ñ
 ÷& Ù¼–Ð . áÔ–ÐÕª Ïþ› “Ér ��Áº½̈

›̧� � •�H �̄	 �̀¦ •©œl�
 �� � . s� 2£§ s� ��� � èß– /BM \•" f Õª ��Áº½̈ › ¸ \�¦ ��“ ¦ 0A –Ð 0A –Ð

�̀¦ ��� � €�� "f �� •©œ €�� $• ëß– �� •�H , Õª s� 2£§` �¦ ‚��ƒ �� ô�Ç let -"î
§ î
 ë�H . Õª /BM \•" f &ñ
 ô�Ç

Bj—̧o� ÅÒ™è� � Õª s� 2£§ _� z�́ ‰̂�� •)a �� .

Õªo�“ ¦ Ä»´ò #3� 0A [þt“ Ér "f– Ð ¢-a „�� y� Ÿí [O� ÷& ��� � ¢-a „�� y� Z>� >h _� �â
 Äº µ1Ú \• •�H

\O� �� . áÔ–ÐÕª Ïþ› _� ë�H ZO� s� Õª �̄	 �̀¦ Ð̃ •©œô�Ç �� . Ä»´ò #3� 0A ¿º>h� � {9� ÂÒ ì�r ëß– ��� u�

•�H �â
 Äº •�H \O� �� .
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4.2.4 8̈Š �â


°ú  “Ér s� 2£§ s� �� •Ér �̄	 �̀¦ t� g�A ½+É Ãº e”� •�H áÔ–ÐÕª Ïþ› \•" f , s� 2£§ _� z�́ ‰̂\�¦ ���&ñ
 K� ÅÒ

•�H ½© gË: “Ér 0A \•" f s�� �l � ô�Ç @/– Ð�� . ��� � èß– s� 2£§ , Õª /BM �̀¦ yŒ™�� •�H �� •©œ €�� $• ëß–

�� •�H , Õª s� 2£§` �¦ ‚��ƒ �� ô�Ç let -"î
§ î
 ë�H .

áÔ–ÐÕª Ïþ› _� _� p� \�¦ &ñ
 SX‰y� &ñ
 _� 
� •�H X< •�H 0A ü< °ú  “Ér ½© gË: �̀¦ &ñ
 SX‰y� ×¼�Q?/

�� ô�Ç �� . 8̈Š �â
 environments�� � •�H �̄	 �̀¦ ��t �“ ¦ _� p�½¨› ¸ \�¦ &ñ
 SX‰y� &ñ
 _�½+É Ãº e”�

�� . 8̈Š �â
 environment“Ér s� 2£§ _� z�́ ‰̂\�¦ &ñ
 _�ô �Ç †<Ê Ãºs �� � .

� 2 Env = Id �n! Addr

M 2 Mem = Addr �n! Val

` 2 Addr an index set
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8̈Š �â
 “Ér s� 2£§ _� z�́ ‰̂(2 Addr, Bj—̧o� ÅÒ™è )\�¦ ���&ñ
 ô�Ç �� . s� 2£§[ þt \•" f ÅÒ™è [þt –Ð

�� •�H Ä» ô�Ç †<Ê Ãºs �� � . Bj—̧o� •�H ÅÒ™è [þt \• °ú̄ [þt` �¦ @/ 6£x r�v � •�H Ä» ô�Ç †<Ê Ãºs �� � .

ÅÒ™è •�H s�] j �8 s� •©œ áÔ–ÐÕª Ïþ› \• ��� �� � •�H s� 2£§ s� |̈c Ãº \O� �� . Õª �̄	 õ� •�H �� •Ér

|9� ½+Ë s� |̈c �̄	 s�� � .

8̈Š �â
 s� Dh \�v >� _� p�½¨› ¸ semantics &ñ
 _� \• �� 6 x •)a �� . ÕªA�" f áÔ–ÐÕª Ïþ› _� _�

p� •�H �� 6£§ ¿º>h \�¦ 7£x "î
 
� •�H ½© gË: [þt s� •)a �� :

� ; M ` C ) M 0 ü< � ; M ` E ) v

\V „�� õ� •�H ��ØÔ>� 8̈Š �â
 environment � �� "î
§ î
 ë�H Cü< d”� E_� _� p� \�¦ &ñ
 _� 
� •�H X<

€9� ¹̄
 �> � ÷& %3� �� . s� 2£§ s� C�� E\• ��� � ±ú̃ M: , Õª s� 2£§ s� t� g�A 
� •�H Bj—̧o� ÅÒ

™è� � #Q ‹"� �̄	 s� ÷& •�H t� \�¦ 8̈Š �â
 � �� ���&ñ
 K� ï�r �� . s� 2£§“Ér s�] j �8s� •©œ /BI Bj—̧

o� ÅÒ™è� � ��m�� � . s� 2£§ s� t� g�A 
� •�H ÅÒ™è •�H ‰&³ F� _� 8̈Š �â
 (� )s� ���&ñ
 K� ï�r �� .

_� p� &ñ
 _�_ � óøÍé ß– \ � ; M ` C ) M 0" •�H Bj—̧o� M õ� 8̈Š �â
 � \•" f "î
§ î
 C\�¦

z�́ 'Ÿ• 
� €�� Bj—̧o� •©œI�� � M 0–Ð •�� ô�Ç �� , •�H �� z�́ �̀¦ >pw ô�Ç �� . � ; M ` E ) v•�H Bj

—̧o� M õ� 8̈Š �â
 � \•" f d”� E \�¦ z�́ 'Ÿ• 
� €�� °ú̄ s� v�� >� íß– •)a �� , •�H �� z�́ �̀¦ >pw ô�Ç �� .

s�] j •�H s� 2£§` �¦ �� 6 x 
�“ ¦� � 
� €�� , †½Ó•©œ let -"î
§ î
 ë�H Ü¼–Ð &ñ
 _� 
�“ ¦ �� 6 x K�� �

ô�Ç �� . s� 2£§“Ér 8̈Š �â
 �̀¦ :Ÿx K�" f z�́ ‰̂�� ���&ñ
 ÷& “¦ , let -"î
§ î
 ë�H \• _� K�" f ëß– s� Dh–Ð

î�r s� 2£§ _� z�́ ‰̂�� 8̈Š �â
 (� )\•  »	 ·¡­ #Œt�l � M: ë�H s�� � :

� ; M ` E ) v � f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` let x := E in C ) M 0 ` 62Dom M

�� 6 x 
�� 9 •�H s� 2£§ _� z�́ ‰̂\�¦ ‰&³ F� _� 8̈Š �â
 (� )s� —̧•Ér �� €�� , áÔ–ÐÕª Ïþ› “Ér _� p�� �

\O� �� . z�́ 'Ÿ• |̈c Ãº \O� �� . s� 2£§ s� ��� �� � €�� Õª z�́ ‰̂•�H †½Ó•©œ ‰&³ F� 8̈Š �â
 (� )�̀¦ ‚ÃÐ ›̧

K�" f ���&ñ
 •)a �� :
� ; M ` E ) v

� ; M ` x := E ) M f � (x) 7! vg

� ; M ` x ) M (� (x))

� ; M ` read x ) M f � (x) 7! ng
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°ú  “Ér s� 2£§ s� �� •Ér ÅÒ™è \�¦ t� g�A ½+É Ãº e”� �� . s� 2£§ _� F� •Ö̧ 6 x , 1lx "î
 s� “�� . Õª

�Q�� ��Ë¨–Ð •�H ��m�� � . �� •Ér s� 2£§ s� °ú  “Ér ÅÒ™è \�¦ t� g�A ½+É Ãº •�H \O� �� . °ú  “Ér @/

•©œ�̀¦ t� g�A 
� •�H �� •Ér s� 2£§“Ér �� 0px 
�t � ·ú§ �� . Z>�" î
 alias“Ér \O� �� . 0A_� ƒ�� #Q–Ð Z>�

"î
 aliass� ëß– [þt #Qt� •�H �â
 Äº •�H \O� �� .

� ; M ` C ) M 0

� ; M ` E ) v � f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` let x := E in C ) M 0 ` 62Dom M

� ; M ` skip ) M

� ; M ` E ) v
� ; M ` x := E ) M f � (x) 7! vg

� ; M ` C1 ) M 1 � ; M 1 ` C2 ) M 2

� ; M ` C1 ; C2 ) M 2

� ; M ` E ) true � ; M ` C1 ) M 0

� ; M ` if E then C1 else C2 ) M 0

� ; M ` E ) false � ; M ` C2 ) M 0

� ; M ` if E then C1 else C2 ) M 0

� ; M ` E ) false
� ; M ` while E do C ) M

� ; M ` E ) true � ; M ` C ) M 1 � ; M 1 ` while E do C ) M 2

� ; M ` while E do C ) M 2

� ; M ` E1 ) n1 � ; M ` E2 ) n2

� ; M f x 7! n1 + 0g ` C ) M 0

...

� ; M f x 7! n1 + (n2 � n1)g ` C ) M n2 � n1

� ; M ` for x := E1 to E2 do C ) M 0 n2 � n1

� ; M ` read x ) M f � (x) 7! ng
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� ; M ` E ) v
� ; M ` write E ) M

� ; M ` E ) v

� ; M ` n ) n

� ; M ` x ) M (� (x))

� ; M ` E1 ) n1 � ; M ` E2 ) n2

� ; M ` E1 + E2 ) n1 + n2

� ; M ` E ) n
� ; M ` - E ) � n

� ; M ` E1 ) n1 � ; M ` E2 ) n2

� ; M ` E1 < E2 ) n1 < n2

� ; M ` E ) b
� ; M ` not E ) not b

4.2.5 ��Ä»–Ð î�r <�Ê“Ér Óü• #Œe”� •�H

áÔ–ÐÕª Ïþ› \•" f �� 6 x ÷& •�H s� 2£§ _� z�́ ‰̂\�¦ ¹1Ô �̀¦ Ãº \O� �� €�� Õª s� 2£§“Ér ��Ä»–Ð î�r s�

2£§ free variables�� �“ ¦ ô�Ç �� . ��Ä»–Ð î�r s� 2£§` �¦ ��t �“ ¦ e”� •�H áÔ–ÐÕª Ïþ› _� _� p� •�H &ñ


_� |̈c Ãº \O� �� .

áÔ–ÐÕª Ïþ› ?/\ •" f •�H —̧Ž�H s� 2£§[ þt“ Ér let -"î
§ î
 ë�H _� ‚��ƒ �� Ü¼–Ð &ñ
 _� ÷& #Q e”� #Q��

ô�Ç �� . s� 2£§ _� z�́ ‰̂�� &ñ
 _� •)a &ñ
 •©œ&h� “�� �â
 Äº \�¦ Óü• #Œe”� •�H s� 2£§ bound variables�� �

“¦ ô�Ç �� .
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„�� ‰̂ áÔ–ÐÕª Ïþ› s� ��m�� � ]j ô�Ç •)a t� %i� �̀¦ l� ï�r Ü¼–Ð ��Ä»–Ð î�r s� 2£§ õ� Óü• #Œe”�

•�H s� 2£§ s� s�� �l �÷ & l�• ¸ ô�Ç �� . áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ _� #QÖ¼ t� %i� ëß– ô�Ç&ñ
 K�" f Ð̃ €��

"f , Õª îß– \•" f �� 6 x ÷& •�H s� 2£§ s� ��Ä» \�v ��� � Óü• #Œe”� ��“ ¦ óøÍé ß– 
�l �• ¸ ô�Ç �� .

4.2.6 [O� „½Ó ½̈› ¸

áÔ–ÐÕªA� bç
 ƒ�� #Q •�H =�G €9� ¹̄ ô�Ç �̄	 ëß– Ü¼–Ð ½̈ $í
 ÷& #Q e”� t� •�H ·ú§ �� . 0A_� K--- ƒ��

#Q\•" f• ¸ Ô�¦ €9� ¹̄
 �t � ëß– �� 6 x �� _� ¼#� _� \�¦ 0A K�" f ]j /BN K� ÅÒ •�H �̄	 s� e”� �� . \V \�¦

[þt #Q , for x := E1 to E2 do C•�H while ë�H �̀¦ s� 6 x K�" f °ú  �̀¦ {9� �̀¦ 
� •�H "î
§ î
 #Q–Ð

�� †1� Ãº e”� �� :

for x := E1 to E2 do C �
low := E1; high := E2;

while high � low do (x := low; C; low := low + 1)
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éß– , 0A ü< °ú  s� for -ë�H �̀¦ \ 0lq s� •�H " �̄	 s� †½Ó•©œ �̀Š Ü¼�9 €�� lowü< high�� •�H s� 2£§[ þt s�

E1, E2, C\•" f �� 6 x ÷& #Q"f •�H ·ú§ •)a �� . :£¤ y� , 0A_� for -ë�H s� áÔ–ÐÕª Ïþ› \• Ÿí †<Ê ÷&

e”� �̀¦ Ãº e”� •�H X< , s� �â
 Äº\ • •�H lowü< high�� •�H s� 2£§[ þt s� E1, E2, C ÷�r ��m�� � „��

‰̂ áÔ–ÐÕª Ïþ› \•" f �� 6 x ÷& #Q"f •�H ·ú§ •)a �� .

�� Óǖ—Ér , s� XO� >� ¼#� _� \�¦ _� K�" f ]j /BN 
� •�H ë�H ZO� ½̈› ¸ \�¦ [O� „½Ó ½̈› ¸ syntactic sugar��

“¦ ô�Ç �� . [O� „½Ó ½̈› ¸ syntactic sugar•�H ƒ�� #Q\• ”��&ñ
 Dh–Ð î�r �̄	 �̀¦ ]j /BN 
�t � •�H ·ú§ •�H

�� .

áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f [O� „½Ó ½̈› ¸ syntactic sugar•�H áÔ–ÐÕªA� Q _� ¼#� _� \�¦ 0A K�" f

]j /BN |̈c ÷�r s�� � . áÔ–ÐÕªA� bç
 ƒ�� #Q ��^ ‰\�¦ ƒ�� ½̈
 � •�H �� |ÃÐ [þt“ Ér Õª •�� —̧Ž�H [O� „½Ó

�̀¦ \O� �±p þj ™è _� •ï# Q ëß– �̀¦ ��t �“ ¦ ƒ�� ½̈ ô�Ç �� . áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ %ƒo�
 � •�H z�́ 'Ÿ•

l� interpreter�� •��%i� l� compiler•̧ z�́ 'Ÿ• s�� � •��%i�„ �� \• áÔ–ÐÕª Ïþ› \• ÍÒ�94R e”� •�H —̧

Ž�H [O� „½Ó �̀¦ •ï# Q ëß– Ü¼–Ð ��r � æ¼ •�H •Œ• \O� �̀¦ ”�� 'Ÿ• ô�Ç �� . Õªo�
 �# Œ z�́ 'Ÿ• s�� � •��%i� “Ér

•Œ• “Ér •ï� �\ • @/K�" f ëß– &ñ
 _� K� Z�~ Ü¼ €�� ÷& •̧ 2Ÿ¤ .
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4.3 ƒ�� #Q v�Äºl � I: K --

4.3.1 áÔ–Ðr�4 R : "î
§ î
 ë�H \• s� 2£§ ·¡­ s�l �

Bj—̧o� ÅÒ™è ÷�r ��m�� � , "î
§ î
 ë�H \•• ¸ s� 2£§` �¦ ·¡­ {9� Ãº e”� •̧ 2Ÿ¤ 
�� � . ÕªA�" f Õª "î


§î
 ë�H �̀¦ ìøÍ 4Ÿ¤ K�" f æ¼t� ·ú§ “¦• ¸ s� 2£§ ëß– Ü¼–Ð Õª "î
§ î
 ë�H �̀¦ Ãº 'Ÿ• ½+É Ãº e”� •̧ 2Ÿ¤ .

›̧ �FK �8 ��� �� � , s� 2£§· ¡­“ Ér "î
§ î
 ë�H[þt` �¦ {9� ìøÍ� o K�" f “�� ��\ • _� K�" f ›̧ �FK m”� ��

•Ér {9� �̀¦ ½+É Ãº e”� •̧ 2Ÿ¤ 
�� � . \V \�¦ [þt #Q , •�� Ãº x_� °ú̄ �̀¦ {9� #Q"f 1�̀¦ �8 ô�Ç °ú̄ �̀¦

��r � æ¼ •�H "î
§ î
 ë�H Ð̃�� •�H , •�� Ãº x_� °ú̄ �̀¦ e”� _�_ � ß¼l� ëß– �pu 7£x ��r �v � •�H "î
§ î
 ë�H

Ü¼–Ð {9� ìøÍ� o 
�� � . Õª "î
§ î
 ë�H \• “�� ��� � e”� #Q"f “�� �� \�¦ :Ÿx K�" f 7£x ��r �v �“ ¦ z�· “Ér

€ªœ�̀¦ „�� ²ú̃½+É Ãº e”� •̧ 2Ÿ¤ . s� XO� >� “�� �� \�¦ ~ÃÎ •�H "î
§ î
 ë�H \• s� 2£§` �¦ ·¡­ “�� �̄	 �̀¦ áÔ–Ð

r�4 R procedure��“ ¦ ô�Ç �� .

s� 2£§` �¦ t� �̀¦ M: •�H †½Ó•©œ Õª Ä»´ò #3� 0A \�¦ &ñ
 
�• ¸ 2Ÿ¤ 
�Ù¼–Ð , l� ”>r _� let -"î
§ î
 ë�H

�̀¦ s� 6 x K�" f áÔ–Ðr�4 R \�¦ &ñ
 _�½+É Ãº e”� •̧ 2Ÿ¤ 
�� � :

C !
...

j let proc f ( x) = C in C

j f ( E)

let proc f ( x) = C in C0\•" f •�H ¿º>h _� s� 2£§ s� ‚��ƒ �� ÷& %3� �� . áÔ–Ðr�4 R s� 2£§

f ü< “�� �� s� 2£§ x. f •�H "î
§ î
 ë�H C_� s� 2£§ s�� � . x•�H áÔ–Ðr�4 R�� �� 6 x |̈c M: _� “��

�� °ú̄ �̀¦ Ð̃ ›'a 
� •�H Bj—̧o� ÅÒ™è _� s� 2£§ s�� � .

“�� �� s� 2£§ x_� Ä»´ò #3� 0A scope•�H Cs�� � . áÔ–Ðr�4 R s� 2£§ f _� Ä»´ò #3� 0A scope•�H

C0s�� � . F� )
  ñ Ø�¦ s� �� 0px ô�Ç áÔ–Ðr�4 R \�¦ 0A K�" f •�H f _� Ä»´ò #3� 0A •�H C0÷�r ��m�

�� C��t �• ¸ Ÿí †<Ê ÷& �� ô�Ç �� .

áÔ–Ðr�4 R \�¦ �� 6 x 
� •�H "î
§ î
 ë�H f ( E) “Ér f –Ð s� 2£§· ¡­“ Ér "î
§ î
 ë�H �̀¦ z�́ 'Ÿ• r� †�� �� .

Õª •�� X< , “�� ��– Ð E °ú̄ �̀¦ �� 6 x 
�� � •�H �̄	 s�� � .

_� p� \�¦ &ñ
 SX‰y� &ñ
 _� 
�� � . Äº ‚�� 8̈Š �â
 environments� SX‰•©œ•)a �� . s� 2£§ _� z�́ ‰̂•�H
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Bj—̧o� ÅÒ™è ÷�r ��m�� � áÔ–Ðr�4 R��t � Ÿí †<Ê •)a �� :

� 2 Env = Id �n! Addr + Procedure

Õª� Q�� áÔ–Ðt�4 R _� z�́ ‰̂ Procedure �� Áº %Á	 s� ÷& �� 
� •�H t�\ • ��� �" f áÔ–Ðr�4 R

_�  ñ Ø�¦ \• ›'a ô�Ç _� p�� � „�� )€ ²ú̃ �� |9� Ãº e”� �� .

4.3.2 s� 2£§ _� Ä»´ò #3� 0A

4.3.2.1 1lx &h� Ü¼–Ð ���&ñ
 ÷& •�H Ä»´ò #3� 0A

Äº ‚��

Procedure = Id � Command

–Ð &ñ
 _� K�˜ Ð�� .

Notation 2 ¿º |9� ½+Ë Aü< B�� e”� �̀¦ M: , A � B•�H ¿º |9� ½+Ë _� "é¶ ™è [þt _� Š©œÜ¼–Ð ½̈

$í
 •)a |9� ½+Ë �̀¦ >pw ô�Ç �� :

A � B = fha;bi j a 2 A; b2 Bg:

2

Bj—̧o� •�H •�� †<Ê\O� �� :

M 2 Mem = Addr �n! Val

` 2 Addr an index set

_� p� ½© gË: “Ér :
� f x 7! hx; C1ig ; M ` C ) M 0

� ; M ` let proc f ( x) = C1 in C ) M 0

� (f ) = hx; Ci ` 62Dom �
� ; M ` E ) v � f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` f ( E) ) M 0
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� áÔ–Ðr�4 R�� ‚��ƒ �� ÷& €�� áÔ–Ðr�4 R s� 2£§ _� z�́ ‰̂•�H K� {©œ "î
§ î
 ë�H õ� “�� �� s� 2£§

s� •)a �� .

� áÔ–Ðr�4 R  ñ Ø�¦ s� {9� #Q�� €�� “�� ��\ • @/K�" f •�H let -"î
§ î
 ë�H °ú  “Ér {9� s� ZO� #Q

”�� �� . Dh–Ð î�r Bj—̧o� ÅÒ™è \�¦ áÔ–Ðr�4 R “�� �� s� 2£§ Ü¼–Ð "î
" î
 
�“ ¦ Õª ÅÒ™è

\• “�� ��– Ð „�� ²ú̃½+É °ú̄ �̀¦ $• •©œ
�“ ¦ , áÔ–Ðr�4 R s� 2£§ s� t� g�A 
� •�H "î
§ î
 ë�H �̀¦ z�́

'Ÿ• ô�Ç �� .

áÔ–Ðr�4 R s� 2£§ s� t� g�A 
� •�H "î
§ î
 ë�H �̀¦ áÔ–Ðr�4 R 3lu: Ÿx s�� �“ ¦ ÂÒ •Ér �� .

0A_� _� p� &ñ
 _� \�¦ Ð̃ €�� , áÔ–Ðr�4 R  ñ Ø�¦“ Ér "î
§ î
 ë�H %7̃ Û¼àÔ�� ¹¡§ f”� s� •�H �̄	 õ�

°ú  “Ér ò́õ� \�¦ �� ”�� �� . áÔ–Ðr�4 R 3lu: Ÿx "î
§ î
 ë�H s� áÔ–Ðr�4 R  ñ Ø�¦ s� {9� #Q èß– /BM Ü¼–Ð

z�# Œ[þt #Qş̌ •�H .

s� XO� >� "î
§ î
 ë�H s� áÔ–ÐÕª Ïþ› îß– \•" f ¹¡§ f”� #Œ �� •�� �� €�� , áÔ–Ðr�4 R _� 3lu: Ÿx "î
§ î


ë�H îß– \• e”� •�H s� 2£§[ þt _� z�́ ‰̂•�H #Q b•G >� ���&ñ
 ÷& �� ½+É �� ? s� 2£§[ þt _� z�́ ‰̂�� áÔ–Ð

Õª Ïþ› %7̃ Û¼àÔ _� 0A u�– Ð ���&ñ
 ÷& �� 
� •�H X< , %7̃ Û¼àÔ�� z�́ 'Ÿ• ×�æ\• �̀…��� �m� •�H +þA ²DG

s� ÷& !Q §4� Ü¼m� .

\V \�¦ [þt #Q �� 6£§ _� áÔ–ÐÕª Ïþ› �̀¦ Òqt yŒ• 
�� � .

let x := 0 in
let proc inc(n) = x := x+n in

let x := 1 in (inc(1); write x)

áÔ–Ðt�3 9  ñ Ø�¦ inc(1) _� z�́ 'Ÿ• ×�æ\• 3lu: Ÿx "î
§ î
 ë�H x := x+n\• ��� �� � •�H x_�

z�́ ‰̂•�H #QÖ¼ �̄	 “�� �� ? 'Í	• �� P:– Ð ‚��ƒ �� •)a x“�� �� ? ¿º •�� P:– Ð ‚��ƒ �� •)a x“�� �� ?

0A_� _� p� &ñ
 _� \• ��ØÔ €�� , ¿º •�� P:– Ð ‚��ƒ �� •)a xs�� � . �= ��
 � €�� áÔ–Ðr�4 R��  ñ

Ø�¦ ÷& #Q 3lu: Ÿx "î
§ î
 ë�H s� z�́ 'Ÿ• |̈c M: _� 8̈Š �â
 “Ér áÔ–Ðr�4 R��  ñ Ø�¦ |̈c M: _� 8̈Š �â
 �̀¦ ‚ÃÐ

›̧
 �l � M: ë�H s�� � .

áÔ–Ðr�4 R 3lu: Ÿx "î
§ î
 ë�H îß– \• e”� •�H ��Ä» •�� Ãº free variabl[þt _� z�́ ‰̂�� Õª áÔ–Ðr�

4R�� #Qn�\ •" f  ñ Ø�¦ ÷& ��\ • ��� �" f ���&ñ
 •)a �� . 3lu: Ÿx "î
§ î
 ë�H _� 0A u�� � ��m�� � Õª

áÔ–Ðr�4 R _�  ñ Ø�¦ 0A u�\ • ��� � .
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s� XO� >� s� 2£§ _� z�́ ‰̂�� z�́ 'Ÿ• ×�æ\• ���&ñ
 ÷& •�H �̄	 �̀¦ 1lx &h� Ü¼–Ð Ä»´ò #3� 0A �� &ñ
 K�

”�� �� dynamic scoping��“ ¦ ô�Ç �� .

4.3.2.2 &ñ
&h� Ü¼–Ð ���&ñ
 ÷& •�H Ä»´ò #3� 0A

s� 2£§ _� z�́ ‰̂�� z�́ 'Ÿ•„ �� \• ���&ñ
 ÷& ��
 �t � ·ú§ �̀¦ �� ? &ñ
&h� Ä»´ò #3� 0A static scoping\�¦

Ä»t �
 �“ ¦ z�· �� .

áÔ–Ðr�4 R 3lu: Ÿx "î
§ î
 ë�H îß– \• e”� •�H ��Ä» •�� Ãº free variabl[þt _� z�́ ‰̂�� 3lu: Ÿx "î
§ î


ë�H _� 0A u�\ • _� K�" f p�o � ���&ñ
 ÷& �� 
�t � ·ú§ �̀¦ �� ? Õª áÔ–Ðr�4 R�� #Qn�\ •" f  ñ

Ø�¦ ÷& ��\ • ��� �" f z�́ 'Ÿ• ×�æ\• ��s �� � b”� 
�> � ���&ñ
 ÷& •�H �̄	 Ð̃�� •�H .

ÕªA�� � áÔ–ÐÕª Ïþ› �̀¦ s�K�
 �l � /'0 > ”�� �� . áÔ–ÐÕª Ïþ› �̀¦ s�K�
 �l � çß–éß– 
�“ ¦ /'

î�r ~½Ó d”� s�� � . Õªo�“ ¦ s� �̄	 s� Ãº †<Æ\•" f “�� ÀÓ�� 2000̧�� s� •©œ �� 6 x ô�Ç ½© gË: s�l �• ¸


�� � .

s� �̄	 �̀¦ 0A K�" f •�H áÔ–Ðr�4 R _� _� p�� � “�� �� s� 2£§ õ� 3lu: Ÿx "î
§ î
 ë�H _� Š©œÜ¼–Ð •�H

ÂÒ 7á¤ 
�� � . Õª áÔ–Ðr�4 R�� &ñ
 _� ÷& •�H 0A u�\ •" f _� 8̈Š �â
 ��t � ��t �“ ¦ e”� #Q�� ô�Ç �� :

Procedure = Id � Command� Env

s� XO� >� ÷& €�� áÔ–Ðr�4 R &ñ
 _� ü<  ñ Ø�¦ _� _� p�� � ��A�ü < °ú  s� &ñ
 _� •)a �� :

� f x 7! hx; C1; � ig ; M ` C ) M 0

� ; M ` let proc f ( x) = C1 in C ) M 0

� (f ) = hx; C; � 0i ` 62Dom � 0

� ; M ` E ) v � 0f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` f ( E) ) M 0

4.3.3 áÔ–Ðr�4 R  ñ Ø�¦ ~½Ó ZO�

t� �FK ��t � •�H °ú̄ „�� ²ú̃  ñ Ø�¦ call-by-values�� � :

� (f ) = hx; C; � 0i ` 62Dom � 0

� ; M ` E ) v � 0f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` f ( E) ) M 0
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76 l�> � ×�æd”� _� ƒ�� #Q

 ñ Ø�¦ |̈c M: “�� �� d”� E_� °ú̄ v�� áÔ–Ðr�4 R _� “�� �� s� 2£§ formal parameter\• „�� ²ú̃ ÷& “¦

áÔ–Ðr�4 R 3lu: Ÿx "î
§ î
 #Q�� z�́ 'Ÿ• •)a �� .

Õª •�� X< , s� 2£§ s� >pw 
� •�H Bj—̧o� ÅÒ™è \�¦ „�� ²ú̃ K� ×�¦ ~½Ó ZO� s� e”�%3� Ü¼ €�� ô�Ç �� . Õª

�Ql� 0A K�" f •�H Äº ‚�� , áÔ–Ðr�4 R  ñ Ø�¦ë �H _� Òqt ”̂� DhÂÒ'• ½̈ ì�r` �¦ K� ÅÒ�� . °ú̄ „�� ²ú̃

 ñ Ø�¦ call-by-value“�� �â
 Äºü< ÅÒ™è „�� ²ú̃  ñ Ø�¦ call-by-reference“�� �â
 Äº \�¦ :

C !
...

j let proc f ( x) = C in C

j f ( E)

j f <x>

ÅÒ™è „�� ²ú̃  ñ Ø�¦ call-by-reference_� &ñ
 _� •�H �� 6£§ õ� °ú  �� :

� (f ) = hx; C; � 0i
� 0f x 7! � (y)g; M ` C ) M 0

� ; M ` f <y> ) M 0

s� XO� >� ÷& €�� , �� •Ér s� 2£§ s� °ú  “Ér Bj—̧o� ÅÒ™è \�¦ t� g�A ½+É Ãº e”� >� •)a �� . °ú  “Ér

@/ •©œ�̀¦ t� g�A 
� •�H �� •Ér ¿º>h _� s� 2£§[ þt , Z>�" î
 aliass� Òqt l�> � •)a �� .

Z>�" î
 s� ú́§ ��t � €�� áÔ–ÐÕª Ïþ› �̀¦ s�K�
 �l �� � #Q�9 0A t�t � ·ú§ �̀¦ �� ? :£¤ y� , Z>�" î


[þt s� áÔ–Ðr�4 R  ñ Ø�¦ \• _� K�" f z�́ 'Ÿ• ×�æ\• ëß– [þt #Q ”�� �� . áÔ–Ðr�4 R f _� “�� �� s�

2£§ formal parameters� x��“ ¦ 
� €�� , f <y>\• _� K�" f •�H xü< y�� Z>�" î
 s� ÷& %3� ��� � , ¢̧

�� •Ér  ñ Ø�¦ f <z>\• _� K�" f •�H xü< z�� Z>�" î
 s� •)a �� . s� •�� ��s �� �p � 7£§ , ™D¥1lx Û¼ XO�

�� . s� •�� 4Ÿ¤ ú̧šô�Ç •©œS!� �̀¦ t� "é¶ 
� •�H ƒ�� #Q •�H �� |ÃÐ f”� ô�Ç �� ?
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4.3 ƒ�� #Q v�Äºl � I: K -- 77

4.3.4 F� )
  ñ Ø�¦

_� p� &ñ
 _� \�¦ Ð̃ €�� , F� )
  ñ Ø�¦“ Ér Ô�¦ �� 0px Ùþ¡ �� :

� (f ) = hx; C; � 0i ` 62Dom � 0

� ; M ` E ) v � 0f x 7! `g; M f ` 7! vg ` C ) M 0

� ; M ` f ( E) ) M 0

3lu: Ÿx "î
§ î
 ë�H îß– \• �� ’�� _� áÔ–Ðr�4 R s� 2£§ f �� ��� �� � €�� �� ’�� e”� �̀¦ 8̈Š �â
 environment

� 0\•" f ·ú̃ �9 1> �� ô�Ç �� . Õª� Q�� � 0•�H áÔ–Ðr�4 R�� &ñ
 _� ÷& •�H 0A u� \�¦ yŒ™�� •�H 8̈Š �â


s� %3� �� .

F� )
  ñ Ø�¦` �¦ t� "é¶ 
� •�H _� p� &ñ
 _� •�H ��A�ü < °ú  �� :

� (f ) = hx; C; � 0i ` 62Dom � 0

� ; M ` E ) v � 0f x 7! `gf f 7! hx; C; � 0ig ; M f ` 7! vg ` C ) M 0

� ; M ` f ( E) ) M 0
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78 l�> � ×�æd”� _� ƒ�� #Q

4.3.5 "î
§ î
 ë�H õ� d”� _� :Ÿx ½+Ë

áÔ–Ðr�4 R  ñ Ø�¦“ Ér "î
§ î
 ë�H s� %3� �� . Bj—̧o�\ • ìøÍ 6£x` �¦ {9� Ü¼v� •�H . áÔ–Ðr�4 R  ñ Ø�¦ _�

��� õ� –Ð °ú̄ s� >� íß– ÷& >� 
�“ ¦ z�· Ü¼ €�� ? Bj—̧o� \�¦ •�� �o r� †�� Êê\ • þj 7áx &h� Ü¼–Ð #Q

Ö¼ °ú̄ �̀¦ ��� õ� –Ð ?/ Z�~•�H d”� s� e”� Ü¼ €�� #Q ‹"� �� ? C\•" f •�H return E�� •�H "î
§ î
 ë�H

s� s� %i� ½+É �̀¦ ô�Ç �� .

Õª •�� X< Òqt yŒ• K� Ð̃�� . "î
§ î
 ë�H õ� d”� , ¿º ��t �� � õ� ƒ�� �� •Ér �̄	 [þt “�� �� ? Bj—̧o�

\• °ú̄ �̀¦ jþt Ãº e”� •�H �̄	 õ� Bj—̧o� \�¦ {9� l� ëß– 
� •�H �̄	 . ��� õ� °ú̄ s� \O� •�H �̄	 õ� ��� õ�

°ú̄ s� e”� •�H �̄	 . 
�� �– Ð ½+Ë }9� Ãº e”� �� . d”� _� z�́ 'Ÿ•� �� õ� •�H †½Ó•©œ #Q ‹"� °ú̄ s� •)a �� .

Õªo�“ ¦ d”� “Ér Bj—̧o� •�� �o \�¦ {9� Ü¼ ~�́ Ãº •̧ e”� �� .

d”� Expression E ! skip

j x := E j E ; E

j if E then E else E

j while E do E

j for x := E to E do E

j read x j write E

j let x := E in E

j let proc f ( x) = E in E

j f ( E) j f <x>

j n (n 2 Z)

j true j false

j x

j E + E j - E

j E < E j not E

áÔ–ÐÕª Ïþ› P ! E

ÕªA�" f áÔ–ÐÕªA� Q •�H �8 ¹¡¤ çß–éß–ô�Ç ƒ�� #Q \�¦ ��t �“ ¦ �8 ¹¡¤ ��Ä» \�v >� áÔ–ÐÕª Ïþ› 
�> �

|̈c �̄	 s�� � . çß–éß–ô�Ç s�Ä» •�H —̧Ž�H �̄	 “Ér d”� s�Ù¼–Ð . ��Ä»Û¼�Q î�r s�Ä» •�H d”� õ� "î
§ î


ë�H s� ]j ô�Ç\O� s� [O� {9� Ãº e”� Ü¼Ù¼–Ð . "î
§ î
 ë�H õ� d”� , ¿º� �t � �� •Ér �� {9� _� áÔ–ÐÕª Ïþ›
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4.3 ƒ�� #Q v�Äºl � I: K -- 79

ÂÒ ¾¡§` �¦ î�r6  x ½+É €9� ¹̄� � \O� �� .

_� p� &ñ
 _� •�H

� ; M ` E ) v; M 0

�̀¦ 7£x "î
 
� •�H ½© gË: [þt –Ð :Ÿx {9� •)a �� . "î
§ î
 ë�H[þt“ Ér _� p� \O� •�H ‘�� °ú̄ \ �" �̀¦ >� íß–ô�Ç ��

“¦ 
�� � :

Val = Z + B + f�g

z�́ “Ér , áÔ–ÐÕª Ïþ› \•" f Dh–Ð î�r �� {9� _� °ú̄ �̀¦ �� Ò�¦ Ãº e”� >� 
�� 9 €�� , Õª ƒ�� #Q •�H Õª |9�

½+Ë _� °ú̄ �̀¦ ëß– [þt “¦ �� 6 x 
� •�H ë�H ZO� �̀¦ ]j /BN K� ÅÒ>� •)a �� . Dh–Ð î�r °ú̄ ��̀¦ ëß– ×¼ •�H ë�H

ZO� “Ér ? s�p � e”� •�H skip "î
§ î
 ë�H s� Õª °ú̄ �̀¦ ëß– ×¼ •�H d”� s�� �“ ¦ 
�� � .  é
 ²ú̃ ��" f , s�

„�� _� —̧Ž�H "î
§ î
 ë�H[þt s� Õª °ú̄ �̀¦ ëß– ×¼ •�H d”� s�� �“ ¦ ô�Ç �̄	 s�� � . Õªo�“ ¦ �\�¦ �� 6 x 
�

•�H ë�H ZO� “Ér \O� �� . Ô�¦ 'Ÿ• 
�> �• ¸ �“Ér ëß– [þt #Qt�l � ëß– 
�“ ¦ �� 6 x ½+É X< •�H \O� •�H Áº _� p�

ô�Ç °ú̄ s�� � .

� ; M ` E ) v; M 0

� ; M ` E1 ) v � f x 7! `g; M f ` 7! vg ` E2 ) v0; M 0

� ; M ` let x := E1 in E2 ) v0; M 0 ` 62Dom M

� f x 7! hx; E1; � ig ; M ` C ) v; M 0

� ; M ` let proc f ( x) = E1 in E ) v; M 0

� ; M ` skip ) �; M

� ; M ` E ) v; M 0

� ; M ` x := E ) v; M 0f � (x) 7! vg

� ; M ` E1 ) v1; M 1 � ; M 1 ` E2 ) v2; M 2

� ; M ` E1 ; E2 ) v2; M 2

� ; M ` E ) true; M 0 � ; M 0 ` E1 ) v; M 00

� ; M ` if E then E1 else E2 ) v; M 00

� ; M ` E ) false; M 0 � ; M 0 ` E2 ) v; M 00

� ; M ` if E then E1 else E2 ) v; M 00
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80 l�> � ×�æd”� _� ƒ�� #Q

� ; M ` E1 ) false; M 0

� ; M ` while E1 do E2 ) �; M 0

� ; M ` E1 ) true; M 0 � ; M ` E2 ) v; M 1 � ; M 1 ` while E1 do E2 ) v; M 2

� ; M ` while E1 do E2 ) v; M 2

� ; M ` E1 ) n1; M 0 � ; M ` E2 ) n2; M 00

� ; M 00f x 7! n1 + 0g ` C ) v0; M 0

...

� ; M n2 � n1 � 1f x 7! n1 + (n2 � n1)g ` C ) vn2 � n1 ; M n2 � n1

� ; M ` for x := E1 to E2 do C ) �; M n2 � n1

n2 � n1

� (f ) = hx; E 0; � 0i ` 62Dom � 0

� ; M ` E ) v; M 0 � 0f x 7! `gf f 7! hx; E 0; � 0ig ; M 0f ` 7! vg ` E 0 ) v0; M 00

� ; M ` f ( E) ) v0; M 00

� ; M ` read x ) n; M f � (x) 7! ng

� ; M ` E ) v; M 0

� ; M ` write E ) v; M 0

� ; M ` n ) n; M

� ; M ` x ) M (� (x)); M

� ; M ` E1 ) n1; M 1 � ; M 1 ` E2 ) n2; M 2

� ; M ` E1 + E2 ) n1 + n2; M 2

� ; M ` E ) n; M 0

� ; M ` - E ) � n; M 0

� ; M ` E1 ) n1; M 1 � ; M ` E2 ) n2; M 2

� ; M ` E1 < E2 ) n1 < n2; M 2

� ; M ` E ) b;M 0

� ; M ` not E ) not b;M 0
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4.3 ƒ�� #Q v�Äºl � I: K -- 81

4.3.6 Bj—̧o� ›'a o�

K-- áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• \• @/K�" f Òqt yŒ• K� Ð̃�� . (Ž� ÉÓ'• •�H K-- áÔ–ÐÕª Ïþ› �̀¦ �� 1lx

Ü¼–Ð z�́ 'Ÿ• K� ï�r �� . áÔ–ÐÕª Ïþ› �̀¦ ½̈ $í
 
� •�H d”� _� _� p� &ñ
 _� \• ��� � (Ž� ÉÓ'• •�H #Q

”̂�\ O� s� z�́ 'Ÿ• ½+É ÷�r s�� � .

s� M: áÔ–ÐÕª Ïþ› s� ™è—̧
 � •�H �� "é¶ “Ér (Ž� ÉÓ'• _� r� çß– õ� Bj—̧o�s �� � . (Ž� ÉÓ'• _�

r� çß– “Ér Áº ô�Ç 
�t � ëß– Bj—̧o� •�H Ä» ô�Ç 
�� � . áÔ–ÐÕª Ïþ› s� ô�Ç \O� s� (Ž� ÉÓ'• Bj—̧o� \�¦

™è—̧ ½+É Ãº •�H \O� �� .

Bj—̧o�� � #Qn�\ •" f ™è—̧÷& •�H t� Ð̃�� . áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ×�æ\• Bj—̧o� •�H let -d”�

õ� áÔ–Ðr�4 R  ñ Ø�¦ d”� _� z�́ 'Ÿ• �̀¦ 0A K� 
�� � m”� ™è—̧ •)a �� :

� ; M ` E1 ) v � f x 7! `g; M f ` 7! vg ` E2 ) v0; M 0

� ; M ` let x := E1 in E2 ) v0; M 0 ` 62Dom M

� (f ) = hx; E 0; � 0i ` 62Dom � 0

� ; M ` E ) v; M 0 � 0f x 7! `gf f 7! hx; E 0; � 0ig ; M 0f ` 7! vg ` E 0 ) v0; M 00

� ; M ` f ( E) ) v0; M 00

let -d”� \•" f ‚��ƒ �� •)a s� 2£§ õ� áÔ–Ðr�4 R _� “�� �� s� 2£§` �¦ 0A K�" f B� •�� Dh–Ð î�r Bj—̧o�

�� ™è—̧ •)a �� . Õªo�“ ¦ , ™è—̧÷& l� ëß– ô�Ç �� . ™è—̧÷& l� ëß– ô�Ç �� . ™è—̧÷& l� ëß– ô�Ç �� .

let -d”� õ� áÔ–Ðr�4 R  ñ Ø�¦ s� ú́§ “Ér S�• Ãº ìøÍ 4Ÿ¤ ÷& >�÷ & €�� ƒ�� H$™�� •�H (Ž� ÉÓ'•� � Bj

—̧o� ÂÒ 7á¤ Ü¼–Ð áÔ–ÐÕª Ïþ› z�́ 'Ÿ• �̀¦ 3lw 
�> � •)a �� . Bj—̧o� •�H Ä» ô�Ç 
�l � M: ë�H s�� � .

��� �" f Bj—̧o� •�H F� •Ö̧ 6 x ÷& �� ô�Ç �� . #QÖ¼ Bj—̧o�� � F� •Ö̧ 6 x ÷& �� 
�� � ? áÔ–Ð

Õª Ïþ› z�́ 'Ÿ• ×�æ\• �� 6 x ô�Ç Bj—̧o� ×�æ\•" f ·ú¡ Ü¼–Ð �8 s� •©œ �� 6 x ÷& t� ·ú§ �̀¦ Bj—̧o�� � .

Õª •�� Bj—̧o� \�¦ #Q b•G >� ·ú̃ �� è­q Ãº e”� �� ? ·ú¡ Ü¼–Ð �8 s� •©œ �� 6 x îß– |̈c Bj—̧o�

\�¦ .

K-- áÔ–ÐÕª Ïþ› \•" f •�H ~1� �� . Bj—̧o� ÅÒ™è _� �� 6 x l� çß– s� /BI Õª ÅÒ™è _� s� 2£§

_� Ä»´ò #3� 0A s�l � M: ë�H s�� � . Bj—̧o� ÅÒ™è •�H 
�� � _� s� 2£§ ëß– ·¡­ “¦ Õª s� 2£§` �¦ :Ÿx

K�� � ëß– Õª Bj—̧o� ÅÒ™è \�¦ �� 6 x ½+É Ãº e”� l� M: ë�H s�� � . ��� �" f s� 2£§ _� Ä»´ò #3� 0A

�� =åQ �� €�� Õª s� 2£§ s� t� g�A 
� •�H Bj—̧o� •�H �8 s� •©œ �� 6 x |̈c ~½Ó ZO� s� \O� �� .

��� �" f K-- áÔ–ÐÕª Ïþ› \•" f •�H s� 2£§ _� Ä»´ò #3� 0A �� =åQ �� •�H /BM \•" f Õª s� 2£§ s�

·¡­“ Ér Bj—̧o� ÅÒ™è \�¦ F� •Ö̧ 6 x 
� €�� •)a �� . Õª /BM s� #Qn� “�� �� ? let -d”� _� ��t � }Œ• s�
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82 l�> � ×�æd”� _� ƒ�� #Q

�� áÔ–Ðr�4 R 3lu: Ÿx (“�� �� s� 2£§ _� Ä»´ò #3� 0A )_� ��t � }Œ• s�� � . Õª /BM s� ‚��ƒ �� ô�Ç s� 2£§

[þt _� Ä»´ò #3� 0A �� =åQ �� •�H /BM s�� � .

Õª� Q�� , ƒ�� #Q�� 7á§ �8 SX‰•©œ ÷& €�� , s� XO� >� çß–éß–ô�Ç Bj—̧o� F� •Ö̧ 6 x garbage collec-

tions� çß–éß– u� ·ú§ >� •)a �� . Bj—̧o� ÅÒ™è� � áÔ–ÐÕª Ïþ› d”� _� ��� õ� °ú̄ Ü¼–Ð áÔ–ÐÕª Ïþ› _�

#Œl�$ •l � \�¦ f�Ë �Q��m�> � ÷& €�� , Õª Bj—̧o� ÅÒ™è _� �� 6 x l� çß– “Ér Õª ÅÒ™è\ • ·¡­“ Ér s�

2£§ _� Ä»´ò #3� 0A ü< {9� u�
 �t � ·ú§ >� •)a �� . s� •�� ƒ�� #Q\•" f _� Bj—̧o� F� •Ö̧ 6 x garbage

collection ë�H ]j •�H 4.4.3]X� \•" f �� ê�r �� .

4.4 ƒ�� #Q v�Äºl � I I: K -

K-- •�H Õª XO� 1pw 
�� � . s� 2£§ ·¡­ {9� Ãº e”� •�H �̄	 “Ér Bj—̧o� ÅÒ™èü< áÔ–ÐÕª Ïþ› •ï×¼ . s�

2£§ _� Ä»´ò #3� 0A scope�� e”� “¦ , F� )
  ñ Ø�¦ recursive calls� �� 0px 
�“ ¦ , °ú̄ „�� ²ú̃  ñ Ø�¦ call-

by-valueõ� ÅÒ™è „�� ²ú̃  ñ Ø�¦ call-by-references� �� 0px 
�“ ¦ . while -d”� õ� for -d”� Ü¼–Ð ìøÍ

4Ÿ¤ s� �� 0px 
�“ ¦ .

4.4.1 YU•ï×¼ : ½̈› ¸� � e”� •�H X<s�� � , <�Ê“Ér Bj—̧o� Óüæu�

Õª •�� X< , o�Û¼àÔ list�� ��Áº½̈ › ¸ tree\�¦ ëß– [þt “¦ �� 6 x 
� •�H áÔ–ÐÕª Ïþ› �̀¦ Âú̃ Ãº e”� •�H �� ?

�� 1lx 	� \�¦ ëß– [þt “¦ �� 6 x 
� •�H áÔ–ÐÕª Ïþ› �̀¦ Âú̃ Ãº e”� •�H �� ? |9� ½+Ë �̀¦ ëß– [þt “¦ �� 6 x 
�

•�H áÔ–ÐÕª Ïþ› �̀¦ Âú̃ Ãº e”� �’x •�H �� ?

½+É Ãº •�H e”� �� . Õª •�� ½̈› ¸ Óüt[ þt` �¦ &ñ
 Ãº� � ‚ÃÐ / �� f±	 Ü¼–Ð ³ð ‰&³ 
� •�H ~½Óîß–ëß– &ñ
 ô�Ç

�� €�� . Õª� Q�� , ’<H ~1� >� �� Ò�¦ Ãº e”� •̧ 2Ÿ¤ áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f t� "é¶ s� ÷& €�� a%~ �’x

�� . l�œí &h� “�� °ú̄ primitive value(&ñ
 Ãº� � ‚ÃÐ / �� f±	 ) s�ü @_� , ½̈› ¸� � e”� •�H °ú̄ compound

value\�¦ áÔ–ÐÕª Ïþ› \•" f ’<H ~1� >� �� Ò�¦ Ãº e”� •̧ 2Ÿ¤ .

l�œí &h� “�� °ú̄ \�¦ Ð̃ ›'a 
� •�H X< •�H Bj—̧o� ÅÒ™è 
�� �– Ð Ø�æì�r Ùþ¡ �� . ½̈› ¸� � e”� •�H

°ú̄ “Ér #Œ�Q>h _� Bj—̧o� ÅÒ™è� � €9� ¹̄
 �� � . �= ��
 � €�� \ ½̈› ¸ "êøÍ ›'a >� \�¦ ��t � •�H �̄	

s�“ ¦ ›'a >� •�H #Œ�Q>h [þt` �¦ =åJ #Q [þt #Œ ³ð ‰&³ ½+É Ãº µ1Ú \• \O� l� M: ë�H s�� � .

½̈› ¸� � e”� •�H °ú̄ �̀¦ ��ÀÒ •�H X< •�H Bj—̧o� Óüæu� \�¦ 
�� � _� éß–0A –Ð s� 2£§ f±	 “¦ áÔ

–ÐÕª Ïþ› ½+É Ãº e”� Ü¼ €�� ¼#� o� ½+É �̄	 s�� � . Bj—̧o� Óüæu� •�H Bj—̧o� ÅÒ™è� � 
�� � s� •©œ

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



4.4 ƒ�� #Q v�Äºl � I I: K - 83

—̧#Œe”� •�H �̄	 s�� � . Õª •�� �̄	 [þt` �¦ YU•ï×¼ record��“ ¦ 
�� � . C\•" f •�H struct ��“ ¦ ô�Ç

�� . Õªo�“ ¦ Õª Óüæu� îß– \• e”� •�H yŒ•y Œ•_� Bj—̧o� ÅÒ™è [þt •̧ s� 2£§ s� e”� �� . Õª� Q ô�Ç

s� 2£§[ þt` �¦ YU•ï×¼ €9� ×¼��“ ¦ ÂÒØÔ�� . ‚ÃÐ “¦– Ð , C� \P� array•̧ Bj—̧o� Óüæu�� � , yŒ•y Œ•

_� Bj—̧o� ÅÒ™è [þt _� s� 2£§ s� �� ƒ�� Ãº “�� .

s�] j YU•ï×¼�� áÔ–ÐÕª Ïþ› \•" f 
�� � _� °ú̄ s� ÷& #Q ��Ä» \�v >� jþt Ãº e”� •̧ 2Ÿ¤ ½+É

�̄	 s�� � . Äº ‚�� YU•ï×¼�� •�H °ú̄ �̀¦ �� 6£§ õ� °ú  s� &ñ
 _� 
�� � :

r 2 Record = Id �n! Addr

ô�Ç YU•ï×¼ êøÍ Bj—̧o� Óüæu� [þt s�“ ¦ Óüæu� îß–_� yŒ• Bj—̧o� ÅÒ™è� � s� 2£§ s� ·¡­“ Ér �̄	 s�

�� . 
�� � _� Ä» ô�Ç †<Ê Ãº (_…s� �̂¦ )–Ð Òqt yŒ•½+É Ãº e”� �� :

f x1 7! `1; � � � ; xn 7! `ng:
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s�] j °ú̄ [þt“ Ér YU•ï×¼��t � Ÿí †<Ê 
�> �÷ & “¦ , Bj—̧o� •�H YU•ï×¼ \�¦ Ð̃ ›'a ½+É Ãº e”� >� •)a

�� :

v 2 Val = Z + B + f�g + Record

M 2 Mem = Addr �n! Val

áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f YU•ï×¼ \�¦ ëß– [þt “¦ �� 6 x 
� •�H ë�H ZO� s� ��A�ü < °ú  s� ]j /BN •)a

�� :

E !
...

j {}

j { x := E; y := E}

j E:x

j E:x := E

YU•ï×¼ €9� ×¼ _� Ãº (Bj—̧o� Óüæu� _� Bj—̧o� Ãº )�� 0s�� �� � 2>h “�� �̄	 ëß– Òqt yŒ• K�• ¸

Ø�æì�r 
�� � .

_� p� &ñ
 _� •�H �� 6£§ õ� °ú  �� :

� ; M ` { } ) �; M

� ; M ` E1 ) v1; M 1 � ; M 1 ` E2 ) v2; M 2

� ; M ` { x := E1; y := E2} ) f x 7! `1; y 7! `2g; M 2f `1 7! v1gf `2 7! v2g
f `1; `2g 6� Dom M 2

� ; M ` E ) r; M 0

� ; M ` E:x ) M 0(r (x)); M 0

� ; M ` E1 ) r; M 1 � ; M 1 ` E2 ) v; M 2

� ; M ` E1:x := E2 ) v; M 2f r (x) 7! vg

YU•ï×¼\• s� 2£§` �¦ ·¡­ s�“ ¦“ ¦ , YU•ï×¼ _� €9� ×¼�� ��A�ü < °ú  s� �� 6 x •)a �� .

let
item := {id := 200012, age := 20}

in
item.id + item.age
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s�] j •�H ��Áº� � áÔ–ÐÕª Ïþ› 
�l � ~1� �� . ��Áº _� yŒ• ”̧×¼�� YU•ï×¼�� •)a �� . €9� ×¼

•�H left , v, right s�� � .

let
tree := {left:={}, v:=0, right:={}}

in
tree.right := {left:={}, v:=2, right:=3};
shake(tree)

YU•ï×¼�� Bj—̧o� Óüæu� \�¦ >pw 
� €�� "f , Õªo�“ ¦ YU•ï×¼�� °ú̄ s� ÷& €�� "f , Bj—̧o�

ÅÒ™è _� �� 6 x l� çß– �̀¦ çß–éß– y� ·ú̃ Ãº \O� >� •)a �� :

...
f( let

tree := {left:={}, v:=0, right:={}}
in
tree

)
...

0A_� �â
 Äº tree _� Ä»´ò #3� 0A •�H let -d”� \• ô�Ç&ñ
 ÷& t� ëß– , let -d”� _� ��� õ� –Ð ëß– [þt

#Qt� •�H YU•ï×¼ (Bj—̧o� Óüæu� )[þt“ Ér áÔ–Ðr�4 R f –Ð „�� ²ú̃ ÷& #Q �� 6 x ÷& >� •)a �� . Bj—̧

o� F� •Ö̧ 6 x garbagecollections� #Q�9 0> ”�� �� ( 4.4.3]X� ).

4.4.2 Ÿí “�� '• : Bj—̧o� ÅÒ™è \�¦ X<s�� �– Ð

t� �FK ��t � áÔ–ÐÕª Ïþ› \•" f °ú̄ Ü¼–Ð î�r6 x ÷& •�H �̄	 [þt“ Ér &ñ
 Ãº , ‚ÃÐ / �� f±	 , �, Õªo�“ ¦ YU•ï

×¼ %i� �� :

Val = Z + B + f�g + Record

Õª �̄	 [þt“ Ér ��Ä»� �] j– Ð �� 6 x •)a �� . •�� Ãº\ • $• •©œ÷& l�• ¸ 
�“ ¦ , áÔ–Ðr�4 R\• „�� ²ú̃ ÷&

l�• ¸ 
�“ ¦ , áÔ–Ðr�4 R _� ��� õ�° ú̄ s� |̈c Ãº •̧ e”� “¦ , ¢̧ YU•ï×¼\• $• •©œ÷& l�• ¸ ô�Ç �� .

áÔ–ÐÕª Ïþ› d”� _� >� íß– ��� õ� –Ð ëß– [þt #Q t� •�H �̄	 [þt s� %3� �� .
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�� •Ér yŒ• •̧\ •" f s�� �l � 
� €�� , °ú̄ [þt –Ð ��Ä» \�v >� î�r6  x |̈c Ãº e”� •�H �̄	 [þt s� êøÍ , ìøÍ

×¼r� s� 2£§ s� ·¡­ #Q e”� �̀¦ €9� ¹̄� � \O� s� >� íß– ÷& •�H �̄	 [þt s�l �• ¸
 �� � . &ñ
 Ãº� �� � s� 2£§

�̀¦ ·¡­ #Œ"f +‹� � ô�Ç �� €�� \O� ��� � )
¹ 1Þ “Ér {9� “�� �� ? YU•ï×¼��� � s� 2£§ s� e”� #Q�� ô�Ç

�� €�� ? &ñ
 Ãº \�¦ �8 ½+É M: ��� � Õª ��� õ� \• s� 2£§` �¦ ·¡­ #Œ�� ëß– Õª ��� õ� \�¦ �� 6 x ½+É Ãº

e”� �� €�� ? Ô�¦ ¼#� ½+É �̄	 s�� � . Ô�¦ î̈
 “Ér &ñ
 {©œ½+É �̄	 s�� � .

Õª •�� X< , t� �FK ��t � †½Ó•©œ s� 2£§` �¦ ·¡­ #Œ�� ëß– �� 6 x ½+É Ãº e”� •�H °ú̄ [þt s� e”�%3� �� . ¿º

��t � %i� �� . Bj—̧o� ÅÒ™èü< áÔ–ÐÕª Ïþ› d”� (áÔ–Ðr�4 R )s� %i� �� .

Bj—̧o� ÅÒ™è \�¦ s� 2£§ \O� s�• ¸ jþt Ãº e”� >�
 �� � . (áÔ–Ðr�4 R\• ��$ •\ •• ¸ s� 2£§` �¦

·¡­ {9� €9� ¹̄� � \O� s� ��Ä»� �F � _� °ú̄ s� ÷& •�H ~½Óîß– “Ér 5•©œ\•" f �� ƒ�� Û¼ XO� >� 1px •©œô�Ç

�� .) 7£¤ , s�] j •�H °ú̄ [þt ×�æ\• Bj—̧o� ÅÒ™è� � °ú̄ s� ÷& >� K�˜ Ð�� :

Val = Z + B + f�g + Record + Addr

áÔ–ÐÕª Ïþ› \•" f Bj—̧o� ÅÒ™è \�¦ °ú̄ Ü¼–Ð �� Ò�¦ Ãº e”� >� 
�� 9 €�� , Õª ƒ�� #Q •�H Bj—̧o� ÅÒ

™è °ú̄ �̀¦ ëß– [þt “¦ �� 6 x 
� •�H ë�H ZO� �̀¦ ]j /BN K� 1> �� ô�Ç �� . ��A�ü < °ú  �� :

E !
...

j malloc E

j &x j &E:x

j *E

j *E := E

malloc Eü< &-d”� “Ér Bj—̧o� ÅÒ™è °ú̄ �̀¦ ëß– ×¼ •�H d”� s�� � . malloc E•�H Dh–Ð î�r Bj—̧

o� ÅÒ™è \�¦ ½+É {©œ~ÃÎ ��" f Õª r� •Œ• ÅÒ™è \�¦ °ú̄ Ü¼–Ð 
� •�H d”� s�� � . &-d”� “Ér Bj—̧o� ÅÒ

™è _� s� 2£§ Ü¼–Ð ÂÒ'• Õª ÅÒ™è \�¦ ��4 Rş̌ •�H d”� s�� � . *Eü< *E := E•�H Bj—̧o� ÅÒ

™è\ • $• •©œ•)a °ú̄ �̀¦ ��4 Rş̌ � �� � Õª ÅÒ™è\ • °ú̄ �̀¦ $• •©œ
� •�H d”� s�� � .

Exercise 1 YU•ï×¼ •�H Bj—̧o� ÅÒ™è Óüæu�s �“ ¦ , YU•ï×¼ •�H °ú̄ s�Ù¼–Ð , YU•ï×¼ \�¦ s�

6 x K�" f Bj—̧o� ÅÒ™è� � °ú̄ Ü¼–Ð #Œ��t � •�H áÔ–ÐÕª Ïþ› �̀¦ ½+É Ãº •�H e”� �� . #Q b•G >� ?
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_� p� &ñ
 _� •�H �� 6£§ õ� °ú  �� .

� ; M ` E ) n; M 0

� ; M ` malloc E ) `; M 0 n > 0; f `; ` + 1; � � � ; ` + n � 1g 6� Dom M 0

� ; M ` &x ) � (x); M

� ; M ` E ) r; M 0

� ; M ` &E:x ) r (x); M 0

� ; M ` E ) `; M 0

� ; M ` *E ) M 0(`); M 0

� ; M ` E1 ) `; M 1 � ; M 1 ` E2 ) v; M 2

� ; M ` *E1 := E2 ) v; M 2f ` 7! vg

*E•�H Õª ��^ ‰�� d”� “�� �â
 Äºü< Bj—̧o� t� &ñ
 ë�H _� ¢,a Aá¤ \• e”� �̀¦ �â
 Äº , _� p�� �

��ØÔ�� . •�� Ãº x�� t� &ñ
 ë�H _� ¢,a Aá¤ s�� � ş̌ •ÉrAá¤ s�� �\ • ��� � _� p�� � ²ú̃ �� &’� 1pw s� .

*E �� t� &ñ
 ë�H _� ¢,a Aá¤ \• e”� •�H �â
 Äº •�H E�� >pw 
� •�H Bj—̧o� ÅÒ™è °ú̄ �̀¦ >pw ô�Ç �� . †½Ó

•©œ Bj—̧o� ÅÒ™è#Œ�� ô�Ç �� . *E �� t� &ñ
 ë�H _� ş̌ •ÉrAá¤ \• e”� •�H �â
 Äº •�H E�� >pw 
� •�H

Bj—̧o� ÅÒ™è\ • Ð̃ ›'a ÷& #Q e”� •�H °ú̄ �̀¦ >pw ô�Ç �� . (Cƒ�� #Q�� s� XO� �� .)

ÕªA�" f ��A� áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• 
� €�� x�� ��ØÔv� •�H ÅÒ™è _� �� 6£§ •�� ÅÒ™è\ • •�H

3s� Ð̃ ›'a•)a �� .

let
x := malloc(2)

in
*x := 1;
*(x+1) := *x + 2

4.4.3 Bj—̧o� ›'a o�

s�] j K- áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• ½+É M: (Ž� ÉÓ'• _� Ä» ô�Ç ô�Ç Bj—̧o� \�¦ #Q b•G >� F� •Ö̧ 6 x ½+É Ãº

e”� •�H t� \�¦ Òqt yŒ• K�˜ Ð�� .

s�] j áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ×�æ\• Bj—̧o� \�¦ ™è—̧
 � •�H �â
 Äº •�H let -d”� õ� áÔ–Ðr�4 R  ñ

Ø�¦ d”� ÷�r ��m�� � YU•ï×¼ d”� õ� Bj—̧o� ½+É {©œ d”� [þt s� ÷& %3� �� . Õªo�“ ¦ Bj—̧o� ÅÒ™è
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�� °ú̄ Ü¼–Ð �� 6 x |̈c Ãº e”� l� M: ë�H \• , Õª ÅÒ™è [þt _� �� 6 x l� çß– s� #Q b•G >� ÷& •�H t� ·ú̃

~½Ó ZO� s� ~1� t�� � ·ú§ �� .

\V „�� _� K-- ƒ�� #Q _� �â
 Äº •�H Bj—̧o� F� •Ö̧ 6 x garbage collections� /' %3� �� . Bj—̧

o� ÅÒ™è _� �� 6 x l� çß– s� Õª ÅÒ™è\ • ·¡­“ Ér s� 2£§ _� Ä»´ò #3� 0A ü< {9� u� Ùþ¡ l� M: ë�H s�� � .

K-- áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• 
� €�� "f s� 2£§ _� Ä»´ò #3� 0A �� =åQ �� •�H r� &h� \•" f Õª s� 2£§ s� ·¡­

“Ér Bj—̧o� \�¦ (Ž� ÉÓ'•� � F� •Ö̧ 6 x 
� €�� ÷& %3� �� .

K- \•" f •�H ~1� t�� � ·ú§ �� . #Q b•G >� K�� � ½+É �� ?

4.4.3.1 Ãº 1lx Bj—̧o� F� •Ö̧ 6 x

K� ��� �̀¦ p�ÀÒ •�H /' î�r ~½Ó ZO� s� e”� �� . Bj—̧o� F� •Ö̧ 6 x` �¦ áÔ–ÐÕªA� Q\•>� ú́  l� •�H �̄	

s�� � . áÔ–ÐÕªA� Q _� Õþ̃ e”� Ü¼–Ð . ÕªA�" f áÔ–ÐÕªA� bç
 ƒ�� #Q\• Bj—̧o� F� •Ö̧ 6 x "î


§î
 ë�H �̀¦ ]j /BN 
� •�H �̄	 s�� � (C�� s� XO� �� ):

E !
...

j free E

free E d”� _� _� p� \�¦ &ñ
 _� K�˜ Ð�� . d”� E•�H Bj—̧o� ÅÒ™è \�¦ >� íß–ô�Ç �� . Õª ÅÒ™è •�H

ìøÍ ×¼r� ½+É {©œ~ÃÎ “Ér Bj—̧o� ÅÒ™ès�# Q�� ô�Ç �� . Bj—̧o� Óüæu� \�¦ F� •Ö̧ 6 x 
�� 9 €�� Óüæu�

\• Ÿí †<Ê •)a —̧Ž�H ÅÒ™è \�¦ F� •Ö̧ 6 x K�� � ô�Ç �� .

%3� x9� 
�> � &ñ
 _� 
� €�� �� 6£§ õ� °ú  �� :

� ; M ` E ) `; M 0

� ; M ` free E ) �; M 0 ` 2 Dom M

0A_� &ñ
 _� \•" f s� •©œô�Ç �̄	 s� e”� �� . Bj—̧o� F� •Ö̧ 6 x ò́õ� �� ³ð ‰&³ ÷& t� ·ú§€Œ¤ �� .

Bj—̧o� •�H Õª@/– Ð�� . ÕªA�• ¸ Þ�¶ ¹1Þ “Ér �� ?

_� p� &ñ
 _� \•" f Bj—̧o� F� •Ö̧ 6 x ò́õ� �� ³ð ‰&³ ÷& t� ·ú§ ��• ¸ Ø�æì�r 
�� � . Bj—̧o�

F� •Ö̧ 6 x“ Ér áÔ–ÐÕªA� bç
 ƒ�� #Q _� _� p� �� ¾ú _ � {9� s�� � . Bj—̧o� F� •Ö̧ 6 x“ Ér Ä» ô�Ç ô�Ç Bj

—̧o� \�¦ �� ”�� (Ž� ÉÓ'•� � K- áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• 
�> � ÷& "f Òqt l� •�H ë�H ]j� � . _� p� &ñ


_� \• "î
 r� •)a Bj—̧o� —̧4Sq @/– Ð (_� p� &ñ
 _� @/– Ð ) ½̈ ‰&³ 
�l � 0A K�" f K� ��� K�� � 
� •�H
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ë�H ]j “�� �̄	 s�� � .

_� p� &ñ
 _� \• •�H Bj—̧o� F� •Ö̧ 6 x \• @/K�" f "î
 r� ½+É €9� ¹̄ •�H \O� �� . _� p� &ñ
 _�_ �

3lq &h� “Ér áÔ–ÐÕª Ïþ› _� _� p� \�¦ Äºo�� � €9� ¹̄–Ð
� •�H n�_ …{9� _� &ñ
 •̧\ •" f ™D¥1lx s� \O�

>� &ñ
 _� 
� •�H �̄	 s�� � . ��u � ¹̄o � Õþ̃ õ� °ú  �� . �� •©œ€�� _� ¹̄o � ZO� �̀¦ "î
 r�
 �“ ¦ e”� �� .

Õª� Q�� €9� ¹̄s � •©œ_� n�_ …{9� ��t � •�H "î
 r�
 �t � ·ú§ •�H �� . �# t�“ ¦l � \�¦ ½̈
 �l � 0A K�

"f Ž7H“Ér #Q b•G >� ZO� Ãº e”� •�H t� , G'p Ô�¦` �¦ ½̈
 �� 9 €�� #Qn�– Ð ��� � 
� •�H t� , 1px“ Ér "î


r�
 �t � ·ú§ •�H �� .

K- _� _� p� &ñ
 _� –Ð ÂÒ'• Bj—̧o� ›'a o�\ • @/K� ·ú̃ Ãº e”� •�H �� z�́ [þt“ Ér :

� Dh Bj—̧o�� � €9� ¹̄ ½+É M: (let -d”� , áÔ–Ðr�4 R  ñ Ø�¦ , YU•ï×¼ d”� , malloc -d”� ) Dh

–Ð î�r Bj—̧o� •�H †½Ó•©œ ��l �\ • e”� �� . †½Ó•©œ €9� ¹̄ ô�Ç Bj—̧o� •�H e”� #Q�� ô�Ç �� .

� Bj—̧o� ÅÒ™è\ • $• •©œ•)a X<s�� �� � \O� �̀¦ M: , Õª ÅÒ™è \�¦ ]X� ��H 
� •�H d”� “Ér _� p�

�� \O� �� . \V \�¦ [þt #Q

let x := malloc(1) in *x

•�H _� p�� � \O� �� . *x d”� _� _� p� \�¦ &ñ
 _�½+É Ãº \O� l� M: ë�H s�� � . Bj—̧o� ½+É {©œ

s� {9� #Q zŒ¤ #Q•̧ d”� x�� >� íß– 
� •�H Bj—̧o� ÅÒ™è •�H #Q ‹"� °ú̄ •̧ �� f”� Ð̃ ›'a 
�“ ¦

e”� t� •�H ·ú§ �� . _� p� &ñ
 _� \• ��ØÔ €�� , Õª Bj—̧o� ÅÒ™è •�H �� f”� Bj—̧o� _� &ñ
 _�

½̈ %i� \• \O� �� . ��� �" f d”� *x _� _� p� “�� Õª ÅÒ™è _� Bj—̧o� s�p �t � •�H &ñ
 _� ÷&

t� ·ú§ •�H �� .

� ��t � }Œ• Ü¼–Ð , ½+É {©œ•)a Bj—̧o� [þt“ Ér "f– Ð\•>�" f "f– Ð\•>� •̧ ²ú̃½+É Ãº e”� •�H ~½Ó

ZO� s� \O� �� . ½+É {©œ~ÃÎ “Ér ÅÒ™è–Ð ÂÒ'• Y>� µ1Ï �� ²DG �̀¦ ¹¡§ f”� #Œ"f Z>� •̧–Ð ½+É {©œ~ÃÎ

“Ér �� •Ér Bj—̧o�\ • •̧ ²ú̃½+É Ãº e”� •�H ~½Ó ZO� s� \O� �� .

s�> � Cü< �� •Ér &h� s�l �• ¸ 
�� � . C \•" f •�H l� ï�r ÅÒ™è\ •" f e”� _�_ � Ð̃ ;Ÿ¤ Ü¼

–Ð b•� #Q ”�� Bj—̧o� ÅÒ™è \�¦ ]X� ��H 
� •�H �̄	 s� �� 0px 
�l � M: ë�H s�� � .

�� Óǖ—Ér , Bj—̧o� F� •Ö̧ 6 x` �¦ áÔ–ÐÕªA� Q\•>� p�ÀÒ •�H �̄	 “Ér �� |ÃÐ f”� ô�Ç �� ? #Q e©�

Ãº \O� •�H ‚��× þ̃ “�� 1pw 
�� � . ƒ�� #Q�� s�p � 4Ÿ¤ ú̧š K� |9� @/– Ð 4Ÿ¤ ú̧š K� &’� “¦ , Bj—̧o� F� •Ö̧

6 x` �¦ �� 1lx Ü¼–Ð ½+É Ãº e”� •�H ~½Óîß– s� ş̌o �Áº ×�æs�Ù¼–Ð .
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Õª� Q�� , áÔ–ÐÕªA� Q�� ’��� â
 æ¼ •�H �̄	 “Ér ú́§ �� &’� �� . áÔ–ÐÕª Ïþ› _� •7H o� &h� “�� âì 2£§

ëß– s� ��m�� � . Ä» ô�Ç ô�Ç Bj—̧o� \�¦ �� ”�� (Ž� ÉÓ'•� � �� ’�� _� áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• 
�> � •)a

�� •�H ›̧ |	� �̀¦ †½Ó•©œ Òqt yŒ• K�� � ô�Ç �� . ÕªA�" f &h�] X� y� F� •Ö̧ 6 x "î
§ î
 ë�H �̀¦ áÔ–ÐÕª Ïþ› _�

&h�] X� ô�Ç 0A u�\ • V,� #Q 1> �� ô�Ç �� . ™èq� ô�Ç yŒ•y Œ•_� Bj—̧o� ÅÒ™è� �� � .

a%~“Ér �� ? áÔ–ÐÕªA� Q�� �� ’�� _� áÔ–ÐÕª Ïþ› s� ™è—̧
 � •�H Bj—̧o� _� �� 6 x l� çß– �̀¦

]j {9� ú̧̃ ·ú̃ Ãº e”� •�H �� ? Õª •�� �� ?

C áÔ–ÐÕªA� bç
 _� �â
+ «> s� t� èß– 20̧�� �Å� >� Áú¢ s� €�� "f , Õª ²úš “Ér \ ��m�� � " s�� � .

áÔ–ÐÕªA� Q�� �� •©œ ú́§ s� 
� •�H z�́ Ãº� � Bj—̧o� F� •Ö̧ 6 x garbage collection ş̌ÀÓs�� � .

Bj—̧o� ›'a o� \�¦ áÔ–ÐÕªA� Q\•>� ú́  l� €�� "f C áÔ–ÐÕª Ïþ› _� �� •©œ Y�J u�� � É̃r ş̌ÀÓ��

Bj—̧o� F� •Ö̧ 6 x s� ÷& %3� �� .

Õª ş̌ÀÓ •�H ¿º ��t �s �� � . F� •Ö̧ 6 x t� &h� �̀¦ �-Áº 0py >� ú̧š •�H ş̌ÀÓü< �-Áº À1Ï o�

ú̧š •�H ş̌ÀÓs�� � . F� •Ö̧ 6 x s� �-Áº 0py >� ÷& €�� �� gÅ@ (Ž� ÉÓ'• _� Bj—̧o� �� "é¶ s� “¦ °ú̃

|̈c Ãº e”� �� . áÔ–ÐÕª Ïþ› “Ér >� 5Åq Bj—̧o� \�¦ ™è—̧ ½+É '•s �“ ¦ Bj—̧o� F� •Ö̧ 6 x s� ]j M:

÷& t� ·ú§ •�H �� €�� €9� ¹̄ ô�Ç Bj—̧o�� � “¦ °ú̃ |̈c �̄	 s�� � . F� •Ö̧ 6 x s� �-Áº À1Ï o� ÷& €�� ��

6 x×�æ“�� Bj—̧o�� � 6 x •̧ •��� â
 s� ÷& !Qo� •�H �̄	 s�� � .

F� •Ö̧ 6 x s� �-Áº 0py >� ÷& •�H ş̌ÀÓ \�¦ Bj—̧o� ¾ºÃº memory leak ş̌ÀÓ��“ ¦ ô�Ç �� . �-

Áº À1Ï o� ÷& •�H ş̌ÀÓ \�¦ Bj—̧o� •̧ èß– dangling pointer ş̌ÀÓ��“ ¦ ô�Ç �� .
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4.4.3.2 �� 1lx Bj—̧o� F� •Ö̧ 6 x

Bj—̧o� F� •Ö̧ 6 x` �¦ áÔ–ÐÕªA� Q�� ]j@/– Ð 
�l �\ • •�H �-Áº #Q §>� �� . áÔ–ÐÕªA� Q\•

>� ú́  l� €�� "f ™èáÔàÔ J? #Q _� d”� yŒ•ô�Ç ş̌ÀÓ�� ~1� >� ��� � zŒ¤ �� . Bj—̧o� ¾ºÃº memory

leakü< Bj—̧o� •̧ èß– dangling pointers�� � .

�� 1lx Ü¼–Ð Bj—̧o� F� •Ö̧ 6 x s� ÷& %3� Ü¼ €�� ô�Ç �� . áÔ–ÐÕª Ïþ› z�́ 'Ÿ• “Ér >� 5Åq Bj—̧o� \�¦

™è—̧ ô�Ç �� . Bj—̧o� ™è—̧ |¾Ó s� #QÖ¼ Ãº 0A \• ş̌ØÔ €�� , z�́ 'Ÿ• �̀¦ •Œ™r� "3� ð�r �� . Õªo�“ ¦

Bj—̧o� \�¦ F� •Ö̧ 6 x ô�Ç �� . s�] j (Ž� ÉÓ'• _� Bj—̧o� �� "é¶ s� Û�æÂÒK� &’� �� . "3� ð�r áÔ–Ð

Õª Ïþ› _� z�́ 'Ÿ• �̀¦ F�> h ô�Ç �� . �� 0px ½+É �� ? s� õ� &ñ
 �̀¦ ¢̧ �� •Ér ™èáÔàÔ J? #Q–Ð �� 1lx �o


� •�H �̄	 s� �� 0px ½+É �� ?

áÔ–ÐÕª Ïþ› �̀¦ "3� ÆÒ“¦ , Õª áÔ–ÐÕª Ïþ› s� �� 6 x Ùþ¡ t� ëß– ·ú¡ Ü¼ •:r �� 6 x 
�t � ·ú§ �̀¦ Bj—̧

o� \�¦ ¹1Ô ��" f F� •Ö̧ 6 x K�� � ô�Ç �� . s� �̄	 s� �� 0px ½+É �� ? p�A� \�¦ #Œ'Ÿ• 
� •�H �� e”�  Q ’��

�̀¦ ëß– [þt Ãº e”� �̀¦ �� ?
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Õª •�� �� e”�  Q ’�� (áÔ–ÐÕª Ïþ› )“Ér ëß– [þt Ãº \O� �� . n�t � »1Ï (Ž� ÉÓ'• _� ô�Ç >�s �� � . 7á§

�8 &ñ
 SX‰
�> � s�� �l � 
� €�� , áÔ–ÐÕª Ïþ› _� p�A�\ • �� 6 x ÷& t� ·ú§ �̀¦ Bj—̧o� \�¦ &ñ
 SX‰
�

>� Y�J ��? /" f —̧¿º F� •Ö̧ 6 x 
� •�H áÔ–ÐÕª Ïþ› “Ér ëß– [þt Ãº \O� �� .

-$ �� #Q�9 î�r ��� �� ? \ &ñ
 SX‰
�> � —̧¿º " �� #Q §>� �� . ·ú¡ Ü¼–Ð �� 6 x ·ú§ |̈c Bj—̧o� \�¦

—̧¿º ��ä ¼ aË>\O� s� F� •Ö̧ 6 x K�� � 
�“ ¦ , Õª XO� t� ·ú§ “Ér �̄	 “Ér “¦Û¼ êøÍ y� zŒ™l�“ ¦ . s�> �

Ô�¦ �� 0px 
�� � .

Õª •�� áÔ–ÐÕª Ïþ› s� Ô�¦ �� 0px 
�� � •�H �̄	 �̀¦ #Q b•G >� SX‰’�� 
� •�H �� ? Õª •�� áÔ–ÐÕª Ïþ›

s� e”� �� €�� , Õª áÔ–ÐÕª Ïþ› �̀¦ s� 6 x K�" f , Ô�¦ �� 0px undecidable
�� �“ ¦ 7£x "î
 •)a "3� 2X ¹̄ ë�H

]j Halting Problem\�¦ ÉÒ •�H áÔ–ÐÕª Ïþ› �̀¦ Âú̃ Ãº e”� l� M: ë�H s�� � . Ô�¦ �� 0px 
�� �“ ¦ 7£x "î


•)a �̄	 �̀¦ �� 0px 
�> � ëß– [þt Ãº �� e”� •�H �� ? Õª XO� Ãº •�H \O� �� .

"3� 2X ¹̄ ë�H ]j Halting Problem\�¦ ÉÒ •�H áÔ–ÐÕª Ïþ› s� Ô�¦ �� 0px 
�� � •�H 7£x "î
 “Ér çß–éß– 
�

�� . �� 6£§ õ� °ú  �� : Õª� Q ô�Ç áÔ–ÐÕª Ïþ› s� ”>r F� ô�Ç ��“ ¦ 
�� � . Õª� Q €�� —̧í�H s�� � . Õª

�Q ô�Ç áÔ–ÐÕª Ïþ› “Ér H (p)��“ ¦ 
�� � . áÔ–ÐÕª Ïþ› p\�¦ ~ÃÎ ��" f p�� Ä» ô�Ç r� çß– \• =åQ �� •�H

áÔ–ÐÕª Ïþ› s� €�� true, Õª XO� t� ·ú§ Ü¼ €�� false\�¦ �·p �� . Õª áÔ–ÐÕª Ïþ› H \�¦ ��t �“ ¦ �� 6£§

õ� °ú  “Ér —̧í�H •)a †<Ê Ãº f \�¦ &ñ
 _�½+É Ãº e”� >� •)a �� :

function f() = if H(f) then (while true skip)
else skip

f() •�H =åQ �� •�H �� ? =åQ èß– �� €�� îß– =åQ ��� � ô�Ç �� . îß– =åQ èß– �� €�� =åQ ��� � ô�Ç �� . —̧í�H

s�� � .

&ñ
 SX‰ô�Ç Bj—̧o� F� •Ö̧ 6 x s� Ô�¦ �� 0px ô�Ç s�Ä» •�H , p�A�\ • �� 6 x ·ú§ |̈c Bj—̧o� \�¦ &ñ


SX‰
�> � ��ä ¼o�t � ·ú§ “¦ Y�J ��? / •�H áÔ–ÐÕª Ïþ› G�� e”� �� €�� , "3� 2X ¹̄ ë�H ]j Halting Prob-

lem\�¦ K� ��� 
� •�H áÔ–ÐÕª Ïþ› H (p)\�¦ �� 6£§ õ� °ú  s� •Œ• $í
 ½+É Ãº e”� >� •)a �� : {9�§ 4� •)a áÔ

–ÐÕª Ïþ› p\�¦ �� 6£§ õ� °ú  s�

let x := malloc() in p; x

“¦ •2; �� . x•�H p\•" f �� 6 x ÷& t� ·ú§ •�H s� 2£§ s�� �“ ¦ 
�� � . s� XO� >� “¦5 g ”�� e�¦ –ÐÕª Ïþ›

�̀¦ z�́ 'Ÿ• r� †�� Êê , let -3lu: Ÿx d”� _� p�� r� •Œ• ÷& l� f”�„ �� \• G\�¦ z�́ 'Ÿ• r� †�� �� . Õª ��� õ�
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\• x�� ��t �“ ¦ e”� •�H Bj—̧o� ÅÒ™è� � Ÿí †<Ê ÷& %3� �� €�� , p•�H =åQ �� •�H áÔ–ÐÕª Ïþ› s�“ ¦ , Õª

XO� t� ·ú§ �� €�� p•�H =åQ ��t � ·ú§ •�H áÔ–ÐÕª Ïþ› s�� � .

Õª� Q�� �B}©œ“Ér e”� �� . —̧¿º &ñ
 SX‰y� F� •Ö̧ 6 x K�ÅÒ •�H áÔ–ÐÕª Ïþ› “Ér Ô�¦ �� 0px 
�t �

ëß– , ›̧ �FK s�� �• ¸ F� •Ö̧ 6 x K� ÅÒ •�H áÔ–ÐÕª Ïþ› “Ér ëß– [þt Ãº e”� �� . Y>� >h •�H ��ä ¼ wn= Ãº e”�

t� ëß– , @/ÂÒ ì�r“ Ér F� •Ö̧ 6 x K� ÅÒ •�H áÔ–ÐÕª Ïþ› �̀¦ ëß– [þt Ãº e”� �� . �� 1lx Bj—̧o� F� •Ö̧ 6 x

l� garbagecollector_� "é¶ o� •�H s� XO� �� :

� "é¶ gË: : áÔ–ÐÕª Ïþ› _� ”�� 'Ÿ• �̀¦ "3� ÆÒ“¦ ��" f , t� �FK ��t � ½+É {©œ•)a Bj—̧o� ×�æ\•" f

p�A�\ • �� 6 x ½+É Ãº e”� •�H Bj—̧o� \�¦ ]jü @
�“ ¦ �� Qt� •�H —̧¿º F� •Ö̧ 6 x K�� � ô�Ç

�� .

� �� z�́ : F� •Ö̧ 6 x` �¦ ¢-a „�� 
�> � (��ä ¼o�t � ·ú§ “¦ ) ½+É Ãº e”� •�H ~½Ó ZO� “Ér \O� �� . e”� ��

€�� Õª •�� F� •Ö̧ 6 x l� \�¦ s� 6 x K�" f "3� 2X ¹̄ ë�H ]j Halting Problem\�¦ Û�¦ Ãº e”� l� M:

ë�H s�� � .

� €ªœÐ̃ : Õª� Q�� F� •Ö̧ 6 x` �¦ îß– „�� 
�> � •�H (��ä ¼o� •�H �̄	 “Ér e”� Ü¼�� ) ½+É Ãº e”� •�H ~½Ó

ZO� “Ér e”� �� . �ã¶ “¦
 �m� ,

? ·ú¡ Ü¼–Ð z�́ 'Ÿ• ½+É d”� “�� Eëß– e”� ��“ ¦ 
�� � . d”� E_� ‰&³ F� 8̈Š �â
 environmentÜ¼–Ð

ÂÒ'• ‰&³ F� _� Bj—̧o� \�¦ :Ÿx K� ��� � \�¦ Ãº e”� •�H —̧Ž�H ÅÒ™è [þt“ Ér ·ú¡ Ü¼–Ð E\�¦ z�́

'Ÿ• ×�æ\• ��r � �� 6 x |̈c Ãº e”� �� . s� �̄	 [þt ëß– NS“¦ F� •Ö̧ 6 x 
�� � . 7£¤ , Õª XO� >� K�

"f ��� � \�¦ Ãº \O� •�H Bj—̧o� ÅÒ™è [þt“ Ér , õ� ��\ • ½+É {©œ÷& #Q"f �� 6 x ÷& %3� Ü¼�� ·ú¡

Ü¼–Ð _� E\�¦ z�́ 'Ÿ• 
� •�H X< •�H �� 6 x ÷& t� ·ú§ �̀¦ �̄	 s� ì�r "î
 
�Ù¼–Ð , F� •Ö̧ 6 x K�• ¸

•)a �� .

—̧Ž�H ‰&³ @/ ƒ�� #Q [þt _� Bj—̧o� F� •Ö̧ 6 x l� garbagecollector•�H 0A_� ~½Ó d”� Ü¼–Ð ½̈ ‰&³ ÷& #Q

e”� �� . (Java, ML, Scheme,Haskell, C#, Prolog, etc.)

Bj—̧o� F� •Ö̧ 6 x l� ½̈ ‰&³ ·ú̃ “¦o � 7£§“Ér @/³ ð &h� Ü¼–Ð ¿º� �t �� � e”� �� :
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�� � _� v9� YU��� � e”� �� . Bj—̧o� F� •Ö̧ 6 x l� [þt s� z�́ 'Ÿ• ÷& •�H X<\ •• ¸ Bj—̧o�� � €9�

¹̄
 �� � . Bj—̧o� ÂÒ 7á¤ Ü¼–Ð F� •Ö̧ 6 x` �¦ 
� •�H �̄	 “�� X< , Õª� Q�9 €�� Bj—̧o�� � €9� ¹̄
 �� � .

áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ×�æ\• Bj—̧o�\ • ëß– [þt #Q ”�� ½̈› ¸ Óüt[ þt (ÕªA�á Ô graph)�̀¦ —̧¿º ��� �� � €��

"f ·ú¡ Ü¼–Ð �� 6 x |̈c Ãº e”� •�H Bj—̧o� ÅÒ™è [þt` �¦ —̧Ü¼>� •)a �� . Õª •�� X< , ÕªA�á Ô \�¦ ¾º

q�“ ¦ ��m� •�H ·ú̃ “¦o � 7£§ depth-�rst-, breath-�rst-tr aversal algorithms[þt“ Ér Bj—̧o� \�¦ ™è—̧

ô�Ç �� . ÕªA�á Ô _� �� •©œ |�� �â
 –Ð ëß– �pu _� Û¼ ×þ̃ stacks� €9� ¹̄
 �� � .

Bj—̧o�� � \O� #Q"f Bj—̧o� F� •Ö̧ 6 x l� \�¦ [�t o� •�H �̄	 “�� X< , Bj—̧o�� � €9� ¹̄
 �� �m� .

Bj—̧o� \�¦ ™è—̧
 �t � ·ú§ •�H ÕªA�á Ô \�¦ ¾ºq� •�H ·ú̃ “¦o � 7£§ graph traversal algorithmss� e”�

#Q�� ô�Ç �� . �� 0px ½+É �� ? Û¼ ×þ̃\ O� s� �� 0px ô�Ç ·ú̃ “¦o � 7£§ s� e”� �� .
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4.5 ƒ�� #Q v�Äºl � I I I: K

4.5.1 z�́ 'Ÿ• ÷& "f •�H ·ú§ |̈c áÔ–ÐÕª Ïþ› [þt

K- •�H Õª XO� 1pw ô�Ç ƒ�� #Qs�t � ëß– , ‰&³ F� —̧Ž�H áÔ–ÐÕªA� bç
 ƒ�� #Q\• /BN:Ÿx “�� ë�H ]j \�¦ ��

t�“ ¦ e”� �� . ]j@/– Ð [�t Ãº \O� •�H áÔ–ÐÕª Ïþ› �̀¦ ~1� >� ëß– [þt Ãº e”� �� •�H �̄	 s�� � . áÔ–Ð

Õª Ïþ› s� ë�H ZO� “Ér d�¦ •2; /BM s� \O� t� ëß– ş̌ÀÓ–Ð z�́ 'Ÿ• |̈c Ãº \O� •�H áÔ–ÐÕª Ïþ› [þt .

áÔ–ÐÕª Ïþ› ëß– ×¼ •�H ~½Ó ZO� �̀¦ Ø�æz�́ y� ��� �" f ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› �̀¦ ëß– [þt l� •�H

~1� �� . Õª •�� X< , Õª ×�æ\• •�H z�́ 'Ÿ• |̈c Ãº \O� •�H áÔ–ÐÕª Ïþ› [þt s� ú́§ �� . z�́ 'Ÿ• �̀¦ �8 s� •©œ

”�� 'Ÿ• ½+É Ãº \O� •�H áÔ–ÐÕª Ïþ› [þt s� ú́§ �� .

YU•ï×¼ _� €9� ×¼ s� 2£§[ þt s� †½Ó•©œ ]j@/– Ð ]X� ��H ÷& �� . †<Ê Ãº  ñ Ø�¦ _� ��� õ� �� ì�r Z>�

§4� e”� >� �� 6 x ÷& •�H �� . †<Ê Ãº _� “�� �� °ú̄ s� Õª †<Ê Ãº� � ��� � •�H °ú̄ [þt s� f�Ë �Q×¼ •�H �� ?

]j@/– Ð Òqt| �� (ë�H ZO� \• ú́• •�H ) K- áÔ–ÐÕª Ïþ› [þt ×�æ\•" f ]j@/– Ð z�́ 'Ÿ• |̈c Ãº e”� •�H áÔ

–ÐÕª Ïþ› “Ér {9� ÂÒ ì�r \• Ô�¦ õ� 
�� � . \ ]j@/– Ð z�́ 'Ÿ• |̈c Ãº e”� •�H " áÔ–ÐÕª Ïþ› s� êøÍ Äºo� _�

_� p�½© gË: \• ��� �" f _� p�� � &ñ
 _� |̈c Ãº e”� •�H áÔ–ÐÕª Ïþ› s�� � .
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4.5.2 ş̌ÀÓ �Ž� 7£x _� ë�H ]j

ÅÒ#Q ”�� K- áÔ–ÐÕª Ïþ› s� ]j@/– Ð z�́ 'Ÿ• |̈c t� \�¦ p�o � SX‰“�� ½+É Ãº e”� •�H l� Õüt s� \O� �̀¦

�� ? p�o � �Ž� 7£x K�� � ëß– ô�Ç �� . áÔ–ÐÕª Ïþ› ™èÛ¼ \�¦ (Ž� ÉÓ'•� � z�́ 'Ÿ• r�v �l � „�� \• . ™è

áÔàÔ J? #Q \�¦ ¼1Ï “¦ ��" f ş̌ÀÓ \�¦ Ãº &ñ
 K�� � ½+É �� ? –Ð 4Ÿ© \• ?/ •©œ•)a ™èáÔàÔ J? #Q�� z�́

'Ÿ• ×�æ\• ş̌ÀÓ–Ð ÁºûZ¼1Ï �̀¦ °úš ��l � 6f ¿ºØÔ>� •)a �� €�� ? ™èáÔàÔ J? #Q�� ��^ ‰–Ð •©œ¾¡§

“�� �â
 Äº •�H ú̃́½+É �̄	 •̧ \O� “¦ , —̧Ž�H „�� ��l �> � ]j ¾¡§[ þt _� �â
Ôqt§ 4� ×�æ\•" f ?/ •©œ•)a ™èáÔ

àÔ J? #Q _� ’�� ø@•̧� � 	�t �
 � •�H q� ×�æ“Ér &h� #Q•̧ ]j ¾¡§ n�� � “�� ëß– �pu“Ér |̈c �̄	 s�� � .

�� •Ér ì�r �� •�H Äºo�˜ Ð�� �s̀ ›�� ·ú¡ "f e”� �� . ]j@/– Ð •Œ• 1lx ½+É t� \�¦ p�o � �Ž� 7£x ½+É Ãº

\O� •�H l�> � [O� >� •�H \O� �� . ]j@/– Ð "f e”� �̀¦ t� \�¦ p�o � �Ž� 7£x ½+É Ãº \O� •�H |	� »¡¤ [O� >� •�H

\O� �� . “�� /BNÓüt[ þt s� �� ƒ�� [j> �\ •" f ë�H ]j \O� s� •Œ• 1lx ½+É t� \�¦ p�o � %3� x9� 
�> � ì�r $3� 
�

•�H Ãº †<Æ&h� l� Õüt[ þt“ Ér ú̧̃ µ1Ï² ú̃ K� M®o �� . ¾» —Ér %i� †<Æ, p� &h� ì�r ~½Ó &ñ
 d”� , :Ÿx >� %i� †<Æ1px

1px s� Õª� Q ô�Ç l� Õüt[ þt {9� �̄	 s�� � .
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™èáÔàÔ J? #Q�� •�H “�� /BNÓüt \• @/K�" f •�H #Q*‹ ô�Ç �� ? •Œ• $í
 ô�Ç ™èáÔàÔ J? #Q�� ]j@/

–Ð z�́ 'Ÿ• |̈c t� \�¦ p�o � %3� x9� 
�> � SX‰“�� K� ÅÒ •�H l� Õüt[ þt“ Ér e”� •�H �� ? ™èáÔàÔ J? #Q ş̌

ÀÓ \�¦ ™èÛ¼ ëß– �̀¦ Ð̃“¦ p�o � �� 1lx Ü¼–Ð ¹1Ô ��ÅÒ •�H l� Õüt[ þt .

s� l� Õüt` �¦ †¾Óô�Ç ƒ�� ½̈ [þt s� ™èáÔàÔ J? #Q l� Õüt _� µ1Ï² ú̃ õ� &ñ
 _� ×�æ¹̄ »¡¤ s� %3� �� .

þj 7áx 3lq ³ð •�H ™èáÔàÔ J? #Q�� ş̌ÀÓ \O� s� •Œ• 1lx ½+É t� \�¦ z�́ 'Ÿ•„ �� \• �� 1lx Ü¼–Ð �Ž� 7£x 
� •�H

l� Õüt` �¦ s� µ¡¤ 
� •�H �̄	 s�� � . ™èáÔàÔ J? #Q _� ş̌ÀÓ \�¦ �� 1lx Ü¼–Ð ¹1Ô ��ÅÒ •�H l� Õüt s�� � .

ş̌ÀÓ�� \O� �� €�� ş̌ÀÓ�� \O� ��“ ¦ SX‰“�� K� ÅÒ •�H l� Õüt s�� � . ™èáÔàÔ J? #Q�� Òqt yŒ• @/– Ð

(l� S\‰ô�Ç @/– Ð ) ½̈ ‰&³ ÷& %3� •�H t� , Õª ™èáÔàÔ J? #Q�� •Œ• 1lx 
�l � „�� \• %3� x9� 
�“ ¦ îß– „�� 
�

>� �� 1lx Ü¼–Ð SX‰“�� ½+É Ãº e”� •�H l� Õüt .

s� »¡¤` �¦ ��� � áÔ–ÐÕªA� bç
 ƒ�� #Q\•" f •�H #Q ‹"� $í
 õ� \�¦ ?/ %3� •�H �� ? áÔ–ÐÕªA� bç


ƒ�� #Q�� #Q b•G >� n�� � “�� ÷& €�� s� ë�H ]j� � #Qn�� �t � K� ��� |̈c Ãº e”� �̀¦ �� ? áÔ–ÐÕªA�

bç
 ƒ�� #Q ì�r ��\ •" f •�H s� r� /åL ô�Ç ë�H ]j\ • #Q ‹"� ²úš �̀¦ ?/ Z�~ “¦ e”� �� ? Õª Ãº ï�r“ Ér ‰&³

F� #QÖ¼ &ñ
 •̧ “�� �� ?

4.5.2.1 ş̌ÀÓ �Ž� 7£x l� Õüt _� µ1Ï „�� õ� &ñ


áÔ–ÐÕªA� bç
 ƒ�� #Q ì�r �� \�¦ [�t s�&�˜ Ð €�� , ™èáÔàÔ J? #Q ş̌ÀÓ \�¦ �� 1lx Ü¼–Ð ¹1Ô •�H l� Õüt

“Ér [j ~ÃÌ �� _�  ñ f�̈ ëß– \• ô�Ç µ1Ï „�� ”�� 
� •�H +þA I� %i� �� . 'Í	 •�� P:  ñ f�̈ \•" f •�H Äºo�� �

SX‰“�� ½+É Ãº e”� •�H ş̌ÀÓ _� ô�Ç >� \�¦ &ñ
 SX‰
�> � &ñ
 _� 
�“ ¦ , ¿º •�� P:  ñ f�̈ \•" f •�H &ñ
 _�ô �Ç

ş̌ÀÓ _� ”>r F� \�¦ ¹1Ô •�H ~½Ó ZO� �̀¦ “¦ îß– 
� 9 , [j •�� P:  ñ f�̈ \•" f •�H Õª ~½Ó ZO� �̀¦ (Ž� ÉÓ'•� �

�� 1lx Ü¼–Ð z�́ 'Ÿ• ½+É Ãº e”� •̧ 2Ÿ¤ ™èáÔàÔ J? #Q–Ð ëß– [þt #Q �·p �� .

s�M: , yŒ•  ñ f�̈ ��� � E�B�
 �“ ¦ )‡ Õüt ô�Ç ½̈ $3� s� \O� �̀¦ M:\ • ëß– q�– Ð™è ô�Ç µ1Ï‹ Œ•_�

„�� ”�� s� e”� >� •)a �� . ş̌ÀÓ _� &ñ
 _� •�H —̧  ñ
 �t � ·ú§ ��� � 
�“ ¦ , “¦ îß– •)a ~½Ó ZO� “Ér áÔ–Ð

Õª Ïþ› s� Õª XO� >� &ñ
 _� •)a ş̌ÀÓ \�¦ ¾¡§ “¦ e”� �� €�� ìøÍ ×¼r� ¹1Ô �� è­q Ãº e”� #Q�� 
�“ ¦ , Õª ~½Ó

ZO� �̀¦ ½̈ ‰&³ ô�Ç ™èáÔàÔ J? #Q •�H Õª ~½Ó ZO� Õª@/– Ð Ø�æz�́ y� ½̈ ‰&³ ÷& #Q�� ô�Ç �� . \ ìøÍ ×¼r� "

ü< \ Ø�æz�́ y� " �� •�H �̄	 “Ér %3� x9� ô�Ç 7£x "î
 õ� &ñ
 �̀¦ �� •2; �� •�H >pw s�� � .

s� [j ~ÃÌ ��  ñ f�̈` �¦ ìøÍ 4Ÿ¤ 
� €�� "f SX‰“�� ½+É Ãº e”� •�H ™èáÔàÔ J? #Q ş̌ÀÓ _� &ñ
 _� •�H

l� Õüt µ1Ï „�� s� ”�� 'Ÿ• ÷& €�� "f &h�&h� &ñ
 “§K� ”�� �� . 'Í	 [j@/\ •" f •�H q�“ § &h� /' î�r ™èáÔàÔ

J? #Q ş̌ÀÓ [þt` �¦ SX‰“�� K�ÅÒ •�H l� Õüt s� ëß– [þt #Qt�“ ¦ , ¿º #Á	 P: [j@/\ •" f •�H Õª˜ Ð�� &ñ
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“§ ô�Ç ş̌ÀÓ [þt` �¦ SX‰“�� K�ÅÒ •�H l� Õüt s� ëß– [þt #Qt�“ ¦ , [j •�� P: [j@/\ •" f •�H �8 ¹¡¤ �8 &ñ


“§ ô�Ç ş̌ÀÓ [þt` �¦ SX‰“�� K�ÅÒ •�H l� Õüt s� ëß– [þt #Qt�“ ¦ ... s� XO� >� 
� €�� "f ÏãÎ �FG &h� Ü¼–Ð •�H ,

™èáÔàÔ J? #Q�� Òqt yŒ• @/– Ð •Œ• 1lx ½+É t� \�¦ �� 1lx Ü¼–Ð SX‰“�� K�ÅÒ •�H ™èáÔàÔ J? #Q l� Õüt` �¦

²ú̃ $í
 K�� � •�H �̄	 s�� � .

s�� Q ô�Ç õ� &ñ
 �̀¦ µ1á Ü¼ 9 ™èáÔàÔ J? #Q l� Õüt s� „�� ”�� ô�Ç S�• Ãº •�H s�] j ��Äº ¿º µ1Ï‹ Œ•

s�� � .

� 1[j@/ l� Õüt : ë�H ZO� �Ž� 7£x l� Õüt .

1970̧�� @/\ • ²ú̃ $í
 •)a 'Í	 µ1Ï‹ Œ• “Ér , Òqt| �� >� ú̧̃ 3lw •)a áÔ–ÐÕª Ïþ› �̀¦ �� 1lx Ü¼–Ð ¹1Ô ��

?/ •�H l� Õüt s�� � . áÔ–ÐÕª Ïþ› s� ]j@/– Ð •Œ• 1lx 
�� 9 €�� Äº ‚�� áÔ–ÐÕª Ïþ› _� Òqt| ��� 	̄

s� ]j@/– Ð ÷& �� ô�Ç �� . s�M: ş̌ÀÓ •�H áÔ–ÐÕª Ïþ› _� Òqt ”̂� Dh� � d�¦ •2;� 	̄ s�� �“ ¦ &ñ


_� •)a �â
 Äº“ ¦ , s�� Q ô�Ç ş̌ÀÓ \�¦ &ñ
 SX‰y� �� 1lx Ü¼–Ð ¹1Ô ��ÅÒ •�H l� Õüt s� ²ú̃ $í
 ÷&

%3� �� . &ñ
 SX‰y� ¹1Ô �� ï�r �� •�H >pw“Ér , îß– „�� 
�“ ¦ sound ��ä ¼ aË>\O� �� •�H complete>pw s�

�� . YO�0 �
 ô�Ç áÔ–ÐÕª Ïþ› �̀¦ l� +þA s�� �“ ¦ ”�� éß– 
� •�H �â
 Äº (��ä ¼o� •�H �â
 Äº )•̧ \O�

“¦ , l� +þA “�� áÔ–ÐÕª Ïþ› �̀¦ YO�0 �
 
�� �“ ¦ 
� •�H �â
 Äº (b”� �̀¦ Ãº \O� •�H �â
 Äº )•̧ \O� ��

•�H >pw s�� � .

s� l� Õüt` �¦ 1[j@/ ş̌ÀÓ ú̧š •�H l� Õüt s�� �“ ¦
 �� � . s� l� Õüt` �¦ ë�H ZO�� Ž� 7£x l� Õüt (parsing)s�

��“ ¦ 
�“ ¦ , ¢-a „�� y� ¢-a $í
 ÷& #Q ş̌ Zþt ±ú̃_ � áÔ–ÐÕªA� Q�� áÔ–ÐÕª Ïþ› �̀¦ �� €�� "f

Zþt •©œ ��Áº XO� t�• ¸ ·ú§ >� �� 6 x ½+É ëß– �pu ›'a d”� µ1Ú Ü¼–Ð ��� �4 R !Q •2; $í
 ņq ô�Ç l� Õüt

s�� � .

Õª� Q�� s� ş̌ÀÓ ú̧š •�H l� Õüt s� ��Äº 1[j@/ “�� �� ²ú̈ “Ér , Òqt| ��| 	� YO�0 �
 ô�Ç X< Òqt yŒ•

@/– Ð [�t ��� �t � ·ú§ •�H ™èáÔàÔ J? #Q\• •�H 5Åq ÃºÁº Õþ̃ “�� l� Õüt s�l � M: ë�H s�� � . ���

—̧_þv _� ş̌ÀÓ ÷�r s�� � •�� , 5Åq ?/ 6 x (•7H o� )_� ş̌ÀÓ ��t � �� 1lx Ü¼–Ð ¹1Ô ��ÅÒ •�H l�

Õüt s� €9� ¹̄ Ùþ¡ �� .

� 2[j@/ l� Õüt : �� {9� �Ž� 7£x l� Õüt .

1990̧�� @/\ • ynC �̀¦ Ð̃l� r� •Œ•ô�Ç ¿º •�� P: l� Õüt“ Ér , �� {9�� Ž� 7£x type checkings�� � •�H

l� Õüt s�� � . ]j 2[j@/ ş̌ÀÓ ú̧š •�H l� Õüt s�� �“ ¦ ½+É Ãº e”� �� . s�M: ş̌ÀÓ _� &ñ
 _�

•�H ��� —̧€ªœs� d�¦ •2; áÔ–ÐÕª Ïþ› ëß– s� ��m�“ ¦ , 5Åq ?/ 6 x s� ú̧̃ 3lw |̈c Ãº e”� •�H �â
 Äº
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��t � \�¦ Ÿí †<Ê 
�> � •)a �� . #Œl�" f ú̧̃ 3lw •)a 5Åq ?/ 6 x s� êøÍ , áÔ–ÐÕª Ïþ› s� z�́ 'Ÿ• ×�æ

\• ú̧̃ 3lw •)a °ú̄ s� ú̧̃ 3lw •)a >� íß– õ� &ñ
 \• …•b jþt o� •�H �â
 Äº–Ð &ñ
 _� •)a �� .

áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• “Ér {9� 7áx _� >� íß– “�� X< , Õª >� íß– ×�æ\• •�H ì�r Z>� e”� •�H {9� [þt s� {9�

#Q èß– �� . �8
 �l �\ • •�H Õüw �� ëß– [þt #Qü< �� ô�Ç �� ~�� t� , ��� ™D¥ 
�l �� � •�H >� íß– \• •�H

zŒ™��ü < #Œ��� � ô�Ç Š©œÜ¼–Ð e”� #Q�� ô�Ç �� ~�� t� , Ãº §4� µ1Ï „�� 
�l �\ • •�H Äº� � ³ou @/ ’��

\• Óüt s� e”� #Q�� ô�Ç �� ~�� t� .

s� XO� >� ì�r Z>� e”� >� °ú̄ [þt s� ™è :Ÿx ÷& �� 
� •�H X< , Õª XO� t� ·ú§ “Ér �â
 Äº \�¦ �� {9� \• ú́•

t� ·ú§ ��“ ¦ ô�Ç �� . s�� Q ô�Ç �â
 Äº� � µ1Ï Òqt 
� €�� áÔ–ÐÕª Ïþ› _� ”�� 'Ÿ• “Ér Òqt yŒ• @/– Ð

âìØÔt� 3lw 
�“ ¦ /åL l�� � •�H °ú̄• Œ• Û¼ XO� >� "3� ÆÒ“¦ ëß– �� . 6fµ 1Ï Ä»� � /BN/åL ÷& �� ½+É

„�� ÈÒl� _� �'p ”�� \• Óüt s� Dh#Q [þt #Q q� 'Ÿ• ×�æ\• ÆÒ |ÃÌ K� !Qo� 1pw s� .

áÔ–ÐÕª Ïþ› \•" f �� {9� \• ú́• t� ·ú§ •�H >� íß– s� z�́ 'Ÿ• ×�æ\• µ1Ï Òqt ½+É t� \�¦ p�o � �Ž� 7£x


� •�H ~½Ó ZO� s� ��– Ð �� {9�� Ž� 7£x s�� � . s� $í
 õ� •�H áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ ƒ�� ½̈
 �

•�H ì�r ��\ •" f ²ú̃ $í
 ÷& %3� •�H X< , áÔ–ÐÕª Ïþ› _� îß– „�� ô�Ç �� {9�� Ž� 7£x“ Ér Õª áÔ–ÐÕªA�

bç
 ƒ�� #Q�� ]j@/– Ð n�� � “�� •)a �â
 Äº\ • ëß– �� 0px 
�� � . (@/³ ð &h� “�� ƒ�� #Q�� ML,

OCaml, Haskell1px s�� � .)

îß– „�� ô�Ç �� {9�� Ž� 7£x` �¦ °ú• ð�r áÔ–ÐÕªA� bç
 ƒ�� #Ql� Õüt“ Ér �� f”� “Ér ë�H ZO�� Ž� 7£x l� Õüt

ëß– �pu —̧Ž�H áÔ–ÐÕªA� Q [þt s� Zþt •©œ �� 6 x 
� •�H l� Õüt –Ð V,� o� (•t �t � •�H ·ú§€Œ¤ �� .

Õª� Q�� Õª •�� �� {9� �Ž� 7£x l� Õüt“ Ér ·ú¡ Ü¼–Ð —̧Ž�H ™èáÔàÔ J? #Q >h µ1Ï ��� � {©œƒ�� ô�Ç

l� Õüt s�� �“ ¦ Òqt yŒ• 
� €�� "f �� 6 x 
�> � |̈c ±ú̃ s� YO� t� ·ú§ �� .

4.5.3 �� {9� r�Û¼ %7› : ™è>h

�� {9� r�Û¼ %7› “Ér ú̃́ s� ÷& •�H áÔ–ÐÕª Ïþ› �̀¦ óøÍé ß– 
� •�H ô�Ç ~½Ó ZO� s�� � . ú̃́ s� ÷& •�H áÔ–Ð

Õª Ïþ› �̀¦ óøÍé ß– 
� •�H ~½Ó ZO� [þt“ Ér &h�&h� &ñ
 “§K�4 R��“ ¦ e”� •�H X< , �� {9� r�Û¼ %7› “Ér áÔ–ÐÕª

Ïþ› s� ú̃́ s� ÷& •�H t� \�¦ óøÍé ß– 
� •�H ¿º •�� P:– Ð &ñ
 “§ ô�Ç ~½Ó ZO� s�� �“ ¦ ½+É Ãº e”� �� .

'Í	• �� P: ~½Ó ZO� “Ér ë�H ZO� ½© gË: s�� � . ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› “�� t� \�¦ SX‰“�� 
� •�H ~½Ó

ZO� . ë�H ZO� ½© gË: “Ér çß–éß–ô�Ç )
± úš ½© gË: [þt s�� � : ÂÒ ¾¡§ s� ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› s�l � ëß–


� €�� Õª �̄	 [þt` �¦ ��t �“ ¦ #Q b•G >� #Q b•G >�
 � €�� ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› s� •)a �� , •�H d”�
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s�� � . \ çß–éß–ô�Ç " s�Ä» •�H ›̧ |	� s� çß–éß– K�" f� � . ÂÒ ¾¡§ s� ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› s�

l� ëß– 
� €�� •)a �� . s� XO� >� ›̧ |	� s� çß–éß– 
�� �˜ Ðm� , ú̃́ s� ÷& t� ·ú§ •�H áÔ–ÐÕª Ïþ› �̀¦ —̧

¿º ��� �Q?/t � 3lw 
� •�H �â
 Äº� � ú́§ �� .

Example 23 áÔ–ÐÕª Ïþ› d”� E_� ë�H ZO� ½© gË: s� �� 6£§ õ� °ú  ��“ ¦ 
�� � :

E ! n &ñ
 Ãº

j s Û¼àÔ a�A

j E + E

s�M: 2+``a'' •�H ë�H ZO� ½© gË: \• ú́• •�H �� . 2ü< ``a'' •�H ]j@/– Ð Òqt| �� �̄	 [þt s�“ ¦ , Õª

�̄	 [þt` �¦ ��t �“ ¦ +d”� �̀¦ ëß– [þt %3� Ü¼Ù¼–Ð . 
�t � ëß– ú̃́ s� ÷& t� ·ú§ •�H áÔ–ÐÕª Ïþ› s�� � . &ñ


Ãºü< Û¼àÔ a�A “Ér �8 ½+É Ãº \O� �� . 2

@/> � _� ë�H ZO� ½© gË: [þt s� ¹̄½̈ 
 � •�H ›̧ |	� “Ér �-Áº çß–éß– 
�� � . ú̃́ s�÷ & •�H áÔ–ÐÕª Ïþ›

�̀¦ óøÍé ß– 
�l �\ • •�H . ë�H Ð•o �̀¦ Òqt yŒ• 
�t � ·ú§ •�H ½© gË: [þt s�l � M: ë�H s�� � . “¦� 9K�� � ½+É

ë�H Ð•o “Ér s� •�� �̄	 s�� � : +d”� “Ér ¿º>h _� ÂÒ ¾¡§ d”� [þt s� —̧¿º &ñ
 Ãº d”� s�# Q�� ô�Ç �� •�H . s�

�Q ô�Ç ë�H Ð•o \• @/ ô�Ç ›̧ |	� �̀¦ @/> � _� \ ë�H ZO� ½© gË: " \• •�H ³ð ‰&³ 
�t � ·ú§ •�H �� . ³ð ‰&³ 
�“ ¦

&ñ
 “§
 �> � �� 1pu Ü¼ €�� Õª �̄	 “Ér Äºo�� � \ ë�H ZO� ½© gË: "_� %ò
%i� \•" f \ �� {9� r�Û¼ %7› "_� %ò


%i� Ü¼–Ð 6£x ��H_þt 0ú� �Å� #Q��> � ÷& •�H !lr s�� � .

\ �� {9� r�Û¼ %7› " \•" f •�H #Q ‹"� ë�H Ð•o �̀¦ “¦� 9
 � •�H �� ? áÔ–ÐÕª Ïþ› _� ��� —̧_þv ëß– �̀¦ ��

t� •�H ë�H Ð•o s� ��m�� � , ô�Ç éß– >� �8 ��“ ¦ [þt #Q"f , %7̃ Û¼àÔ�� ��t � •�H 5Åq ?/ 6 x` �¦ ë�H

Ð•o Ü¼–Ð “¦� 9K�� � ô�Ç �� . �� {9� r�Û¼ %7› “Ér �� {9� �̀¦ ë�H Ð•o Ü¼–Ð “¦� 9 ô�Ç �� . \V \�¦[ þt #Q ,

\ x+1"s� ú̃́ s� ÷& •�H áÔ–ÐÕª Ïþ› s�� 9 €�� •�� Ãº x•�H &ñ
 Ãº °ú̄ �̀¦ �� ”�� •�� Ãº#Œ�� ô�Ç �� . ��

{9� r�Û¼ %7› “Ér x�� &ñ
 Ãº °ú̄ �̀¦ ��t � •�H •©œS!� \•" f ëß– ú̃́ s� •)a ��“ ¦ óøÍé ß–ô�Ç �� .

�� {9� r�Û¼ %7› “Ér �� {9� \• ú́• •�H °ú̄ [þt s� ì�r Z>� e”� >� >� íß– ÷& •�H áÔ–ÐÕª Ïþ› “�� t� \�¦ óøÍ

éß– K� ï�r �� . áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• “Ér {9� 7áx _� >� íß– s�“ ¦ Õª >� íß– ×�æ\• °ú̄ [þt“ Ér ì�r Z>� e”� >�

f�Ë �Q�� •�� �� . �8
 �l � >� íß– \• •�H Õüw �� [þt s� , ��� ™D¥ s�� � •�H >� íß– \• •�H zŒ™��ü < #Œ��� � ,

�� €�� =åX s�l � >� íß– \• •�H �� €�� õ� Óüt õ� Ô�¦ s� , Ãº §4� µ1Ï „�� >� íß– \• •�H Óüt õ� '• ‘�� s� , 1px1px .

Õüw ��� 8
 �l �\ • zŒ™��ü < #Œ��� � [þt #Q�� €�� îß– ÷& “¦ , Ãº §4� µ1Ï „�� \• Ô�¦ õ� �� 1lx 	�� � [þt

#Q�� €�� îß– •)a �� .
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4.5.4 K = K - + �� {9� r�Û¼ %7›

K- ƒ�� #Q\•• ¸ �� {9� r�Û¼ %7› type system̀�¦ :Ÿx K�" f •7H o� &h� “�� ş̌ÀÓ \�¦ p�o � �� 1lx Ü¼–Ð

¹1Ô �̀¦ Ãº e”� •̧ 2Ÿ¤ K�˜ Ð�� . �� {9� �Ž� 7£x type checkings� �� 0px 
�• ¸ 2Ÿ¤ .

Äº ‚�� 1lx &h� �� {9� �Ž� 7£x dynamic type checking̀�¦ ·ú̃ ��˜ Ð�� . K- _� _� p� &ñ
 _� @/– Ð z�́

'Ÿ• 
� •�H z�́ 'Ÿ• l� interpreter\�¦ ½̈ ‰&³Ùþ¡ �� €�� , z�́ 'Ÿ• ×�æ\• �� {9� �̀¦ SX‰“�� K�� � •�H õ� &ñ
 s� €9�

¹̄
 �> � •)a �� .  »	 !lr d”� E1 + E2 _� ¿º d”� [þt“ Ér &ñ
 Ãº °ú̄ �̀¦ ëß– [þt #Q?/ •�H d”� [þt “�� �â


Äº\ • ëß– �8
 �l �� � ”�� 'Ÿ• |̈c Ãº e”� �� . z�́ 'Ÿ•� �� õ� �� &ñ
 Ãº “�� t� \�¦ SX‰“�� ô�Ç Êê\ •  »	 !lr s�

”�� 'Ÿ• ÷& �� ô�Ç �� . áÔ–Ðr�4 R  ñ Ø�¦ d”� f ( E) “Ér f _� z�́ ‰̂�� áÔ–Ðr�4 R “�� t� \�¦ z�́ 'Ÿ•

×�æ\• SX‰“�� ô�Ç Êê\ •� �  ñ Ø�¦ s� {9� #Q ±ú̃ Ãº e”� �� . z�́ ‰̂�� Bj—̧o� ÅÒ™è “�� Ð̃ :Ÿx _� •��

Ãº� � €��  ñ Ø�¦ s� {9� #Q ±ú̃ Ãº �� \O� �� . s� XO� >� z�́ 'Ÿ• ×�æ\• °ú̄_ � 7áx ÀÓ�� \V •©œ@/– Ð f�Ë

�Q��m� •�H t� \�¦ SX‰“�� 
� •�H �̄	 �̀¦ 1lx &h� �� {9� �Ž� 7£x dynamic type checkings�� �“ ¦ ô�Ç �� .

Õª� Q�� , 0A \•" f s�� �l � ô�Ç @/– Ð , Äºo� •�H &ñ
&h� �� {9� �Ž� 7£x static type checkings� €9�

¹̄
 �� � . áÔ–ÐÕª Ïþ› z�́ 'Ÿ•„ �� \• �� {9� �Ž� 7£x 
�l � . z�́ 'Ÿ• 
�� �� � ë�H ]j� � µ1Ï Òqt 
� •�H �̄	

Ð̃�� •�H ë�H ]j \�¦ p�o � ¹1Ô ��? /“ ¦ Áº ���&h� e”� �̀¦ SX‰“�� ô�Ç Êê\ • z�́ 'Ÿ• �̀¦ r� •Œ• 
� •�H �̄	 s�

€9� ¹̄
 �� � . s� •�� l� Õüt` �¦ &ñ
&h� �� {9� �Ž� 7£x static type checkings�� �“ ¦ ô�Ç �� .

�Ž� 7£x l�� � áÔ–ÐÕª Ïþ› �̀¦ ì�r $3� K�" f \ z�́ 'Ÿ• ×�æ\• �� {9� ş̌ÀÓ�� \O� �̀¦ �̄	 e”� " s�� �“ ¦ Ùþ¡

�̀¦ M:\ • ëß– áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• r�v �“ ¦ z�· �� . �8 ç�H ��� � Õª �Ž� 7£x l� •�H b”� �̀¦ ëß– sound
�

€�� a%~ �’x �� . �� {9� �Ž� 7£x ��� õ� ë�H ]j \O� �̀¦ �̄	 s�� �“ ¦ Ùþ¡ •�H X< z�́ 'Ÿ• ×�æ\• ë�H ]j� � µ1Ï Òqt


� •�H �â
 Äº� � \O�%3� Ü¼ €�� a%~ �’x �� .
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p�o � s�� �l � 
�t � ëß– , Äºo� K- \•" f •�H b”� �̀¦ ëß– soundô�Ç �� {9� �Ž� 7£x l� \�¦ ëß– [þt #Q

?/t � •�H 3lw ô�Ç �� . K- •�H îß– „�� ô�Ç �� {9� �Ž� 7£x l� sound type checker\�¦ °ú• ð�r ƒ�� #Q \�¦ ��� �

“�� 
�� � •�H 3lq ³ð \�¦ %ƒ 6£§ ÂÒ'• ��t �“ ¦ n�� � “�� •)a ƒ�� #Q •�H ��m�� � . ‰&³ F� @/ÂÒ ì�r _� “��

l� e”� •�H áÔ–ÐÕªA� bç
 ƒ�� #Q _� —̧_þv s�l �• ¸ 
�� � .

Õª� Q ô�Ç ƒ�� #Q [þt _� �� {9� r�Û¼ %7› s� #Qn�� �t � ü< e”� •�H t� \�¦ K- \�¦ :Ÿx K�" f ¶ú̃ (R

Ð̃�� . ‰&³ F� @/ÂÒ ì�r _� áÔ–ÐÕªA� bç
 ƒ�� #Q _� —̧_þv s� #Q b•G >� K�" f Õª —̧_þv s� ÷& %3�

•�H t� .
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4.5.4.1 K - \•" f >� íß– ÷& •�H °ú̄ [þt _� 7áx ÀÓ

0A \•" f s�� �l � ô�Ç K- \•" f áÔ–ÐÕª Ïþ› d”� [þt s� >� íß– 
� •�H °ú̄ [þt _� 7áx ÀÓ •�H 5��t �� � e”�

�� :

Val = Z + B + f�g + Record + Addr

Record = Id �n! Addr

l� ‘:r °ú̄ primitive value_� 7áx ÀÓ��� � s� 2£§` �¦ ·¡­ s�� � . s� �̄	 [þt s� l� ‘:r �� {9� primitive

type[þt s�� � . Õªo�“ ¦ YU•ï×¼ •�H 4Ÿ¤ ½+Ë °ú̄ compound values�“ ¦ , Õª �� {9� “Ér YU•ï×¼ ÂÒ

¾¡§[ þt _� �� {9� Ü¼–Ð ëß– [þt #Q ”�� 4Ÿ¤ ½+Ë �� {9� compound types� •)a �� . Bj—̧o� ÅÒ™è •�H °ú̄ �̀¦

Ð̃ ›'a 
�“ ¦ e”� “¦ , Bj—̧o� ÅÒ™è _� �� {9� “Ér Ð̃ ›'a 
�“ ¦ e”� •�H °ú̄_ � �� {9� \• ��� � ì�r ÀÓ ô�Ç

4Ÿ¤ ½+Ë �� {9� compound types�� � . áÔ–Ðr�4 R •�H K- \•" f °ú̄ “Ér ��m�t � ëß– , Õª �� {9� �̀¦ ��

t�“ ¦  ñ Ø�¦ d”� [þt s� ]j@/– Ð æ¼s� •�H t� SX‰“�� ½+É €9� ¹̄� � e”� �� . “�� �� �� {9� õ� ��� õ� ��
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{9� Ü¼–Ð ½̈ $í
 •)a 4Ÿ¤ ½+Ë �� {9� compound types� •)a �� .

Type � ! int j bool j unit

j � loc location type

j fg j f x ! � ; y ! � g record type

j � ! � proceduretype

4.5.4.2 �� {9� �Ž� 7£x ½© gË:

K- �� {9� r�Û¼ %7› “Ér �� 6£§ _� óøÍé ß– typing judgment

� ` E : �

�̀¦ 7£x "î
 
� •�H •7H o� ½© gË: [þt s�� � . áÔ–ÐÕª Ïþ› _� p� &ñ
 _� ½© gË: õ� 1lx {9� ô�Ç áÔA� e”� �°3 s�

�� . �� {9� 8̈Š �â
 type environment

� 2 Id �n! Type

s�� �“ ¦ Ô�¦ o� •�H � •�H áÔ–ÐÕª Ïþ› \• ��� �� � •�H s� 2£§[ þt _� �� {9� �̀¦ �� ”�� _…s� �̂¦ s�� � .

�� {9� óøÍé ß–

� ` E : �

“Ér

�� {9� 8̈Š �â
 � \•" f d”� E �� ]j@/– Ð z�́ 'Ÿ• ÷& “¦ ëß– {9� =åQ èß– �� €�� �� {9� � _�

°ú̄ �̀¦ >� íß–ô�Ç �� ,

•�H �� z�́ �̀¦ >pw ô�Ç �� . ½© gË: [þt` �¦ 
�� � 
�� � Ð̃�� . yŒ• d”� _� ½̈› ¸\ • ��� � 
�� � m”� ÅÒ

#Q4R e”� �� .

� ` E : �

� ` skip : unit

� ` E : � �( x) = � loc
� ` x := E : �
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� ` E1 : � 1 � ` E2 : � 2

� ` E1 ; E2 : � 2

� ` E : bool � ` E1 : � � ` E2 : �
� ` if E then E1 else E2 : �

� ` E1 : bool � ` E2 : �
� ` while E1 do E2 : unit

� ` E1 : int � ` E2 : int
� f x 7! int locg ` E : �

� ` for x := E1 to E2 do E : unit

� ` E1 : � 1 � f x 7! � 1g ` E2 : �
� ` let x := E1 in E2 : �

� f f 7! � 1 ! � 2gf x 7! � 1g ` E1 : � 2 � f f 7! � 1 ! � 2g ` E : �
� ` let proc f ( x) = E1 in E : �

�( f ) = � 1 ! � 2 � ` E : � 1

� ` f ( E) : � 2

�( x) = int loc
� ` read x : int

� ` E : �
� ` write E : �

� ` n : int

�( x)� loc
� ` x : �

� ` E1 : int � ` E2 : int
� ` E1 + E2 : int

� ` E : int
� ` - E : int

� ` E1 : int � ` E2 : int
� ` E1 < E2 : bool

� ` E : bool
� ` not E : bool
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� ` { } : fg

� ` E1 : � 1 � ` E2 : � 2

� ` { x := E1; y := E2} : f x 7! � 1 loc; y 7! � 2 locg

� ` E : � � (x) = � 0 loc
� ` E:x : � 0

� ` E1 : � � ` E2 : � 0 � (x) = � 0 loc
� ` E1:x := E2 : � 0

� ` E : �
� ` malloc E : � loc

� ` &x : �( x)

� ` E : �
� ` &E:x : � (x)

� ` E : � loc
� ` *E : �

� ` E1 : � loc � ` E2 : �
� ` *E1 := E2 : �

0A_� �� {9� r�Û¼ %7› �̀¦ /BK …9� #Q Ð̃�� . ½̈ ‰&³ �̀¦ #Q b•G >� ½+É t� •�H �� 6£§ ]X� \•" f ¶ú̃

€9�� 	̄ s�� � . í�H Ãº ô�Ç •7H o� r�Û¼ %7› Ü¼–Ð"f ��� �˜ Ð�� . áÔ–ÐÕª Ïþ› _� ½̈ $3� ½̈ $3� s� #Q ‹"�

�� {9� �̀¦ °ú• •�H ��“ ¦ óøÍé ß– |̈c Ãº e”� •�H t� .

0A_� �� {9� r�Û¼ %7› “Ér ô�Ç ��t � F�p � e”� •�H �� z�́ s� e”� �� . áÔ–ÐÕªA� Q�� �� {9� \•

@/K�" f áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ îß– \• +‹ V,� “Ér �̄	 s� „�� )€ \O� �� .

4.5.5 K - �� {9� r�Û¼ %7› _� •7H o� &h� ë�H ]j

Õª XO� 1pw 
�t � ëß– �� /' î�r €�� s� e”� �� . ¿º� �t � ë�H ]j� � e”� �� . îß– „�� sound
�t �• ¸ ·ú§ “¦

¢-a „�� complete
�t �• ¸ ·ú§ �� .
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4.5.5.1 �� {9� �Ž� 7£x ½© gË: s� îß– „�� 
�t � ·ú§ ��

0A_� �� {9� r�Û¼ %7› “Ér b”� �̀¦ ëß– 
�t � ·ú§ �� unsound. 0A_� �� {9� r�Û¼ %7› s� ë�H ]j \O� ��“ ¦

óøÍé ß–ô�Ç áÔ–ÐÕª Ïþ› s� z�́ 'Ÿ• ×�æ\• �� {9� ş̌ÀÓ–Ð "3� Ø�¦ Ãº e”� �� . ş̌ÀÓ �Ž� 7£x s� b”� �̀¦ Ãº

\O� •�H �̄	 s�� � .

s� ë�H ]j •�H t� �FK ��t � \ •©œd”� _� Ãº ï�r \•" f " v� 0> “:r ƒ�� #Q “�� K- \•" f •�H K� ��� ½+É Ãº \O�

�� . ƒ�� #Q \�¦ n�� � “�� ½+É M: ÂÒ'• , s� ë�H ]j \�¦ %i� ¿º\ • ¿º“ ¦ ú̧̃ n�� � “�� K� ��� � K� ���

½+É Ãº e”� •�H ë�H ]js �� � . 5•©œ\•" f s� õ� &ñ
 �̀¦ µ1á �� °ú̃ �̄	 s�� � . #Q b•G >� #3� 6 x _� ƒ�� #Q

�� s� ë�H ]j \�¦ K� ��� ô�Ç ¼#� o� ô�Ç �� {9� r�Û¼ %7› �̀¦ �� |9� Ãº e”� •�H t� ��� >� |̈c �̄	 s�� � .

s� �� {9� r�Û¼ %7› s� îß– „�� 
�t � ·ú§ “Ér �â
 Äº •�H �� 6£§ õ� °ú  �� :
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�� {9� r�Û¼ %7› �̀¦ îß– „�� 
�> � ëß– [þt #Q °ú̃ Ãº •�H e”� �� . Õª XO� >� ÷& €�� &h� #Q•̧ [j� �t �

–Ð ��� •:r ��> � |̈c �̄	 s�� � . îß– „�� 
�> � ÷& l� 0A K�" f K- \�¦ ÅÒÁºØÔ>� •)a �� . ��t �u �

“¦ . Õª XO� >� ÷& €�� �8s� •©œ K- �� •�H ƒ�� #Q _� —̧_þv s� �� u�́ �̄	 s�� � . q� 5pw ô�Ç s�� � |��

X< , �� •Ér ô�Ç ��� •:r“ Ér , îß– „�� ô�Ç �� {9� r�Û¼ %7› �̀¦ “¦ îß– 
�“ ¦ ½̈ ‰&³ ½+É Ãº e”� >�÷ & €�� Õª ��

{9� r�Û¼ %7› �̀¦ :Ÿx õ� 
� •�H K- áÔ–ÐÕª Ïþ› “Ér B�Äº ™èÃº� � |̈c �̄	 s�� � . Õª� Q ô�Ç K- áÔ–Ð

Õª Ïþ› “Ér K- ƒ�� #Q _� ]j ô�Ç •)a l� 0px ëß– ��t �“ ¦ •Œ• $í
 •)a áÔ–ÐÕª Ïþ› [þt s� |̈c �̄	 s�� � . ¢̧

�� •Ér ��� •:r“ Ér , îß– „�� 
�> � ÷& l� 0A K�" f B�Äº &ñ
 “§ ô�Ç �� {9� r�Û¼ %7› �̀¦ “¦ îß– 
�> � |̈c �̄	

s�“ ¦ , Õª &ñ
 “§ †<Ê s� �FG \• ²ú̃ K�" f ��� �• ¸ t� �FK _� l�> �– Ð •�H ½̈ ‰&³ |̈c Ãº \O� •�H �̄	 s�

|̈c �̄	 s�� � .

�� 6£§ 5•©œ\•" f �� {9� r�Û¼ %7› _� îß– „��$ í
 �̀¦ %i� ¿º\ • ¿º“ ¦ áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�

�� “�� K� �� €�� "f ²ú̃ $í
 ô�Ç $í
 õ� \�¦ ¶ú̃ (R �̂¦ �̄	 s�� � . #Q b•G >� z�́ 6 x &h� “�� #3� 6 x _� ƒ�� #Q��

s� ë�H ]j \�¦ K� ��� ô�Ç ¼#� o� ô�Ç �� {9� r�Û¼ %7› �̀¦ °ú• ÆÒ>� ÷& %3� •�H t� ·ú̃ ��˜ Ð�� . áÔ–ÐÕª

A� bç
 ƒ�� #Q ì�r �� _� ynC �� •�H $í
 õ� s�� � .
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4.5.5.2 �� {9� �Ž� 7£x ½© gË: s� ¢-a „�� 
�t � ·ú§ ��

K- �� {9� ½© gË: _� ¿º •�� P: ë�H ]j •�H , ]j@/– Ð •̧ •�H áÔ–ÐÕª Ïþ› ×�æ\•" f 0A_� �� {9� r�Û¼

%7› �̀¦ :Ÿx õ� 
� •�H �̄	 “Ér {9� ÂÒ ì�r incompletes�� � . ú̧̃ [�t áÔ–ÐÕª Ïþ› �̀¦ —̧¿º �� {9� �Ž� 7£x ½+É

Ãº e”� •�H >� ��m�� � . ]j@/– Ð �� {9� ş̌ÀÓ \O� s� ú̧̃ [�t áÔ–ÐÕª Ïþ› �̀¦ , 0A_� �� {9� r�Û¼

%7› “Ér �� {9� s� \O� ��“ ¦ óøÍé ß–½+É Ãº e”� �� . �� {9� r�Û¼ %7› s� �� 6 x 
� •�H Õª Óüt s� �-Áº 8ú§

8ú§ ô�Ç �̄	 s�� � .

� Bj—̧o� ÅÒ™è _� �� {9� s� •�� ½+É Ãº �� \O� �� . Bj—̧o� ÅÒ™è\ • %ƒ 6£§ Ü¼–Ð Ð̃ ›'a ÷&

•�H œíl � °ú̄_ � �� {9� s� Õª ÅÒ™è� � $• •©œ½+É Ãº e”� •�H °ú̄ [þt _� �� {9� Ü¼–Ð “¦ &ñ
 •)a

�� . •�� Ãº •�H †½Ó•©œ Õª œíl � °ú̄ õ� °ú  “Ér �� {9� _� °ú̄ëß– Ð̃ ›'a ½+É Ãº e”� •�H �̄	 s�� � .

Õª XO� t� ·ú§ “Ér áÔ–ÐÕª Ïþ› “Ér �� {9� �Ž� 7£x s� z�́ J� ô�Ç �� .

s� ë�H ]j \�¦ K� ��� ½+É Ãº e”� •�H a%~“Ér ~½Óîß– s� ÿ.� �� ?
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� #Q ‹"� áÔ–Ðr�4 R •�H “�� �� °ú̄_ � �� {9� \• •©œ›'a \O� s� z�́ 'Ÿ• |̈c Ãº e”� •�H áÔ–Ðr�4 R [þt

s� e”� �� . s�� Q ô�Ç áÔ–Ðr�4 R •�H �� €ªœô�Ç �� {9� _� “�� �� \�¦ ~ÃÎ Ü¼ €�� "f ��Áº ë�H ]j

z�́ 'Ÿ• |̈c Ãº e”� �� . s�� Q ô�Ç áÔ–Ðr�4 R •�H 0A_� �� {9� r�Û¼ %7› \•" f •�H �� {9� �Ž� 7£x

�̀¦ :Ÿx õ�½+É Ãº \O� �� .

s� ë�H ]j \�¦ K� ��� ½+É Ãº e”� •�H a%~“Ér ~½Óîß– s� ÿ.� �� ?

� YU•ï×¼ �� {9� ›'a º�� K�" f• ¸ �� {9� �Ž� 7£x s� �-Áº ��� � \�v �� . �� 6£§ _� ë�H ]j� � e”�

�� .

4Ÿ¤ ½+Ë&h� “�� X<s�� � \�¦ ³ð ‰&³ 
� •�H X< æ¼s� •�H YU•ï×¼ _� �� {9� s� Ä» ƒ�� 
�t � ·ú§ �� .

4Ÿ¤ ½+Ë&h� “�� X<s�� � •�H ÅÒ–Ð F� )
 &h� Ü¼–Ð &ñ
 _� ÷& •�H X<s�� � [þt s�� � (\V , o�Û¼àÔ

�� ��Áº½̈ › ¸ ). o�Û¼àÔ�� o�Û¼àÔ \�¦ ¾¡§ “¦ e”� �̀¦ �̄	 s�“ ¦ , ��Áº� � ��Áº \�¦ ¾¡§ “¦

e”� �̀¦ �̄	 s�� � . s� •�� ½̈› ¸ \�¦ YU•ï×¼–Ð ½̈ ‰&³ 
�� �˜ Ð €�� , C \•" f %ƒ !3� , YU•ï×¼

_� ô�Ç €9� ×¼�� Õª F� )
 \�¦ ¾¡§•�H “¦o �� � •)a �� (\V , o�Û¼àÔ ”̧×¼ _� \ next " €9�

×¼�� ��Áº½̈ › ¸ ”̧×¼ _� \ sub-tree " €9� ×¼ ). ë�H ]j •�H , Õª €9� ×¼ _� �� {9� s� 
�

�� _� YU•ï×¼ �� {9� Ü¼–Ð &ñ
 K�4 R"f •�H ·ú§ •)a �� . Õª €9� ×¼ •�H œíl �\ • •�H ‘�� YU•ï

×¼ \�¦ �� |9� �̄	 s�� � . F� )
 &h� Ü¼–Ð ¾¡§ “¦ e”� •�H �̄	 s� \O� •�H �̄	 s�� � . F� )
_ � U�·

s�� � 0“�� YU•ï×¼s�� � . Õª� Q��� � z�́ 'Ÿ• ×�æ\• Õª ‘�� YU•ï×¼ €9� ×¼�� �� •Ér YU

•ï×¼ \�¦ ¾¡§ >� |̈c �̄	 s�� � . F� )
 ½̈› ¸ \�¦ ¾¡§ >� ÷& •�H �̄	 s�� � . \V \�¦[ þt #Q ,

lst := {val := 0, next := {}};

lst.next := {val := 100, next := {}}

0A_� lst _� next €9� ×¼ _� �� {9� “Ér ‘�� YU•ï×¼ �� {9� Ü¼–Ð “¦ &ñ
 |̈c Ãº \O� �� . œí

l�\ • ‘�� YU•ï×¼ \�¦ ��t �> � ÷& %3� t� ëß– /BI s�# Q Õª €9� ×¼�� �� •Ér �� {9� _� YU•ï×¼

\�¦ ��t �> � ÷& Ù¼–Ð . Õª XO� ��“ ¦ ¿º •�� P: t� &ñ
 ë�H M: ë�H \• YU•ï×¼ �� {9� f val 7!

int ; next 7! fgg Ü¼–Ð•̧ “¦ &ñ
 |̈c Ãº \O� �� . œíl � _� ‘�� YU•ï×¼ü< �� {9� s� ú́• t�

·ú§ �̀¦ ÷�r �8� Q lst.next.next \�¦ :Ÿx K�" f ¢̧ �� •Ér YU•ï×¼�� ‘�� €9� ×¼ \�¦ �� 7


}9� Ãº e”� l� M: ë�H s�� � .

s� ë�H ]j \�¦ K� ��� ½+É Ãº e”� •�H a%~“Ér ~½Óîß– s� ÿ.� �� ?
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�� {9� r�Û¼ %7› _� îß– „��$ í
 soundness̀�¦ >h _� u� ·ú§ •�H �� €�� , 0A_� ë�H ]j \�¦ K� ��� 
� •�H

~½Ó ZO� “Ér ~1� >� ?/# Q Z�~`�¦ Ãº e”� �� . �� z�́ s� XO� >� “¦ îß– •)a ~½Ó ZO� [þt s� ‰&³ F� _� @/ÂÒ ì�r

_� áÔ–ÐÕªA� bç
 ƒ�� #Q\• &h� 6 x ÷& %3� �� . Õª ™�¥ &h� �̀¦ ��� �� � �̂¦ �̄	 s�� � .

[j •�� P: ë�H ]j \�¦ �� 6£§ õ� °ú  s� K� ��� 
�� � . Äº ‚�� , áÔ–ÐÕªA� Q�� �� {9� �̀¦ &ñ
 _� 
�

“¦ s� 2£§` �¦ t� �̀¦ Ãº e”� •̧ 2Ÿ¤ 
�� � . Õªo�“ ¦ Õª s� 2£§ s� �� {9� &ñ
 _� \•" f F� )
 &h� Ü¼–Ð

�� 6 x |̈c Ãº e”� •̧ 2Ÿ¤ 
�� � . Õª� Q €�� F� )
 X<s�� � \�¦ ½̈ ‰&³ 
� •�H YU•ï×¼\•" f “¦o � %i� ½+É

�̀¦ 
� •�H €9� ×¼ _� �� {9� \• s� 2£§` �¦ �� 6 x 
� €�� , Õª €9� ×¼�� ¾¡§ “¦ e”� �̀¦ F� )
_ � U�· s� \�¦

�� {9� \• ×¼�Q?/t � ·ú§ >� •)a �� .

\V \�¦ [þt #Q

type list = f int val, list next g

��“ ¦ &ñ
 _� •)a list �� {9� “Ér YU•ï×¼ \�¦ >pw ô�Ç �� , &ñ
 Ãº \�¦ ��t � •�H val €9� ×¼ü< F� )
 &h�

Ü¼–Ð list \�¦ ¾¡§` �¦ Ãº e”� •�H next €9� ×¼ . F� )
 “¦o �\ • Ð̃ ›'a ÷& •�H o�Û¼àÔ _� U�· s� •�H

³ð ‰&³ |̈c €9� ¹̄� � \O� �� .

áÔ–ÐÕª Ïþ› \•" f æ¼ •�H �� {9� õ� �� {9� &ñ
 _� •�H �� 6£§ õ� °ú  “Ér ë�H ZO� �̀¦ ��ØÔ•̧ 2Ÿ¤ 
�� � .

t ! int j bool j unit

j t loc

j tid type name

T ! type tid = { t x; t y} type declaration

P ! T � E program

�� {9� s� 2£§[ þt _� Ä»´ò #3� 0A •�H áÔ–ÐÕª Ïþ› „�� ‰̂�� ÷& •̧ 2Ÿ¤ Ùþ¡ �� . �� {9� s� 2£§[ þt s� &ñ
 _�

÷& •�H /BM“Ér áÔ–ÐÕª Ïþ› _� %ƒ 6£§ ÂÒ ì�r ÷�r s�� � . �� {9� s� 2£§ _� Ä»´ò #3� 0A �� �� •Ér s� 2£§

[þt °ú  s� {9� ÂÒ ì�r Ü¼–Ð ]j ô�Ç ÷& >� 
� •�H �̄	 •̧ �� 0px 
� �’x t� ëß– .

Õªo�“ ¦ , ‘�� YU•ï×¼ d”� “Ér e”� _�_ � �� {9� Ü¼–Ð ���&ñ
 |̈c Ãº e”� ��“ ¦ �� {9� ½© gË: �̀¦ &ñ


_�ô �Ç �� .

� ` { } : fg
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@/ ’�� \•

� ` {} : �

–Ð . ‘�� YU•ï×¼ \�¦ œíl �\ • ��t �> � ÷& •�H list YU•ï×¼ _� next €9� ×¼ •�H list �� {9� s�

÷& •�H �̄	 Ü¼–Ð óøÍé ß– ÷& •�H �̄	 s�� � .

s� XO� >� ÷& €�� , 0A \•" f ¶ú̃ (R ‘:r áÔ–ÐÕª Ïþ›

lst := {val := 0, next := {}};

lst.next := {val := 100, next := {}}

\•" f lst _� �� {9� “Ér list locÜ¼–Ð óøÍé ß–½+É Ãº e”� “¦ , ¿º •�� P: ×�¦ _� t� &ñ
 ë�H •̧ �� {9�

�Ž� 7£x` �¦ :Ÿx õ�ô �Ç �� . lst.next •̧ list locs�Ù¼–Ð .

0A_� K� ��� Õþ̃ Ü¼–Ð ÂÒ'• C�Äº •�H ×�æ¹̄ ô�Ç ��s �n �# Q •�H s� 2£§` �¦ �� 6 x ô�Ç �� •�H �̄	 s�

�� . �� {9� \• s� 2£§` �¦ ·¡­ s�“ ¦ Õª s� 2£§ Ü¼–Ð 5Åq ?/ 6 x` �¦ yŒ™ð�r �� . F� )
 &h� “�� ½̈› ¸ \�¦ ½̈

‰&³ 
� •�H YU•ï×¼ •�H F� )
 “¦o � %i� ½+É �̀¦ 
� •�H €9� ×¼�� e”� �� . e”� _�_ � U�· s�– Ð YU•ï×¼

\�¦ ¾¡§` �¦ Ãº e”� •�H Õª €9� ×¼ _� �� {9� . •�� �o Áº Š©œô�Ç F� )
_ � U�· s� \�¦ �� {9� \• ³ð ‰&³ 
�t �

·ú§ l� 0A K�" f s� 2£§` �¦ �� 6 x 
� •�H �̄	 s�� � .

Õª� Q�� , 0A_� K� ���Õþ̃ s� #Q [O� É̃r s�Ä» •�H , �� {9� r�Û¼ %7› s� îß– „�� 
�t � ·ú§ “Ér ë�H ]j

�� K� ��� ÷& t� ·ú§€Œ¤ l� M: ë�H s�� � . �� {9� r�Û¼ %7› _� îß– „��$ í
 soundness̀�¦ Ÿíl �
 �“ ¦ s�

XO� >� “¦ îß– •)a ~½Ó ZO� [þt s� ‰&³ F� _� @/ÂÒ ì�r _� áÔ–ÐÕªA� bç
 ƒ�� #Q\• &h� 6 x ÷& %3� �� .

5•©œ\•" f •�H ]j@/– Ð •)a K� ���Õþ̃ �̀¦ •7H _�½+É �̄	 s�� � . �� {9� r�Û¼ %7› _� îß– „��$ í
 soundness̀�¦

Ð̃ •©œ
� €�� "f 0A_� ë�H ]j [þt` �¦ K� ��� K� çß– ��� õ� [þt . áÔ–ÐÕªA� bç
 ƒ�� #Q _� �� {9� r�Û¼ %7›

ƒ�� ½̈ _� Ùþ̃ d”� �̀¦ Ð̃>� |̈c �̄	 s�� � . îß– „�� 
� €�� "f þj @/ ô�Ç ú́§ s� �� {9� ş̌ÀÓ \O� s� z�́ 'Ÿ•

|̈c áÔ–ÐÕª Ïþ› [þt` �¦ �Ž� 7£x K� ÅÒ •�H r�Û¼ %7› �̀¦ ëß– [þt “¦� � ô�Ç ”̧ §4� _� ��� õ� [þt . s� õ� &ñ


�̀¦ ¶ú̃ (R �̂¦ �̄	 s�� � .

4.5.6 K - �� {9� r�Û¼ %7› _� ½̈ ‰&³ ë�H ]j

ô�Ç¼#� , 0A ü< °ú  s� “¦ îß–ô�Ç K- �� {9� r�Û¼ %7› �̀¦ #Q b•G >� ½̈ ‰&³ ½+É �̄	 “�� �� ? ½̈ ‰&³ ô�Ç ��

{9� r�Û¼ %7› “Ér K- áÔ–ÐÕª Ïþ› �̀¦ ~ÃÎ ��" f \V / ��m�š ¸ \�¦ Ø�¦ §4� ô�Ç �� . &ñ
 _�ô �Ç 7£x "î
 ½© gË:

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



4.5 ƒ�� #Q v�Äºl � I I I: K 113

\• ��� �" f Õª áÔ–ÐÕª Ïþ› _� ½̈ $3� ½̈ $3� �� {9� s� ]j@/– Ð ÷& %3� •�H t� 7£x "î
 K� è­q Ãº e”�

Ü¼ €�� \ \V ", ��m� €�� \ ��m�š ¸ ."

Õª� Q ô�Ç 7£x "î
 l� \�¦ #Q b•G >� ½̈ ‰&³ ½+É Ãº e”� �̀¦ �� ? K- �� {9� ½© gË: [þt“ Ér _� p� ½©

gË: õ� •�H �� •Ér €ªœ•©œs� e”� �� . �� {9� �Ž� 7£x l� ½̈ ‰&³ “Ér K- _� p� ½© gË: �̀¦ Ð̃“¦ z�́ 'Ÿ•

l� interpreter\�¦ ½̈ ‰&³ ½+É M:ü < °ú  s� çß–éß– 
�t � •�H ·ú§ �� .

½̈ ‰&³ _� ë�H ]j \�¦ çß– ¼#� 
�> � �Å� #Q�� •�H ~½Ó ZO� “Ér , áÔ–ÐÕªA� Q�� �� {9� �Ž� 7£x` �¦ [�v• �H

•ï F'p àÔ \�¦ áÔ–ÐÕª Ïþ› ×þ̃ Û¼àÔ\• Ÿí †<Ê r�v �• ¸ 2Ÿ¤ y©œ]j
 � •�H �̄	 s�� � . s�ü < °ú  “Ér ~½Ó d”�

Ü¼–Ð ½̈ $í
 •)a ƒ�� #Q�� C, C++, Pascal, Java1px _� ƒ�� #Q [þt s�� � . s� õ� &ñ
 �̀¦ Õª@/– Ð

K- \•" f µ1á �� °ú̃ �̄	 s�� � .

K- �� {9� r�Û¼ %7› _� ½̈ ‰&³ s� çß–éß– u� ·ú§ “Ér s�Ä» \�¦ ¶ú̃ (R˜Ð�� . Äº ‚�� , ½̈ ‰&³ „�� |ÄÌ

�̀¦ Òqt yŒ• K� Ð̃�� . �� {9� óøÍé ß–

� ` E : �

_� 7£x "î
 �̀¦ ½̈ ‰&³ 
� •�H �� {9�� Ž� 7£x †<Ê Ãº _� {9�§ 4� “Ér ¿º ��t �� � |̈c �̄	 s�� � : áÔ–ÐÕª Ïþ›

d”� E ü< �. ÅÒ#Q ”�� ¿º >h _� {9�§ 4� \• @/K�" f �� {9�� Ž� 7£x †<Ê Ãº •�H 0A_� �� {9� óøÍé ß– \•

K� {©œ
� •�H � �� e”� •�H t� \�¦ ¹1Ô >� •)a �� . �� {9� 8̈Š �â
 � •�H áÔ–ÐÕª Ïþ› \• ��� �� � •�H s� 2£§

[þt _� �� {9� [þt \• @/K�" f ·ú̃ �9 ”�� (�� &ñ
 
�> � •)a ) ?/ 6 x s�� � . s� �̄	 �̀¦ ��t �“ ¦ áÔ–ÐÕª

Ïþ› %7̃ Û¼àÔ E�� �� {9� � \�¦ �� |9� Ãº e”� •�H t� �� {9� ½© gË: \• ï�r K�" f ·ú̃ ��˜ Ð •�H �̄	 s�

�� . áÔ–ÐÕª Ïþ› „�� ‰̂\• @/K�" f •�H r� •Œ• � •�H Óüt• :r q�# Q e”� �̀¦ �̄	 s�� � . �� {9�� Ž� 7£x †<Ê

Ãº� � áÔ–ÐÕª Ïþ› _� ÂÒ ì�r[ þt \• @/K�" f F� )
 &h� Ü¼–Ð  ñ Ø�¦ ÷& €�� "f � \• &ñ
 Ð̃�� Áú¢ s�> �

|̈c �̄	 s�� � .

Äºo� _� �� {9� r�Û¼ %7› \•" f ½̈ ‰&³ s� #Q�9 î�r s�Ä» •�H �� 6£§ _� ½© gË: \•" f ×¼�Q èß– �� :

� f f 7! � 1 ! � 2gf x 7! � 1g ` E1 : � 2 � f f 7! � 1 ! � 2g ` E : �
� ` let proc f ( x) = E1 in E : �

��� •:r (ì�r —̧)s� �� 0px 
�� 9 €�� ›̧ |	� (ì�r �� ÂÒ ì�r \• e”� •�H ) óøÍé ß– [þt s� �� z�́ s�# Q�� ô�Ç �� .

7£¤ , áÔ–Ðr�4 R 3lu: Ÿx E1s� �� {9� � 2\�¦ �� ”�� �� •�H �̄	 s� SX‰“�� ÷& �� ô�Ç �� . ›̧ |	� óøÍé ß–

[þt s� �� z�́ “�� t� \�¦ SX‰“�� 
� •�H �̄	 “Ér , ��r � �� {9�� Ž� 7£x †<Ê Ãº \�¦ F� )
  ñ Ø�¦ 
� •�H �̄	 s�� � .
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s� M: , �� {9�� Ž� 7£x †<Ê Ãº\ • {9�§ 4� Ü¼–Ð ×�¦ �� {9� 8̈Š �â


� f f 7! � 1 ! � 2gf x 7! � 1g

“Ér s�p � Äºo�� � ·ú̃ ��? /� � ½+É � 1 õ� � 2�� æ¼ “�� �� . Õª ¿º �� {9� [þt s� áÔ–Ðr�$ • _� ��

{9� �̀¦ ½̈ $í
 
�l � M: ë�H s�� � . {©œS!� Û¼ XO� �� . Ø�¦ §4� Ü¼–Ð ·ú̃ ��? /� � ½+É �̄	 �̀¦ {9�§ 4� Ü¼–Ð

V,� #Q 1> �� ô�Ç �� ? �� 0px 
�t � ·ú§ �� .

#Q b•G >� K�� � , 0A ü< °ú  s� "f– Ð Óüt “¦ Áº •�H •©œS!� �̀¦ �� {9�� Ž� 7£x †<Ê Ãº\ •" f ½̈ ‰&³ ½+É

Ãº e”� �̀¦ �� ? áÔÕªA� Q\•>� Õþ̃ e”� �̀¦ ú́  l�� � . áÔ–ÐÕªA� Q�� �� {9� �̀¦ "î
 r�
 �• ¸ 2Ÿ¤


�� � . �� {9� �Ž� 7£x“ Ér Õª 2̃³ àÔ\• l�œíK�" f 
�� � . áÔ–Ðr�4 R &ñ
 _� \•" f áÔ–ÐÕªA� Q

�� “�� �� _� �� {9� õ� ��� õ� �� {9� �̀¦ "î
 r�
 �• ¸ 2Ÿ¤ 
�“ ¦ , �� {9� �Ž� 7£x“ Ér Õª �̄	 �̀¦ �� &ñ
 ô�Ç •©œ

I�\ •" f áÔ–Ðr�4 R 3lu: Ÿx` �¦ �� {9� �Ž� 7£x ô�Ç �� . s� XO� >� :

� f f 7! � 1 ! � 2gf x 7! � 1g ` E1 : � 2 � f f 7! � 1 ! � 2g ` E : �
� ` let proc f ( � 1 x): � 2 = E1 in E : �

s� XO� >� ÷& €�� ½̈ ‰&³ “Ér ~1� �� . K- z�́ 'Ÿ• l� interpreter_� ½̈ ‰&³ õ� °ú  s� çß– ¼#� 
�� � . �� {9�

�Ž� 7£x ½© gË: \• ��� �" f F� )
  ñ Ø�¦` �¦ ÂÒØÔ €�� •)a �� . áÔ–Ðr�4 R ��� õ�_ � �� {9� �̀¦ ½̈ $í
 
�

•�H � 1õ� � 2•�H áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\•" f áÔ–ÐÕªA� Q�� "î
 r�K� Z�~“Ér �̄	 �̀¦ æ¼ €�� •)a �� .

s�] j t� �FK ��t � SX‰•©œ÷& #Q “:r K- ƒ�� #Q \�¦ ¶ú̃ �� SX‰•©œK�" f , �� {9� �̀¦ áÔ–ÐÕªA� Q

�� áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\• Ÿí †<Ê r�v �• ¸ 2Ÿ¤ 
�� � . áÔ–Ðr�4 Rü< •�� Ãº ‚��ƒ �� \•" f Õª •�� Ãº
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_� �� {9� �̀¦ áÔ–ÐÕªA� Q�� "î
 r�
 �• ¸ 2Ÿ¤ ô�Ç �� . K �� •�H ƒ�� #Q��“ ¦ 
�� � .

E !
...

j let t x := E in E

j let proc f ( t x): t = E in E

t ! int j bool j unit

j t loc

j tid type name

T ! type tid = { t x; t y} type declaration

P ! T � E program

s�] j �� 6£§ õ� °ú  s� áÔ–ÐÕª Ïþ› 
�“ ¦ �� {9� �Ž� 7£x s� :Ÿx õ� |̈c �̄	 s�� � .

�� Óǖ—Ér 0A ü< °ú  s� SX‰•©œ•)a K ƒ�� #Q _� �� {9� �Ž� 7£x ½© gË: “Ér �� 6£§ õ� °ú  �� . �� {9� 8̈Š

�â
 type environment“Ér áÔ–ÐÕª Ïþ› \• ��� �� � •�H s� 2£§[ þt (•�� Ãº , áÔ–Ðr�4 R s� 2£§ , YU•ï×¼
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€9� ×¼ )_� �� {9� \• ›'a ô�Ç �̄	 s� %3� Ü¼�� , s�] jÂÒ'• •�H �� {9� s� 2£§[ þt _� 5Åq ?/ 6 x (�� {9� )\•

@/ ô�Ç 8̈Š �â
 •̧ €9� ¹̄K� ”�� �� .

� 2 Id �n! Type •�� Ãº _� �� {9� 8̈Š �â


� 2 TypeId �n! Type �� {9� s� 2£§ _� �� {9� 8̈Š �â


Type � ! int j bool j unit

j � loc location type

j tid j fg j f x ! � ; y ! � g record type

j � ! � proceduretype

TypeId tid

� ; � ` P : �
; ` T � : � ; ; � ` E : �

; ; ; ` T � E : �

� ` T � : � 0

� ` T1 : � 1 � 1 ` T2 : � 2

� ` T1 T2 : � 2

� ` type tid = { t1 x1; t2 x2} : � f tid 7! f x1 7! t1 loc; x2 7! t2 locgg
x1 6= x2

� ; � ` E : �
� ; � ` E : � �( tid )f x 7! � locg

� ; � ` { x := E} : tid

� ; � ` { } : �

� f f 7! � 1 ! � 2gf x 7! � 1g; � ` E1 : � 2 � f f 7! � 1 ! � 2g; � ` E : �
� ; � ` let proc f ( � 1 x): � 2 = E1 in E : �
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4.5.7 s� 2£§ /BN çß– , °ú  “Ér �� {9�

áÔ–ÐÕªA� bç
 ƒ�� #Q _� ¿º� �t � s�Ã» \�¦ •7H _� 
�“ ¦ s� •©œ�̀¦ ��u �� � . s� 2£§ /BN çß– name

spaceõ� °ú  “Ér �� {9� type equivalence_� &ñ
 _� \• @/K�" f .

Äº ‚�� s� 2£§/ BN çß– \• @/K�" f . K ƒ�� #Q\•" f •�H ú́§ “Ér �̄	 \• s� 2£§` �¦ t� �̀¦ Ãº e”� �� .

Bj—̧o� ÅÒ™è (•�� Ãº ), YU•ï×¼ _� €9� ×¼ , áÔ–ÐÕª Ïþ› •ï×¼ (áÔ–Ðr�4 R ), �� {9� . �� {9� s� 2£§

“Ér áÔ–ÐÕª Ïþ› „�� ‰̂�� Ä»´ò #3� 0A scope%i� “¦ , •�� Ãº s� 2£§ õ� áÔ–Ðr�4 R _� s� 2£§“Ér Ä»´ò

#3� 0A scope\�¦ ô�Ç&ñ
 ½+É Ãº e”�%3� �� .

K\•" f •�H °ú  “Ér s� 2£§` �¦ �� {9� s� 2£§ s�� � •�� Ãº s� 2£§ Ü¼–Ð �� 6 x K�• ¸ áÔ–ÐÕª Ïþ› %7̃

Û¼àÔ\•" f ë�H ]j \O� s� ½̈ ì�r ½+É Ãº e”� �� . ô�Ç s� 2£§ s� áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\•" f �� {9� s�

2£§ Ü¼–Ð æ¼s� •�H t� •�� Ãº s� 2£§ Ü¼–Ð æ¼s� •�H t� ½̈ ì�r •)a �� . �� {9� s� 2£§ s� %3� Ü¼ €�� Õª 5Åq

?/ 6 x“ Ér �� {9� s� 2£§ 8̈Š �â


� 2 TypeId �n! Type
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\�¦ ‚ÃÐ ›̧
 � €�� ÷& “¦ , •�� Ãº s� 2£§ s� %3� Ü¼ €�� •�� Ãº _� �� {9� 8̈Š �â


� 2 Id �n! Type

\�¦ ‚ÃÐ ›̧
 � €�� •)a �� . s� •�� �â
 Äº , �� {9� s� 2£§ õ� Bj—̧o� ÅÒ™è _� s� 2£§“Ér �� •Ér s� 2£§ /BN

çß– name spacè�¦ �� ”�� ��“ ¦ ô�Ç �� . TypeIdü< Id –Ð ½̈ ì�r ÷& •�H . ô�Ç¼#� , K ƒ�� #Q\•" f •��

Ãº s� 2£§ õ� áÔ–Ðr�4 R s� 2£§“Ér °ú  “Ér s� 2£§ /BN çß– name space Id �̀¦ /BN Ä» ô�Ç �� . s� 2£§ s�

•�� Ãº–Ð æ¼ %i� •�H t� áÔ–Ðr�4 R–Ð æ¼ %i� •�H t� \�¦ ½̈ ì�r ½+É Ãº e”� t� ëß– . —̧¿º •�� Ãº _� �� {9�

8̈Š �â
 �̀¦ ‚ÃÐ ›̧ ô�Ç �� .

°ú  “Ér �� {9� s� êøÍ Áº %Á	 “�� �� ? �� {9� \• s� 2£§` �¦ ·¡­ {9� M: , Õª ?/ 6 x s� °ú  �8� �• ¸ ��

•Ér s� 2£§` �¦ ·¡­ {9� Ãº e”� �� :

type a = f int x; int yg

type b = f int y; int xg

?/ 6 x“ Ér °ú  t� ëß– s� 2£§ s� ��ØÔ €�� �� •Ér �� {9� “�� �̄	 Ü¼–Ð &ñ
 _�½+É Ãº •̧ e”� “¦ (name

equivalence), ?/ 6 x ëß– °ú  �� €�� °ú  “Ér �� {9� s�� �“ ¦ &ñ
 _�½+É Ãº •̧ e”� �’x �� (structural

equivalence). K ƒ�� #Q _� �� {9� r�Û¼ %7› “Ér �� {9� s� 2£§ s� °ú  ��� � °ú  “Ér �� {9� “�� �̄	 Ü¼

–Ð &ñ
 _�ô �Ç !lr s�� � .

4.6 &ñ
 o�

s� •©œ\•" f •�H •©œd”�‚ �� \•" f áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “��Ùþ¡~�� õ� &ñ
 �̀¦ ��� �� � Ð̃ €Œ¤

�� . ‰&³ F� @/ÂÒ ì�r _� V,� o� æ¼s� •�H "î
§ î
+ þA áÔ–ÐÕªA� bç
 ƒ�� #Q [þt s� ëß– [þt #Q ”�� õ� &ñ
 s�

%3� l�• ¸ 
�� � . Õª @/³ ð &h� “�� �â
 Äº� � C�� •�H ƒ�� #Qs�� � . #Q b•G >� áÔ–ÐÕªA� bç
 ƒ�� #Q

\�¦ n�� � “�� K�� � 
� •�H t� , Áº %Á	 s� ë�H ]j {9� t�� � ×¼�Q��t � ·ú§ “Ér •©œI�\ •" f , ÅÒ#Q ”�� n�

t� »1Ï (Ž� ÉÓ'• \�¦ ¼#� 
�> � �� 6 x 
�l � 0Aô�Ç •̧½̈ –Ð"f áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “��Ùþ¡~��

õ� �� .

s� XO� >� ƒ�� #Q \�¦ ëß– [þt %3�~ �� õ� &ñ
 “Ér {©œr�– Ð"f •�H B�Äº •©œd”�&h� s�t � ëß– ‰&³ F�\ •" f

��� �˜ Ð €�� �� /' ¹¡§ s� ú́§ �� . ‰&³ F� _� áÔ–ÐÕªA� bç
 ƒ�� #Q l� Õüt \• l�@/# Q Ð̃ €�� Õª� Q ô�Ç
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5Åu }� •�H #Q [O� áÔ�� . s� õ� &ñ
 �̀¦ ÷&µ1á �� ş̌ €�� "f #Q ‹"� ë�H ]j [þt s� e”� •�H t� ¶ú̃ (R˜Ð €Œ¤

�� .

Õªo�“ ¦ , Õª õ� &ñ
 \•" f• ¸ t� �FK ��t � ¶ú̃ �� zŒ™“Ér ×�æ¹̄ ô�Ç >h ¥Æ� [þt` �¦ ¶ú̃ (R˜Ð €Œ¤ �� .

� n�t � »1Ï (Ž� ÉÓ'•� � •�H l�> � , :̃r ”̧ “�� ëß– l�> � Von Neuman machine, Ð̃ ¼#� ëß– 0px _�

l�> � universal machine, áÔ–ÐÕª Ïþ›

� Bj—̧o� ÅÒ™è\ • s� 2£§ ·¡­ s�l � , s� 2£§ _� Ä»´ò #3� 0A scope, s� 2£§ _� z�́ ‰̂\�¦ ���&ñ
 K�

ÅÒ •�H 8̈Š �â
 environment, ��Ä»–Ð î�r s� 2£§ free nameõ� Óü• #Œe”� •�H s� 2£§ bound name,

[O� „½Ó ½̈› ¸ syntactic sugar

� "î
§ î
 ë�H \• s� 2£§ ·¡­ s�l � , áÔ–Ðr�4 R procedure  ñ Ø�¦ , F� )
  ñ Ø�¦ recursive call, áÔ

–Ðr�4 R  ñ Ø�¦ s� s� 2£§ _� Ä»´ò #3� 0A \• p�u � •�H %ò
 †¾Ó , 1lx &h� / &ñ
&h� Ü¼–Ð ���&ñ
 ÷& •�H

s� 2£§ _� Ä»´ò #3� 0A dynamic/static scoping

� Bj—̧o� \�¦ Óüæu�– Ð ��ÀÒl� , X<s�� �– Ð"f _� Bj—̧o� ÅÒ™è

� Bj—̧o� ›'a o� , Bj—̧o� F� •Ö̧ 6 x garbagecollection

� áÔ–ÐÕª Ïþ› _� ş̌ÀÓ \�¦ p�o � �Ž� 7£x 
�l � , �� {9� ş̌ÀÓ , �� {9� r�Û¼ %7› , �� {9� r�Û¼ %7›

_� îß– „��$ í
 soundnessõ� ¢-a „��$ í
 completeness, �� {9� \• s� 2£§ ·¡­ s�l �
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5 •©œ

°ú̄ ×�æd”� _� ƒ�� #Q

áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ ]j@/– Ð n�� � “�� K� Ð̃�� . n�t � »1Ï (Ž� ÉÓ'•ü< ��o � \�¦ ¿º� � . l�

>� \�¦ ¼#� o�
 �> � �� 6 x 
�� 9“ ¦ ƒ�� #Q \�¦ n�� � “�� 
� •�H >� ��m�� � . �8 Z�}“ Ér è�H Z�} s� \�¦

��t �� � . ™èáÔàÔ J? #Q _� ë�H ]j \�¦ K� ��� K�ÅÒ •�H áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “�� K� Ð̃�� .

•Œ• $í
 ô�Ç áÔ–ÐÕª Ïþ› \• ş̌ÀÓ�� e”� •�H t� \�¦ p�o � �� 1lx Ü¼–Ð �Ž� 7£x ½+É Ãº e”� •̧ 2Ÿ¤ 
�“ ¦ z�·

�� . Õªo�“ ¦ Õª �Ž� 7£x s� îß– „�� 
�� � •�H �̄	 �̀¦ Ð̃ •©œ
�“ ¦ z�· �� .

�� •Ér 	� "é¶ _� è�H Z�} s�\ •" f “¦ îß– •)a ƒ�� #Q . Õª ��� õ� •�H �Z4 1px ô�Ç Ãº ï�r \•" f l�> � \�¦

¼#� o�
 �> � �� 6 x ½+É Ãº e”� >� K� ï�r �� . \ l�> � _� ¼#� o� ô�Ç �� 6 x ", Õª _þt –Ð |	� �̀¦ f”�] X� k%z

�� ��m� €�� "f •�H ²ú̃ $í
 ½+É Ãº \O�%3�~ �� ��� õ� . a%~“Ér ™è d”� “Ér õ�y Œ™y� (<�Ê“Ér Áº d”� 
�> � )

�� •Ér 	� "é¶ Ü¼–Ð µ1Ï U�́ �̀¦ [�t o� €�� "f ëß– ��> � •)a �� .

s� XO� >� n�� � “�� •)a ƒ�� #Q •�H /BN )‡
 �t � ·ú§ �� . l�> � ×�æd”� _� ƒ�� #Q [þt ëß– �pu ò́ Ö�¦ &h�

Ü¼–Ð z�́ 'Ÿ• ÷& “¦ e”� “¦ , F�g #3� 0Aô�Ç •©œ6 x ™èáÔàÔ J? #Q •Œ• $í
 \• V,� o� �� 6 x ÷& “¦ e”� �� .

]j 2[j@/ �� 1lx ş̌ÀÓ �Ž� 7£x l� Õüt s� áÔ–ÐÕªA� bç
 ƒ�� #Q\• éß–éß– y� °ú• ÆÒ#Q ”��  ü� s�� � .

5.1 ƒ�� #Q _� —̧4Sq

áÔ–ÐÕªA� bç
 ƒ�� #Q •�H �� z�́ , (Ž� ÉÓ'•� � •�H l�> �� � [j •©œ\• ��š ¸l � „�� ÂÒ'• s�p � e”�%3�

�� . áÔ–ÐÕªA� bç
 ƒ�� #Q�� (Ž� ÉÓ'• \�¦ [�t o�l � 0A K� ëß– [þt #Q ”�� >� ��m�“ ¦ , (Ž� ÉÓ'•� �

áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ [�t o�l � 0A K� ëß– [þt #Q &’� ��“ ¦ ½+É Ãº e”� �� . %i� �� &h� Ü¼–Ð áÔ–Ð
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ÕªA� bç
 ƒ�� #Q�� €�� $•� �“ ¦ ½+É Ãº e”� l� M: ë�H s�� � .

1930-40̧�� @/\ • s�p � •7H o� †<Æ��ü < Ãº †<Æ�� [þt“ Ér l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç �̄	 s�

Áº %Á	 “�� t� \�¦ “¦ •�� 
�l � r� •Œ• Ùþ¡ �� . õ� 4Sq (G•odel)“Ér ÂÒ ì�r F� )
 †<Ê Ãº Partial Recursive

Function g1J –Ð &ñ
 _� ÷& •�H †<Ê Ãº [þt` �¦ l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç �̄	 [þt s�� �“ ¦ &ñ
 _� Ùþ¡ �� .

%ƒu� (Church)•�H |ÃÐ �� >� íß– ZO� Lambda CalculusÜ¼–Ð >� íß– |̈c Ãº e”� •�H �̄	 [þt s�� �“ ¦ &ñ


_� Ùþ¡ “¦ . ÈÓ a�A (Turing)“Ér ÈÓ a�A l�> � Turing Machine�� z�́ 'Ÿ• ½+É Ãº e”� •�H �̄	 [þt s�� �“ ¦

&ñ
 _� Ùþ¡ �� .

Õª •�� X< , [j ��t �� � —̧¿º °ú  “Ér &ñ
 _� %i� �� . ÂÒ ì�r F� )
 †<Ê Ãº •�H |ÃÐ �� >� íß– ZO� Ü¼–Ð

>� íß– |̈c Ãº e”� “¦ , |ÃÐ �� †<Ê Ãº •�H ÈÓ a�A l�> �– Ð z�́ 'Ÿ• ½+É Ãº e”� “¦ , ÈÓ a�A l�> �� � z�́ 'Ÿ• 
�

•�H †<Ê Ãº •�H ÂÒ ì�r F� )
 †<Ê Ãº g1J –Ð &ñ
 _�½+É Ãº e”� �� .

Õª� Q“¦ ��m� �� |ÃÐ [þt“ Ér l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç †<Ê Ãº� � Õª>� ��� � �� u�́ �� b”�
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“¦ e”� �� . [j �� |ÃÐ s� 1lq �� &h� Ü¼–Ð &ñ
 _�ô �Ç �̄	 [þt s� ��� ²DG ��ØÔt� ·ú§ “Ér �̄	 Ü¼–Ð p�ÀÒ

#Q . s� �̄	 �̀¦ \T uring-Church Thesis"��“ ¦ ÂÒ •Ér �� .

s� !Ó	 ×�æ\•" f |ÃÐ �� >� íß– ZO� Lambda Calculuss� ƒ�� #Q _� —̧_þv` �¦ ��t �“ ¦ e”� �� . ë�H

ZO� syntaxs� e”� “¦ _� p� &ñ
 _� semantics�� e”� �� .

5.1.1 |ÃÐ �� >� íß– ZO� Lambda Calculus

|ÃÐ �� >� íß– ZO� Lambda Calculuss�� � •�H ƒ�� #Q \�¦ l�œí– Ð áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “�� K�

�� €�� Ž�HŽ�H 
�� � . Õª ƒ�� #Q _� ³ð ‰&³§4� s� ¢-a „�� 
�l � M: ë�H s�� � . l�> � &h� Ü¼–Ð >� íß– ��

0px ô�Ç —̧Ž�H �̄	 s� ((Ž� ÉÓ'•–Ð [�t wn= Ãº e”� •�H —̧Ž�H áÔ–ÐÕª Ïþ› s� ) ��– Ð Õª ƒ�� #Q–Ð •Œ• $í


÷& •�H �̄	 s�� �“ ¦ #Œ��t �“ ¦ e”� Ü¼m� . s� XO� >� ��ä ¼ aË>\O� s� l�> � &h� “�� >� íß–_� —̧Ž�H �̄	

�̀¦ ³ð ‰&³ ½+É Ãº e”� •�H ƒ�� #Q \�¦ \T uring-complete
�� � " “¦ ô�Ç �� .

·ú¡ Ü¼–Ð |ÃÐ �� >� íß– ZO� Lambda Calculus̀�¦ ƒ�� #Qs� 2£§ Ü¼–Ð çß–éß– y� \ |ÃÐ �� " ��“ ¦ ÂÒØÔ

�’x �� .

|ÃÐ �� _� ë�H ZO� ½̈› ¸ syntax•�H çß–éß– 
�� � :

Exp E ! x variable

j �x:E abstraction

j E E application

x•�H s� 2£§ s�� � . �x:E •�H †<Ê Ãº \�¦ >pw ô�Ç �� . x•�H †<Ê Ãº _� “�� ��“ ¦ E•�H †<Ê Ãº _� 3lu: Ÿx

s�� � . x_� Ä»´ò #3� 0A •�H Es�� � . �x:E •�H E\• ��� �� � •�H x\�¦ \ Óü• #Q bindï�r �� " “¦ ô�Ç

�� . E1 E2•�H †<Ê Ãº \�¦ &h� 6 x 
� •�H d”� s�� � . E1“Ér >� íß– 
� €�� †<Ê Ãº �x:E �� ÷& ��
 �“ ¦

E2•�H Õª †<Ê Ãº _� “�� �� x_� z�́ ‰̂�� •)a �� .
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|ÃÐ �� _� _� p�½¨› ¸ semantics•̧ çß–éß– 
�� � . �� 6 x ½+É ³ðl � ZO� �̀¦ Äº ‚�� e”� y�� � .

Notation 3 E_� ��Ä» •�� Ãº free variable[þt FV (E)“Ér E\•" f � -d”� Ü¼–Ð Óü• #Œe”� t�

·ú§ “Ér •�� Ãº [þt s�� � .

FV (x) = f xg

FV (�x:E ) = FV (E) n f xg

FV (E1 E2) = FV (E1) [ FV (E2)

2

Notation 4 u� 8̈Š substitution“Ér •�� Ãº \�¦ �� •Ér �̄	 Ü¼–Ð �� 7
 ÅÒ •�H ƒ�� íß– s�� � . u� 8̈Š
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S•�H •�� Ãº x i \�¦ Yi –Ð ��Ë¨ •�H ��s � %7› x i 7! Yi [þt _� |9� ½+Ë s�� � .

f x1 7! Y1; � � � ; xn 7! Yng

—̧Ž�H x i [þt“ Ér ²ú̃ ��� � ô�Ç �� .

Supp(S) (support set of S)•�H S�� ��Ë¨ •�H •�� Ãº [þt f x j S(x) 6= xgs�� � .

•�� Ãº x 2 A\�¦ Y 2 B–Ð �� 7
 ÅÒ •�H u� 8̈Š [þt _� |9� ½+Ë �̀¦

A
�n
,! B

–Ð ³ð ‰&³ ô�Ç �� .

•�� Ãº \�¦ |ÃÐ �� d”� Ü¼–Ð ��Ë¨ •�H u� 8̈Š S 2 Id
�n
,! Exp\• @/K�" f , FV (S)•�H �� 7
 [þt

#Q °ú̃ d”� [þt _� ��Ä» •�� Ãº [þt _� ½+Ë |9� ½+Ë s�� � :

FV (S) =
[

1� i � n

FV (E i )

2

Notation 5 u� 8̈Š S\�¦ |ÃÐ �� d”� E \• &h� 6 x 
� •�H �̄	 �̀¦ S E–Ð æ¼ •�H X< �� 6£§ õ� °ú  s�

&ñ
 _� •)a �� :

S x =

8
<

:
E if x 7! E 2 S

x otherwise

S (�x:E ) = �y :(S f x 7! yg E) (new y)

S (E1 E2) = (S E1)(S E2)

0A \•" f \new y"êøÍ ��� � èß– &h� s� \O� •�H •�� Ãº y�� •�H >pw s�� � :

y 62f xg [ FV (�x:E ) [ FV (S):

2

Notation 6 ¿º >h _� u� 8̈Š S; T\�¦ �� êøÍ y� S T ��“ ¦ æ¼ €�� , T–Ð ��Ë¨“ ¦� �" f S–Ð
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��Ë¨ •�H u� 8̈Š �̀¦ >pw ô�Ç �� :

S T = f x 7! S (T(x)) j x 2 Supp(T)g [ f x 7! S(x) j x 2 Supp(T) n Supp(S)g

2

Notation 7 ë�H Ð•o ½̈› ¸ context C•�H ‘�� ñß– []�̀¦ Ã̂Ì 
�� � ¾¡§ “¦ e”� •�H |ÃÐ �� d”� s�� � .

Context C ! [] j C E j E C j �x:C

‘�� ñß– �̀¦ ¾¡§“Ér |ÃÐ �� d”� �̀¦ y©œ›̧
 �l � 0A K� \ C[]" ��“ ¦ æ¼“¦ , Õª ‘�� ñß– \• [þt #Q e”� •�H (��

r� +‹� � ½+É ) |ÃÐ �� d”� E ��t � ×¼�Q?/# Q \ C[E]" ��“ ¦ ³ð ‰&³ ô�Ç �� . —̧Ž�H |ÃÐ �� d”� “Ér

\ C[E]"g1J –Ð ³ð ‰&³ ÷& •�H X< , Õª |ÃÐ �� d”� _� ÂÒ ¾¡§ Ü¼–Ð E�� e”� �� •�H �̄	 �̀¦ >pw ô�Ç �� . 2
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�� 6£§ _� >� íß– ½© gË: Ü¼–Ð |ÃÐ �� d”� �̀¦ �� 7
 æ¼ •�H �̄	 s� >� íß– õ� &ñ
 s�� � . >� íß– ½© gË: “Ér 3>h

�� .

(� -reduction) (�x:E 1) E2 � ! f x 7! E2gE1

(� -reduction)
x0 62FV (�x:E )

�x:E � ! �x 0:f x 7! x0gE

E1 � ! E2

C[E1] � ! C[E2]

� -ƒ�� íß– � -reduction“Ér |ÃÐ �� †<Ê Ãº _� “�� �� s� 2£§` �¦ �� 7
 ÅÒl� ëß– ô�Ç �� . _� p� e”� •�H >� íß–

“Ér ��m�� � .

_� p� e”� •�H >� íß– õ� &ñ
 “Ér ş̌ f”� 
�� �� � . � -ƒ�� íß– � -reduction ½© gË: s�� � . |ÃÐ �� d”� \•

"f � -ƒ�� íß– �� 0px ô�Ç ÂÒ ì�r` �¦ ¹1Ô �� ��r � æ¼“¦ , ��r � Õª ��� õ� \•" f � -ƒ�� íß– �� 0px ô�Ç ÂÒ
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ì�r` �¦ ¹1Ô ��" f ��r �æ¼“¦ . s� õ� &ñ
 s� >� íß– õ� &ñ
 s�� � . |ÃÐ �� d”� \•" f � -ƒ�� íß– �� 0px ô�Ç

ÂÒ ì�r \( �x:E )E1" �̀¦ YU ��o Û¼ redex(reducible expression)��“ ¦ ÂÒ •Ér �� .

|ÃÐ �� >� íß– õ� &ñ
 “Ér =åQ ��t � ·ú§ “¦ %ò
 "é¶ y� >� 5Åq |̈c Ãº •̧ e”� �� . =åQ �� •�H M: •�H ,

� -ƒ�� íß– �� 0px ô�Ç ÂÒ ì�r (YU ��o Û¼ redex)s� �8 s� •©œ \O� �̀¦ M: s�� � . Õª •�� |ÃÐ �� d”� �̀¦ &ñ
 •©œ

d”� normal terms�� �“ ¦ ô�Ç �� . &ñ
 •©œd”� normal termÜ¼–Ð >� íß– �̀¦ =åQ è­q Ãº e”� •�H |ÃÐ �� d”�

�̀¦ &ñ
 •©œd”� normal term�̀¦ ��t �“ ¦ e”� •�H |ÃÐ �� d”� s�� �“ ¦ ô�Ç �� .

0A_� 3��t � >� íß– ½© gË: [þt s� Ä» {9� ô�Ç �� 7
 æ¼l� õ� &ñ
 �̀¦ &ñ
 _� 
�t � •�H ·ú§ •�H �� . |ÃÐ

�� d”� \•" f �� 7
 æ¼l� 
� •�H í�H "f� � #Œ�Q��t �� � e”� �̀¦ Ãº e”� �� . YU ��o Û¼ redex�� #Œ�Q

/BM \• e”� �̀¦ Ãº e”� l� M: ë�H s�� � .

#QÖ¼ YU ��o Û¼ redexÂÒ'• ��Ë¨Ö¼��\ • ��� � >� íß– s� ²ú̃ �� ”�� �� . >� íß– í�H "f\ • ��� � ,

&ñ
 •©œd”� normal term�̀¦ �� ”�� (=åQ ±ú̃ Ãº e”� •�H ) |ÃÐ �� d”� s� Õª &ñ
 •©œd”� Ü¼–Ð =åQ ��t � 3lw 
�

“¦ %ò
 "é¶ y� >� íß– �̀¦ >� 5Åq ½+É Ãº• ¸ e”� �� .

Õª� Q�� , |ÃÐ �� d”� s� >� íß– s� =åQ èß– �� €�� , Õª ��� õ� •�H ş̌ f”� ô�Ç ��t � ëß– �� ”�� �� . >� íß–

í�H "f� � ��ØÔ>� ”�� 'Ÿ• ÷& M®o �̀¦ Ãº •̧ e”� �’x Ü¼�� , =åQ èß– �� €�� —̧¿º 
�� � _� &ñ
 •©œd”� normal

termÜ¼–Ð =åQ ë“B 6£§ •)a �� . \Ch urch-RosserTheorem" <�Ê“Ér \Con
uence Theorem"s�

s� �̄	 �̀¦ Ð̃ •©œô�Ç �� .
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&ñ
 •©œd”� normal term�̀¦ �� ”�� |ÃÐ �� d”� s�� � €�� , #Q ‹"� í�H "f– Ð >� íß– �̀¦ K�� � †½Ó•©œ Õª

&ñ
 •©œd”� \• •̧ ²ú̃ ½+É Ãº e”� �̀¦ �� ? �� gÅ@ í�H "f \�¦ †<Ê ÂÒ–Ð
� €�� &ñ
 •©œd”� \• •̧ ²ú̃ 3lw 
�“ ¦

%ò
 "é¶ y� *‹ [�t Ãº e”� �� .

&ñ
 •©œ í�H "f normal-order reduction–Ð >� íß– 
� €�� •)a �� . YU ��o Û¼ redex�� #Œ!Á	 e”� �̀¦ M: ,

Õª ×�æ\• ]j {9� ¢,a Aá¤ ]j {9� 0A_� YU ��o Û¼ redex\�¦ >� íß– K� �� •�H �̄	 s�� � . s� í�H "f– Ð >�

íß– 
� €�� &ñ
 •©œd”� normal terms� e”� •�H |ÃÐ �� d”� “Ér †½Ó•©œ Õª &ñ
 •©œd”� \• •̧ ²ú̃ô �Ç �� .

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



130 °ú̄ ×�æd”� _� ƒ�� #Q

5.1.2 |ÃÐ ��– Ð áÔ–ÐÕª Ïþ› 
�l �

0A ü< °ú  s� &ñ
 _� •)a |ÃÐ �� ƒ�� #Q–Ð áÔ–ÐÕª Ïþ› �̀¦ ô�Ç �� ? l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç —̧

Ž�H †<Ê Ãº [þt` �¦ •Œ• $í
 ½+É Ãº e”� �̀¦ �� ?

&ñ
 •©œ í�H "f normal-order reduction–Ð >� íß– ÷& •�H |ÃÐ �� \�¦ ��t �“ ¦ �� ƒ�� Ãºü< ‚ÃÐ / �� f±	

�̀¦ ��ÀÒ •�H ƒ�� íß– [þt` �¦ �� 6£§ õ� °ú  s� &ñ
 _�½+É Ãº e”� �� .
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�t � ëß– l�> � &h� Ü¼–Ð >� íß– �� 0px ô�Ç —̧Ž�H †<Ê Ãº \�¦ |ÃÐ ��– Ð Âú̃ Ãº e”� Ü¼�9 €�� F� )


†<Ê Ãº� � áÔ–ÐÕª Ïþ› |̈c Ãº e”� #Q�� ô�Ç �� . �� 6£§ õ� °ú  s� F� )
† <Ê Ãº• ¸ &ñ
 _�½+É Ãº e”� �� .
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s�%ƒ !3� |ÃÐ �� _� Z�t ³1Ïë ß–ô�Ç 0px §4� s� çß–éß–ô�Ç ë�H ZO� õ� >� íß–~½Ó d”� \•" f �� “:r �� . —̧Ž�H

>� íß– �� 0px ô�Ç †<Ê Ãº [þt` �¦ |ÃÐ ��– Ð ¿9ª ?/ è­q Ãº e”� �� . |ÃÐ ��– Ð ³ð ‰&³ 
�“ ¦ |ÃÐ �� _� >� íß–

ZO� Ü¼–Ð z�́ 'Ÿ• 
� €�� ¿9ª ?/? / •�H †<Ê Ãº _� ��� õ� \• K� {©œ
� •�H |ÃÐ �� ³ð ‰&³ d”� s� 1px •©œô�Ç �� .
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5.2 ƒ�� #Q v�Äºl � 0: M0

|ÃÐ �� \�¦ áÔ–ÐÕªA� bç
 ƒ�� #Q–Ð ��� �˜ Ð�� . �x:E •�H †<Ê Ãº &ñ
 _� –Ð ‘:r �� . Õª •�� X< Õª

†<Ê Ãº _� s� 2£§“Ér \O� �� . “�� ��� � xs�“ ¦ 3lu: Ÿx s� E“�� †<Ê Ãºs �� � . E1 E2•�H †<Ê Ãº \�¦ &h�

6 x 
� •�H d”� s�� � .

|ÃÐ ��\ •" f >� íß– õ� áÔ–ÐÕª Ïþ› \•" f _� z�́ 'Ÿ• “Ér ›̧ �FK ��ØÔ�� . |ÃÐ ��\ •" f >� íß–_� =åQ

“Ér d”� _� —̧Ž�H ½̈ $3� ½̈ $3� \• YU ��o Û¼ redex�� \O� •�H �â
 Äº� � . †<Ê Ãº d”� �x:E _� 3lu: Ÿx d”�

E\•• ¸ YU ��o Û¼�� e”� �� €�� 3lu: Ÿx d”� “Ér >� íß– s� •)a �� .

Õª� Q�� áÔ–ÐÕª Ïþ› Ü¼–Ð"f �x:E •�H þj 7áx °ú̄ s�� � . ��^ ‰–Ð •�H z�́ 'Ÿ• |̈c ÂÒ ¾¡§ s� �8

s� •©œ \O� •�H . 3lu: Ÿx E_� z�́ 'Ÿ• “Ér Õª †<Ê Ãº� �  ñ Ø�¦ |̈c M: q�– Ð"f r� •Œ• •)a �� . áÔ–ÐÕª Ïþ›

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



134 °ú̄ ×�æd”� _� ƒ�� #Q

\•" f þj 7áx °ú̄ �x:E \�¦ l� ï�r d”� canonical terms�� �“ ¦ ÂÒ •Ér �� .

·ú¡ Ü¼–Ð l� ï�r d”� canonical terms� °ú̄ s�Ù¼–Ð 7áx7áx v(\v alue")–Ð ³ðl �
 � �’x �� .

5.2.1 ™è �FG &h� “�� z�́ 'Ÿ• lazy evaluation õ� &h� �FG &h� “�� z�́ 'Ÿ• eager evaluation

z�́ 'Ÿ• 
� €�� "f †<Ê Ãº •�H ��^ ‰–Ð °ú̄ s�� � . z�́ 'Ÿ• ½+É ÂÒ ¾¡§ s� �8 s� •©œ \O� �� . †<Ê Ãº _� 3lu: Ÿx

“Ér Õª †<Ê Ãº� �  ñ Ø�¦ |̈c M:\ • q�– Ð™è z�́ 'Ÿ• |̈c ÷�r s�� � .

Õª •�� X< †<Ê Ãº� �  ñ Ø�¦ |̈c M: E1 E2, “�� �� d”� E2“Ér ƒ�� ]j z�́ 'Ÿ• K� ÅÒl�– Ð ½+É �� ?

¿º� �t � ‚��× þ̃ s� e”� �� . {9� éß– 3lu: Ÿx` �¦ z�́ 'Ÿ• 
� €�� "f “�� �� °ú̄ s� €9� ¹̄ ½+É M:\ • “�� �� d”�

�̀¦ z�́ 'Ÿ• 
�l � . <�Ê“Ér , 3lu: Ÿx` �¦ z�́ 'Ÿ• 
�l � „�� \• “�� �� d”� �̀¦ z�́ 'Ÿ• K�" f “�� �� °ú̄ �̀¦ ½̈ ô�Ç

Êê\ • 3lu: Ÿx` �¦ z�́ 'Ÿ• 
�l � .

'Í	 •�� P: �â
 Äº \�¦ ™è �FG &h� “�� z�́ 'Ÿ• lazy evaluation, normal-order evaluation <�Ê“Ér d”�„ ��
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²ú̃  ñ Ø�¦ call-by-name, call-by-needs�� �“ ¦ 
�“ ¦ , ¿º •�� P: �â
 Äº \�¦ &h� �FG &h� “�� z�́ 'Ÿ• eager

evaluation <�Ê“Ér °ú̄ „�� ²ú̃  ñ Ø�¦ call-by-values�� �“ ¦ ô�Ç �� .

áÔ–ÐÕªA� bç
 ƒ�� #Q–Ð"f |ÃÐ �� _� ™è �FG &h� “�� z�́ 'Ÿ• lazy evaluation, normal-order evalua-

tionõ� &h� �FG &h� “�� z�́ 'Ÿ• eager evaluatioǹ�¦ &ñ
 _� 
� •�H ½© gË: “Ér ��A�ü < °ú  �� . ¿º •�� P: ½©

gË: s� ¿º z�́ 'Ÿ• ~½Ó d”� _� 	�s � \�¦ Ð̃#Œï�r �� . 'Í	• �� P: ½© gË: “Ér †<Ê Ãº� � �8 s� •©œ z�́ 'Ÿ• |̈c
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ÂÒ ¾¡§ s� \O� •�H °ú̄ e”� �̀¦ ³ð ‰&³ 
�“ ¦ e”� �� .

lazy evaluation eagerevaluation

�x:E ) N �x:E �x:E ) E �x:E

E1 ) N �x:E f x 7! E2gE ) N v
E1 E2 ) N v

E1 ) E �x:E E2 ) E v f x 7! vgE ) N v0

E1 E2 ) E v0

™è �FG &h� “�� z�́ 'Ÿ• õ� &h� �FG &h� “�� z�́ 'Ÿ• “Ér •©œéß– &h� s� e”� �� . ™è �FG &h� Ü¼–Ð z�́ 'Ÿ• 
� €�� &h�

�FG &h� “�� �â
 Äº˜ Ð�� À1Ï o� >� íß– ÷& •�H �â
 Äº� � e”� “¦ , Õª ìøÍ @/ _� �â
 Äº• ¸ e”� �� . ��A� \�¦

™è �FG &h� Ü¼–Ð z�́ 'Ÿ• 
� €��

(�x: 7)((�x:x x)( �x:x x)) ) N 7

s�t � ëß– , &h� �FG &h� Ü¼–Ð z�́ 'Ÿ• 
� €�� %ò
 "é¶ y� Ž7H �� .

(�x: 7)((�x:x x)( �x:x x))

) E (�x: 7)((�x:x x)( �x:x x))

) E
...

ô�Ç¼#� , ��A� \�¦ ™è �FG &h� Ü¼–Ð z�́ 'Ÿ• 
� €��

(�x: (x � � � x))E ) N (E � � � E) ) N � � �

E \�¦ ¿º •�� z�́ 'Ÿ• K�� � 
� �’x t� ëß– , &h� �FG &h� Ü¼–Ð z�́ 'Ÿ• 
� €�� ô�Ç•�� ëß– z�́ 'Ÿ• 
� €�� •)a �� .

(�x: (x � � � x))E ) �
E (�x: (x � � � x))v ) E (v � � � v) ) E � � � :
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5.2.2 r� •Œ• ƒ�� #Q : °ú̄ “Ér ş̌ f”� †<Ê Ãº

|ÃÐ �� ƒ�� #Q _� ë�H ZO� Ü¼–Ð r� •Œ• 
�� � .

E ! x variable

j �x:E function

j E E application

s� ƒ�� #Q\•" f s� 2£§ t� �̀¦ Ãº e”� •�H �̄	 “Ér °ú̄ ÷�r s�� � . s� 2£§` �¦ \ •�� Ãº " ��“ ¦ 
�� � . •��

Ãº x_� Ä»´ò #3� 0A scope•�H Õª s� 2£§` �¦ Óü•“ Ér †<Ê Ãº �x:E _� 3lu: Ÿx Es�� � . yŒ• •�� Ãº� �

Áº ’�H °ú̄ �̀¦ >pw 
� •�H t� •�H , Õª •�� Ãº \�¦ Óü•“ Ér †<Ê Ãº� �  ñ Ø�¦ |̈c M: „�� ²ú̃ ÷& •�H “�� �� °ú̄ s�

Õª •�� Ãº� � >pw 
� •�H °ú̄ s� •)a �� .

_� p� &ñ
 _� •�H áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ \�¦ •�� �o r�v �t � ·ú§ Ü¼ €�� "f &ñ
 _� 
�� � . l�> � ×�æd”�

ƒ�� #Q _� _� p�½¨› ¸ \�¦ &ñ
 _� Ùþ¡ �̀¦ M:ü < °ú  “Ér Û¼�� {9� s�� � . d”� E_� _� p� óøÍé ß–

� ` E ) v

“Ér 8̈Š �â
 � \•" f d”� E•�H °ú̄ v\�¦ >� íß–ô�Ç �� , •�H >pw s�� � .

8̈Š �â
 environment“Ér •�� Ãº� � >pw 
� •�H °ú̄ �̀¦ ���&ñ
 K� ï�r �� . _� p� &ñ
 _� \•" f 8̈Š �â
 �̀¦

��– Ð ��t � •�H s�Ä» •�H , áÔ–ÐÕª Ïþ› d”� �̀¦ •��� â
 r�v �t � ·ú§ l� M: ë�H s�� � . •�� Ãº •�H Õª@/– Ð

áÔ–ÐÕª Ïþ› \• zŒ™�� e”� •�H �� . \V „�� °ú  s� áÔ–ÐÕª Ïþ› s� 2£§ s� %7̃ Û¼àÔ\•" f K� {©œ °ú̄ Ü¼–Ð

�� 7
 +‹t � •�H ~½Ó d”� s� ��m�� � .

°ú̄ “Ér &ñ
 Ãºü< †<Ê Ãº ÷�r s�� � . †<Ê Ãº °ú̄ �̀¦ 9þt –Ð4R closure��“ ¦ 
� •�H X< , †<Ê Ãº �x:E

%7̃ Û¼àÔ ��^ ‰ü< Õª †<Ê Ãº� � &ñ
 _� |̈c M: static scoping_� 8̈Š �â
 s�� � . 8̈Š �â
 _� %i� ½+É “Ér

�x:E \•" f ��Ä»–Ð î�r •�� Ãº [þt _� °ú̄ �̀¦ ���&ñ
 K� ï�r �� .

� 2 Env = Id �n! Val

v 2 Val = Closure

h�x:E ; � i 2 Closure = Exp � Env

_� p� ½© gË: [þt“ Ér �� 6£§ õ� °ú  �� . &h� �FG &h� “�� z�́ 'Ÿ• eager evaluation ½© gË: �̀¦ �� ”�� �� .
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� ` E ) v
� (x) = v

� ` x ) v

� ` �x:E ) h�x:E ; �

� ` E1 ) h�x:E ; � 0i � ` E2 ) v � 0f x 7! vg ` E ) v0

� ` E1 E2 ) v0

5.3 ƒ�� #Q v�Äºl � I: M1

M0\�¦ ��t �“ ¦ —̧Ž�H áÔ–ÐÕª Ïþ› �̀¦ Âú̃ Ãº e”� t� ëß– Ô�¦ ¼#� 
�� � . M0\• \O�%3�~ �� �̄	 [þt“ Ér

—̧¿º [O� „½Ó ½̈› ¸ syntactic sugart� ëß– , áÔ–ÐÕªA� bç
 _� ¼#� _� \�¦ 0A K� '‘� ��
 �� � .
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5.3.1 �� •Ér °ú̄ : &ñ
 Ãº , ‚ÃÐ / �� f±	

&ñ
 Ãº , ‚ÃÐ / �� f±	 , F� )
† <Ê Ãº rec f �x:E , ›̧ |	� d”� if E E E, Õªo�“ ¦  »	 !lr d”� E + E

õ� 1lx u� d”� E =E. ( »	 !lr õ� 1lx u� ÷�r ��m�� � õüš !lr Y�L !lr ¢̧ •�H Õªo�“ ¦ 1px s� —̧¿º Ä»

6 x 
� �’x t� ëß– çß–| ÄÌô �Ç •7H _� \�¦ 0A K� Òqt |ÄÌô �Ç �� .)

E !
...

j n integer

j true j false

j let x = E in E

j if E E E

j rec f �x:E

j E + E

j E = E

[O� „½Ó �̀¦ 0lq #Œ"f —̧¿º M0ƒ�� #Q–Ð ³ð ‰&³ ½+É Ãº e”� �’x Ü¼�� , Õª ��^ ‰–Ð Õª@/– Ð ö" ¿º� � .

:£¤ y�

let x = E1 in E2

•�H �� 6£§ _� [O� „½Ó s�� � :

(�x:E 2) E1

s�] j °ú̄ [þt“ Ér [j 7áx ÀÓ�� e”� �� : †<Ê Ãº °ú̄ õ� &ñ
 Ãº Õªo�“ ¦ ‚ÃÐ / �� f±	 .

v 2 Val = Closure + Z + B

z 2 Z the integer set

b 2 B = f true; falseg

� 2 Env = Id �n! Val

áÔ–ÐÕª Ïþ› _� —̧Ž�H d”� [þt“ Ér °ú̄ �̀¦ >� íß–ô�Ç �� . _� p� ½© gË: [þt“ Ér

� ` E ) v

� ` n ) n
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� ` true ) true

� ` false ) false

� ` E1 ) v1 � f x 7! v1g ` E2 ) v
� ` let x = E1 in E2 ) v

� ` E1 ) true � ` E2 ) v
� ` if E1 E2 E3 ) v

� ` E1 ) false � ` E3 ) v
� ` if E1 E2 E3 ) v

� ` rec f �x:E ) hrec f �x:E ; � i

� ` E1 ) z1 � ` E2 ) z2

� ` E1 + E2 ) z1 + z2

� ` E1 ) v1 � ` E2 ) v2

� ` E1 = E2 ) v1 = v2

Õªo�“ ¦ †<Ê Ãº _�  ñ Ø�¦ d”� _� _� p� ½© gË: \• F� )
† <Ê Ãº _� �â
 Äº� � €9� ¹̄
 �� � .

� ` E1 ) hrec f �x:E ; � 0i � ` E2 ) v � 0f f 7! hrec f �x:E ; � 0igf x 7! vg ` E ) v0

� ` E1 E2 ) v0

z1 + z2•�H &ñ
 Ãº\ •" f &ñ
 _� •)a  »	 !lr s�� � . v1 = v2•�H 1lx u� “�� t� �� •�� t� \�¦ >� íß–ô�Ç �� .

s�M: vi [þt“ Ér —̧¿º &ñ
 Ãº� �� � ‚ÃÐ / �� f±	 °ú̄ s�# Q�� ô�Ç �� . †<Ê Ãº °ú̄ [þt “�� �â
 Äº 1lx u� \�¦

óøÍé ß–½+É Ãº \O� �� . {9� ìøÍ &h� Ü¼–Ð ¿º †<Ê Ãº \�¦ Ð̃“¦ °ú  “Ér “�� ��\ • @/K�" f °ú  “Ér ��� õ� \�¦

†½Ó•©œ ?/ Z�~•�H †<Ê Ãº “�� t� •�H l�> � &h� Ü¼–Ð óøÍé ß– Ô�¦ �� 0px 
�� � . �� 0px 
�� � €�� Õª �̄	 �̀¦ s�

6 x K�" f "3� 2X ¹̄ ë�H ]j Halting Problem\�¦ ÉÒ •�H áÔ–ÐÕª Ïþ› �̀¦ &ñ
 _�½+É Ãº e”� l� M: ë�H s�� � .

5.4 ƒ�� #Q v�Äºl � I I: M2

5.4.1 ½̈› ¸� � e”� •�H °ú̄ : Š©œpair

½̈› ¸ \�¦ �� ”�� X<s�� � \�¦ áÔ–ÐÕª Ïþ› 
�l � ~1� >� 
�� � . Š©œ�̀¦ ëß– [þt “¦ �� 6 x 
� •�H ~½Ó d”� �̀¦
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]j /BN 
�� � . s� �̄	 [þt •̧ [O� „½Ó s�t � ëß– '‘� ��
 �� � .

E !
...

j ( E , E)

j E.1

j E.2

s�] j °ú̄ [þt“ Ér [j� �t � 7áx ÀÓ�� e”� �� : †<Ê Ãº °ú̄ , &ñ
 Ãº , ‚ÃÐ / �� f±	 , <�Ê“Ér ¿º °ú̄_ � Š©œ.

v 2 Val = Closure + Z + B + Pair

hv; v0i 2 Pair = Val � Val

� 2 Env = Id �n! Val

(•Œ™õß– , 0A_� Val |9� ½+Ë _� &ñ
 _� �� s� •©œ
�� � . Vals� ��l � �� ’�� �̀¦ ��t �“ ¦ &ñ
 _� ÷& %3�

�� : Val = � � � Val � Val. Õª •�� |9� ½+Ë Val“Ér Óüt• :r ”>r F� ô�Ç �� . /BN |9� ½+Ë •̧ �� •�� . d”�

t�# Q •�H X = X �n! X \�¦ ëß– 7á¤ 
� •�H /BN |9� ½+Ë s� �� •�� |9� ½+Ë X •̧ ”>r F� ô�Ç �� .)

_� p�½© gË: “Ér �� 6£§ s� '‘� �� •)a �� .

� ` E ) v
� ` E1 ) v1 � ` E2 ) v2

� ` ( E1, E2) ) hv1; v2i

� ` E ) hv1; v2i
� ` E .1 ) v1

� ` E ) hv1; v2i
� ` E .2 ) v2

Š©œ�̀¦ ëß– [þt “¦ jþt Ãº e”� •̧ 2Ÿ¤ 
� •�H 0A_� �̄	 [þt“ Ér —̧¿º [O� „½Ó s�� � . #Q b•G >� 0lq {9�

Ãº e”� �̀¦ �� ? #Q b•G >� °ú  “Ér {9� �̀¦ 
� •�H áÔ–ÐÕª Ïþ› �̀¦ M0��t �“ ¦ ëß– [þt Ãº e”� �̀¦ �� ? ��

6£§ &ñ
 _� E @/– Ð E\�¦ 0lq {9� Ãº e”� �� :

( E1, E2) = �m: (m E1) E2

E.1 = E(�x:�y :x)

E.2 = E(�x:�y :y)
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Š©œëß– e”� Ü¼ €�� e”� _�_ � ½̈› ¸ Óüt` �¦ ëß– [þt Ãº e”� �� . o�Û¼àÔ•̧ ³ð ‰&³ ½+É Ãº e”� “¦ , ��Áº ½̈

›̧• ¸ ³ð ‰&³ ½+É Ãº e”� “¦ , ÕªA�á Ô•̧ ³ð ‰&³ ½+É Ãº e”� “¦ , †<Ê Ãº� � _…s� �̂¦ •̧ ³ð ‰&³ ½+É Ãº e”�

�� .

Example 24 \V \�¦ [þt #Q , o�Û¼àÔ \�¦ ½̈ ‰&³ K� Ð̃�� . #Q ‹"� o�Û¼àÔ��• ¸ ¿º ��t � ëß–

e”� Ü¼ €�� ëß– [þt Ãº e”� �� : ‘�� o�Û¼àÔü< o�Û¼àÔ ·ú¡ \• 
�� �  »	 ·¡­ #Œ Dh–Ð î�r o�Û¼àÔ

\�¦ ëß– ×¼ •�H ~½Ó ZO� . s� ¿º >h \�¦ yŒ•y Œ• nil õ� link ��“ ¦ 
�� � . nil “Ér 0Ü¼–Ð &ñ
 _� 
�

�� . (o�Û¼àÔ _� "é¶ ™è–Ð 0s� �� 6 x ÷& t� ·ú§ •�H ��“ ¦ �� &ñ
 ô�Ç �� ). link •�H �� 6£§ _� †<Ê Ãº

–Ð &ñ
 _� 
�� � :

�x:�l st:( x, lst)

Õª� Q €�� \ link 1 nil " “Ér 1 
�� � e”� •�H o�Û¼àÔ [1]\�¦ , \ link 1 (link 2 nil) " “Ér

[1, 2]“�� o�Û¼àÔ \�¦ ëß– Ž�H �� .

�� 6 x 
� •�H ~½Ó ZO� Ü¼–Ð •�H o�Û¼àÔ�� q�# Q e”� •�H t� óøÍé ß– 
� •�H ~½Ó ZO� isNil? õ� o�Û¼

àÔ _� %ƒ 6£§ "é¶ ™èü< �� Qt� "é¶ ™è \�¦ >� íß– 
� •�H †<Ê Ãº [þt headü< tail ëß– e”� Ü¼ €�� •)a �� .

�� 6£§ õ� °ú  s� yŒ•y Œ• &ñ
 _� 
� €�� •)a �� .

isNil? head tail

�l st:(lst = nil ) �l st:(lst.1 ) �l st:(lst.2 )

2

Example 25 ¢̧ �� •Ér \V–Ð , ¿º °ú̃ A� ��Áº½̈ › ¸ binary tree\�¦ ½̈ ‰&³ K� Ð̃�� . ëß– ×¼ •�H

~½Ó ZO� “Ér [j� �t � : empty, leaf , node. �� 6 x 
� •�H ~½Ó ZO� “Ér [j� �t � : isEmpty?, left ,

right . �� 6£§ õ� °ú  s� &ñ
 _�½+É Ãº e”� �� .

empty leaf node

0 �x:x �l t:�r t:(link lt r t)

isEmpty? left right

�t: (t = empty) �t: (t.1 ) �t: (t.2 )
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2

5.5 ƒ�� #Q v�Äºl � I I I: M3

5.5.1 Bj—̧o� ÅÒ™è °ú̄ : "î
§ î
+ þA ƒ�� #Q _� —̧_þv

(Ž� ÉÓ'• Bj—̧o� \�¦ �� 6 x 
� •�H "î
§ î
+ þA ƒ�� #Q _� —̧_þv imperative features•̧ e”� Ü¼ €�� ¼#� o�


�� � . [O� „½Ó s�t � ëß– '‘� �� ô�Ç �� . áÔ–ÐÕªA� bç
 ¼#� _� \�¦ 0A K�" f .

E !
...

j malloc E

j ! E

j E := E

j E ; E

Dh–Ð î�r Bj—̧o� ÅÒ™è \�¦ ½+É {©œ~ÃÎ “¦ , Bj—̧o� ÅÒ™è\ • $• •©œ•)a °ú̄ �̀¦ {9� “¦ , Bj—̧o� ÅÒ

™è\ • °ú̄ �̀¦ æ¼>� •)a �� . Bj—̧o� \�¦ ��t � €�� "f , áÔ–ÐÕª Ïþ› z�́ 'Ÿ• í�H "f\ • ��� �" f �� •Ér

��� õ� \�¦ >� íß– 
�> � |̈c Ãº e”� �� . ÅÒ™è\ • æ¼“¦� �" f {9� Ö¼�� , {9� “¦� �" f æ¼Ö¼��\ • ��

�� .

s�] j °ú̄_ � /BN çß– \• •�H Bj—̧o� ÅÒ™è� � Ÿí †<Ê •)a �� :

v 2 Val = Closure + Z + B + Pair + Loc

` 2 Loc an in�nite coutableset

� 2 Env = Id �n! Val

Bj—̧o� ÅÒ™è� � °ú̄ s� ÷& €�� "f , áÔ–ÐÕª Ïþ› d”� _� _� p� óøÍé ß– \• •�H Bj—̧o�� � €9� ¹̄
 �� � .

Bj—̧o�\ • •�H áÔ–ÐÕª Ïþ› _� d”� [þt s� >� íß– ÷& €�� "f {9� #Q èß– ìøÍ 6£x[ þt s� >� 5Åq Áú¢ #Œçß– �� .

_� p� óøÍé ß–

� ; M ` E ) v; M 0

“Ér d”� E �� 8̈Š �â
 � ü< Bj—̧o� M \•" f v\�¦ >� íß– 
�“ ¦ ��� õ� Bj—̧o� •�H M 0 s�� � .

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



144 °ú̄ ×�æd”� _� ƒ�� #Q

Bj—̧o� •�H ÅÒ™è\ •" f °ú̄ Ü¼–Ð �� •�H Ä» ô�Ç †<Ê Ãº� � .

M 2 Memory = Loc �n! Val

_� p� ½© gË: “Ér �� 6£§ õ� °ú  �� .

� ; M ` E ) v; M 0

� ; M ` E ) n; M 0

� ; M ` malloc E ) `; M 0 n > 0; f `; ` + 1; � � � ; ` + n � 1g 6� Dom M 0

� ; M ` E ) `; M 0

� ; M ` ! E ) M 0(`); M 0

� ; M ` E1 ) `; M 1 � ; M 1 ` E2 ) v2; M 2

� ; M ` E1 := E2 ) v2; M 2f ` 7! v2g
` 2 Dom M 2

� ; M ` E1 ) M 1 � ; M 1 ` E2 ) M 2

� ; M ` E1 ; E2 ) M 2

�� •Ér —̧Ž�H d”� [þt _� _� p�½© gË: \•• ¸ Bj—̧o� ìøÍ 6£x s� Áú¢ #Œ�� •�H �̄	 s� ³ð ‰&³ ÷& �� ½+É

�̄	 s�� � . \V \�¦[ þt #Q ,

� ; M ` E1 ) h�x:E ; � 0i ; M 1 � ` E2; M 1 ) v; M 2 � 0f x 7! vg; M 2 ` E ) v0; M 3

� ; M ` E1 E2 ) v0; M 3

Exercise 2 Bj—̧o� \�¦ ��ÀÒ •�H �̄	 [þt s� —̧¿º [O� „½Ó {9� Ãº e”� �� . #Q b•G >� M0–Ð Õª [O�

„½Ó �̀¦ 0lq {9� Ãº e”� �̀¦ �� ?

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



5.6 ƒ�� #Q v�Äºl � I I I: M3 145

M3_� ë�H ZO� �̀¦ ��r � &ñ
 o�
 � €�� :

E ! x variable

j �x:E function

j E E application

j n integer

j true j false boolean

j let x = E in E

j if E E E

j rec f �x:E

j E + E

j E = E

j ( E, E)

j E.1

j E.2

j malloc E

j ! E

j E := E

j E ; E

—̧Ž�H �̄	 s� 'Í	 3>h ëß– s� €�� Ø�æì�r ô�Ç �̄	 [þt s�t � ëß– , áÔ–ÐÕªA� bç
 _� ¼#� _� (<�Ê“Ér áÔ–ÐÕª

A� bç
 ��� �� � e”� , <�Ê“Ér •©œ0A_� áÔ–ÐÕªA� bç
 )�̀¦ 0A K�" f [O� „½Ó Ü¼–Ð ]j /BN ÷& %3� �� . s�

]j �8 €9� ¹̄ ô�Ç �̄	 [þt s� e”� �� €�� q� 5pw 
�> � [O� „½Ó Ü¼–Ð '‘� ��K� °ú̃ Ãº e”� �̀¦ �̄	 s�� � .

Exercise 3 ìøÍ 4Ÿ¤ë�H while E do E •̧ [O� „½Ó s�� � . Äº ‚�� M3–Ð 0lq {9� Ãº e”� �� .

M3•�H —̧¿º M0–Ð 0lq` �¦ Ãº e”�%3� Ü¼Ù¼–Ð , ��� ²DG \• •�H M0–Ð 0lq >� •)a �� .
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5.6 ş̌ÀÓ �Ž� 7£x _� ë�H ]j

M3•�H Ä» 6 x 
�t � ëß– , z�́ 'Ÿ• ÷& "f •�H ·ú§ |̈c áÔ–ÐÕª Ïþ› [þt s� e”� �� . z�́ 'Ÿ• ×�æ\• �� {9� s� ú́•

t� ·ú§ ��" f z�́ 'Ÿ• �̀¦ "3� ÆÒ>� ÷& •�H �â
 Äº \�¦ �� ”�� áÔ–ÐÕª Ïþ› [þt s�� � .

M3 áÔ–ÐÕª Ïþ› “Ér �� $Á	 7áx ÀÓ _� °ú̄ [þt s� e”� “¦ yŒ•y Œ• ì�r Z>�§ 4� e”� >� f�Ë �Q��� .� � ô�Ç

�� . �� $Á	 7áx ÀÓ •�H †<Ê Ãº , &ñ
 Ãº , ‚ÃÐ / �� f±	 , Š©œ, Bj—̧o� ÅÒ™ès�� � . †<Ê Ãº &h� 6 x d”� E1 E2

\•" f d”� E1_� ��� õ� °ú̄ “Ér †<Ê Ãº#Œ�� ô�Ç �� .  »	 !lr d”� E1 + E2 _� ¿º ÂÒ ¾¡§ d”� [þt _� ���

õ� •�H &ñ
 Ãº#Œ�� ô�Ç �� . ›̧ |	� d”� if E1 E2 E3_� E1_� ��� õ� •�H ‚ÃÐ ¢̧ •�H �� f±	 s�# Q��

ô�Ç �� . Š©œ\•" f 'Í	• �� P: °ú̄ �̀¦ >pw 
� •�H d”� E.1 \•" f E_� ��� õ� °ú̄ “Ér Š©œs�# Q�� ô�Ç �� .

Bj—̧o�\ • æ¼ •�H d”� E1 := E2\•" f E1_� ��� õ� °ú̄ “Ér Bj—̧o� ÅÒ™è#Œ�� ô�Ç �� .

M3 áÔ–ÐÕª Ïþ› s� 0A ü< °ú  “Ér �� {9� _� ›̧ |	� �̀¦ z�́ 'Ÿ• ×�æ\• †½Ó•©œ ëß– 7á¤ 
� •�H t� \�¦ p�

o� �� 1lx Ü¼–Ð �Ž� 7£x 
� •�H �̄	 s� �� 0px Ùþ¡ Ü¼ €�� ô�Ç �� . ¢̧ ô�Ç Õª �Ž� 7£x ~½Ó ZO� s� b”� �̀¦ ëß– Ùþ¡
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Ü¼ €�� ô�Ç �� .

p�o � static îß– „�� sound
�> � �Ž� 7£x 
� •�H Õª� Q ô�Ç �� {9� r�Û¼ %7› s� M3\• @/K�" f •�H ��

0px K� ”�� �� .

5.6.1 &ñ
&h� �� {9� r�Û¼ %7› static typ e system

&ñ
&h� �� {9� r�Û¼ %7› static type system“Ér ú̃́ s� ÷& •�H áÔ–ÐÕª Ïþ› “�� t� \�¦ áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ

ëß– Ü¼–Ð óøÍé ß– 
� •�H ô�Ç ~½Ó ZO� s�� � . z�́ 'Ÿ• ×�æ\• SX‰“�� 
� •�H �̄	 s� ��m�� � , z�́ 'Ÿ•„ �� \• p�

o� SX‰“�� 
� •�H r�Û¼ %7› s�� � .

&ñ
&h� �� {9� r�Û¼ %7› “Ér &ñ
&h� _� p�½¨› ¸ static semantics��“ ¦ ÂÒØÔl�• ¸ ô�Ç �� . s�

\• ìøÍ K� , t� �FK ��t � _� _� p� &ñ
 _� •�H áÔ–ÐÕª Ïþ› z�́ 'Ÿ• \• @/ ô�Ç �̄	 s�Ù¼–Ð 1lx &h� _� p�

½̈› ¸ dynamtic semantics��“ ¦ ô�Ç �� .
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áÔ–ÐÕª Ïþ› s� ú̃́ s� ÷& •�H t� \�¦ p�o � �Ž� 7£x 
� •�H ~½Ó ZO� [þt“ Ér &h�&h� &ñ
 “§K�4 R��“ ¦ e”�

•�H X< , &ñ
&h� �� {9� r�Û¼ %7› “Ér ¿º •�� P:– Ð &ñ
 “§ ô�Ç ~½Ó ZO� s�� �“ ¦ ½+É Ãº e”� �� .

'Í	• �� P: ~½Ó ZO� “Ér ë�H ZO� �Ž� 7£x s�� � . ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› “�� t� \�¦ SX‰“�� 
� •�H ~½Ó

ZO� s�� � . ë�H ZO� �Ž� 7£x s� SX‰“�� 
� •�H ë�H ZO� ½© gË: “Ér çß–éß–ô�Ç )
± úš ½© gË: [þt s�� � : ÂÒ ¾¡§ s�

]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› s�l � ëß– 
� €�� Õª �̄	 [þt` �¦ ��t �“ ¦ #Q b•G >� #Q b•G >�
 � €�� ]j@/– Ð

Òqt| �� áÔ–ÐÕª Ïþ› s� •)a �� , •�H d”� s�� � . \ çß–éß–ô�Ç " s�Ä» •�H ›̧ |	� s� çß–éß– K�" f� � . ÂÒ ¾¡§

s� ]j@/– Ð Òqt| �� áÔ–ÐÕª Ïþ› s�l � ëß– 
� €�� •)a �� . s� XO� >� ›̧ |	� s� çß–éß– 
�� �˜ Ðm� , ú̃́

s� ÷& t� ·ú§ •�H áÔ–ÐÕª Ïþ› �̀¦ —̧¿º ��� �Q?/t � 3lw 
� •�H �â
 Äº� � ú́§ �� .

Example 26 áÔ–ÐÕª Ïþ› d”� E_� ë�H ZO� ½© gË: s� �� 6£§ õ� °ú  ��“ ¦ 
�� � :

E ! n &ñ
 Ãº

j s Û¼àÔ a�A

j E + E

s�M: 2+``a'' •�H ë�H ZO� ½© gË: \• ú́• •�H �� . 2ü< ``a'' •�H ]j@/– Ð Òqt| �� �̄	 [þt s�“ ¦ , Õª

�̄	 [þt` �¦ ��t �“ ¦ +d”� �̀¦ ëß– [þt %3� Ü¼Ù¼–Ð . 
�t � ëß– ú̃́ s� ÷& t� ·ú§ •�H áÔ–ÐÕª Ïþ› s�� � . &ñ


Ãºü< Û¼àÔ a�A “Ér �8 ½+É Ãº \O� �� . 2

@/> � _� ë�H ZO� ½© gË: [þt s� ¹̄½̈ 
 � •�H ›̧ |	� “Ér �-Áº çß–éß– 
�� � . ú̃́ s�÷ & •�H áÔ–ÐÕª Ïþ›

�̀¦ óøÍé ß– 
�l �\ • •�H . ë�H Ð•o �̀¦ Òqt yŒ• 
�t � ·ú§ •�H ½© gË: [þt s�l � M: ë�H s�� � . “¦� 9K�� � ½+É

ë�H Ð•o “Ér s� •�� �̄	 s�� � : +d”� “Ér ¿º>h _� ÂÒ ¾¡§ d”� [þt s� —̧¿º &ñ
 Ãº d”� s�# Q�� ô�Ç �� •�H . s�

�Q ô�Ç ë�H Ð•o \• @/ ô�Ç ›̧ |	� �̀¦ @/> � _� \ ë�H ZO� ½© gË: " \• •�H ³ð ‰&³ 
�t � ·ú§ •�H �� . ³ð ‰&³ 
�“ ¦

&ñ
 “§
 �> � �� 1pu Ü¼ €�� Õª �̄	 “Ér Äºo�� � \ ë�H ZO� ½© gË: "_� %ò
%i� \•" f \ &ñ
&h� �� {9� r�Û¼ %7› "

_� %ò
%i� Ü¼–Ð 6£x ��H_þt 0ú� �Å� #Q��> � ÷& •�H !lr s�� � .

\ &ñ
&h� �� {9� r�Û¼ %7› " \•" f •�H #Q ‹"� ë�H Ð•o �̀¦ “¦� 9
 � •�H �� ? áÔ–ÐÕª Ïþ› _� ��� —̧_þv ëß–

�̀¦ ��t � •�H ë�H Ð•o s� ��m�� � , ô�Ç éß– >� �8 ��“ ¦ [þt #Q"f , %7̃ Û¼àÔ�� ��t � •�H 5Åq ?/ 6 x` �¦

ë�H Ð•o Ü¼–Ð “¦� 9K�� � ô�Ç �� . &ñ
&h� �� {9� r�Û¼ %7› “Ér �� {9� �̀¦ ë�H Ð•o Ü¼–Ð “¦� 9 ô�Ç �� . \V

\�¦[ þt #Q , \ x+1"s� ú̃́ s� ÷& •�H áÔ–ÐÕª Ïþ› s�� 9 €�� •�� Ãº x•�H &ñ
 Ãº °ú̄ �̀¦ �� ”�� •�� Ãº#Œ��

ô�Ç �� . �� {9� r�Û¼ %7› “Ér x�� &ñ
 Ãº °ú̄ �̀¦ ��t � •�H •©œS!� \•" f ëß– ú̃́ s� •)a ��“ ¦ óøÍé ß–ô�Ç �� .

�� {9� “Ér "f– Ð �� •Ér 7áx ÀÓ _� °ú̄ [þt \• ·¡­ s� •�H s� 2£§ s�� � .
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�� {9� r�Û¼ %7› “Ér �� {9� \• ú́• •�H °ú̄ [þt s� ì�r Z>� e”� >� >� íß– ÷& •�H áÔ–ÐÕª Ïþ› “�� t� \�¦ óøÍ

éß– K� ï�r �� . áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• “Ér {9� 7áx _� >� íß– s�“ ¦ Õª >� íß– ×�æ\• °ú̄ [þt“ Ér ì�r Z>� e”� >�

f�Ë �Q�� •�� �� . �8
 �l � >� íß– \• •�H Õüw �� [þt s� , ��� ™D¥ s�� � •�H >� íß– \• •�H zŒ™��ü < #Œ��� � ,

�� €�� =åX s�l � >� íß– \• •�H �� €�� õ� Óüt õ� Ô�¦ s� , Ãº §4� µ1Ï „�� >� íß– \• •�H Óüt õ� '• ‘�� s� , 1px1px .

Õüw ��� 8
 �l �\ • zŒ™��ü < #Œ��� � [þt #Q�� €�� îß– ÷& “¦ , Ãº §4� µ1Ï „�� \• Ô�¦ õ� �� 1lx 	�� � [þt

#Q�� €�� îß– •)a �� . s� ì�r Z>� “Ér �8 ¹¡¤ &ñ
 “§ ½+É Ãº •̧ e”� �� . ��� ™D¥ s�� � •�H >� íß– \• •�H ��

s�	 �� � 20̧�� s�
 � “�� zŒ™��ü < #Œ��� � , �� €�� =åX s�l � >� íß– \• •�H �� €�� 
�� � , Óüt 500cc

îß–¼1Ú , ��Û¼YU “�� t� Ô�¦ &ñ
 •̧ ß¼l� _� �o §4� s� [þt #Qü< �� ô�Ç �� •�H d”� _� .

�� {9� r�Û¼ %7› “Ér {9� 7áx _� &ñ
&h� áÔ–ÐÕª Ïþ› ì�r $3� static program analysiss�� � . áÔ–ÐÕª

Ïþ› s� z�́ 'Ÿ• ×�æ\• ��t � •�H #Q ‹"� $í
 |9� �̀¦ z�́ 'Ÿ• 
�l � „�� \• \V 8£¤ 
� •�H �̄	 s�� � . ì�r $3� 
�“ ¦

�� 
� •�H $í
 |9� “Ér , áÔ–ÐÕª Ïþ› s� �� {9� \• ú́• >� z�́ 'Ÿ• |̈c �̄	 “�� t� #ŒÂÒ�� .

@/ÂÒ ì�r _� áÔ–ÐÕª Ïþ› ì�r $3� s� Õª XO� 1pw s� , @/ÂÒ ì�r _� &ñ
&h� �� {9� r�Û¼ %7› “Ér ¢-a „�� 
�

t� 3lw 
�� � incomplete. �� {9� \• ú́• >� ú̧̃ z�́ 'Ÿ• ÷& •�H áÔ–ÐÕª Ïþ› s�t � ëß– �� {9� r�Û¼ %7› \•

��� � ¶ú̃ (R˜Ð“¦ ��� •:r Ü¼–Ð \ ú̧̃ —̧ØÔ �’x �� " ��“ ¦ ½+É Ãº e”� •�H �̄	 s�� � . Õª XO� t� ëß– , îß–

„�� sound
�� � •�H �̄	 “Ér Ð̃ •©œ•)a �� . \ \V " ��“ ¦ óøÍé ß– •)a áÔ–ÐÕª Ïþ› “Ér ìøÍ ×¼r� �� {9� \• ú́•

>� z�́ 'Ÿ• •)a �� •�H �̄	 s� Ð̃ •©œ•)a �� . ��m� , Ð̃ •©œ÷& •̧ 2Ÿ¤ Äºo�� � �� {9� r�Û¼ %7› �̀¦ “¦ îß–


�> � •)a �� .

&ñ
&h� �� {9� r�Û¼ %7› static type system“Ér +þA d”� •7H o� formal logic r�Û¼ %7› s�� � . •7H o�

d”� _� Òqt ”̂� Dh , •7H o� d”� _� _� p� (‚ÃÐ <�Ê“Ér �� f±	 ), ‚ÃÐ “�� •7H o� d”� �̀¦ l�> � &h� Ü¼–Ð ÆÒ •:r 
�

•�H ½© gË: [þt inference rules, proof rules, Õª ½© gË: [þt s� a%~ �� •�H 7£x "î
 (îß– „��$ í
 õ� ¢-a „��$ í
 7£x

"î
 soundnessand/or completeness)Ü¼–Ð ½̈ $í
 •)a �� .

Õª XO� >� n�� � “�� s� =åQ �� €�� , ½̈ ‰&³ 
�> � •)a �� . ½̈ ‰&³ •)a �� {9� r�Û¼ %7› “Ér @/ •©œ áÔ–Ð

ÕªA� bç
 ƒ�� #Q–Ð •Œ• $í
 •)a e”� _�_ � áÔ–ÐÕª Ïþ› �̀¦ {9�§ 4� Ü¼–Ð ~ÃÎ �� �� {9� ş̌ÀÓ�� e”� �̀¦ t�

\O� �̀¦ t� \�¦ �Ž� 7£x ô�Ç �� . ½̈ ‰&³ ÷& •�H ·ú̃ “¦o � 7£§ s� n�� � “�� ô�Ç �� {9� r�Û¼ %7› �̀¦ ]j@/– Ð

½̈ ‰&³ ô�Ç �̄	 s�� � •�H �� z�́ •̧ SX‰“�� 
�> � •)a �� . n�� � “�� \•" f ½̈ ‰&³ ��t � éß–éß–ô�Ç õ� &ñ
 �̀¦

µ1á •�H �� .
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5.6.2 +þA d”� •7H o� r�Û¼ %7› formal logic o�ÂÓ

+þA d”� •7H o� r�Û¼ %7› �̀¦ Äº ‚�� 4Ÿ¤_þv K� Ð̃�� .

+þA d”� •7H o� r�Û¼ %7› “Ér �� 6£§ _� �̄	 [þt –Ð ½̈ $í
 •)a �� : •7H o� d”� |9� ½+Ë _� &ñ
 _� , •7H o� d”�

_� p� _� &ñ
 _� , ‚ÃÐ •7H o� d”� |9� ½+Ë _� &ñ
 _� , ‚ÃÐ •7H o� d”� ÆÒ •:r _� ~½Ó ZO� , ÆÒ •:r ~½Ó ZO� î̈
 ��
 �

l� .

‚��ƒ �� •7H o� propostional logic r�Û¼ %7› �̀¦ Ð̃�� . •7H o� d”� |9� ½+Ë “Ér �� 6£§ õ� °ú  “Ér )
± úš

½© gË: Ü¼–Ð &ñ
 _� •)a �� :

f ! T j F

j : f

j f ^ f

j f _ f

j f ) f

•7H o� d”� _� &ñ
 _� •�H �� 6£§ õ� °ú  “¦ :

[[T]] = true

[[F ]] = false

[[: f ]] = not[[f ]]

[[f 1 ^ f 2]] = [[f 1]] andalso[[f 2]]

[[f 1 _ f 2]] = [[f 1]] orelse[[f 2]]

[[f 1 ) f 2]] = [[f 1]] implies[[f 2]]
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s�] j ‚ÃÐ “�� •7H o� d”� [þt _� |9� ½+Ë �̀¦ &ñ
 _�ô �Ç �� : 7£¤ , Š©œ (f f 1; � � � ; f ng; f )(³ðl � : \� `

f ") [þt _� |9� ½+Ë s�� � . ‚ÃÐ “�� d”� f 1 ^ � � � ^ f n ) f [þt _� |9� ½+Ë [þt :

� ` T � ` f
f 2 � � ` F

� ` f
� ` :: f

� ` f

� ` f 1 � ` f 2

� ` f 1 ^ f 2

� ` f 1 ^ f 2

� ` f 1

� ` f 1

� ` f 1 _ f 2

� ` f 1 _ f 2 � [ f f 1g ` f 3 � [ f f 2g ` f 3

� ` f 3

� [ f f 1g ` f 2

� ` f 1 ) f 2

� ` f 1 ) f 2 � ` f 1

� ` f 2

� [ f f g ` F
� ` : f

� ` f � ` : f
� ` F

s� ½© gË: [þt“ Ér ‚ÃÐ “�� d”� �̀¦ ëß– ×¼ •�H ½© gË: s�“ ¦ , s� �̄	 �̀¦ •7H o� r�Û¼ %7› \•" f •�H ÆÒ •:r ½©

gË: inference rules <�Ê“Ér 7£x "î
 ½© gË: proof ruless�� �“ ¦ ô�Ç �� .

#Œl�" f ¶ú̃‹ Œ• �� •Ér ›'a &h� : ‚ÃÐ •7H o� d”� |9� ½+Ë �̀¦ ëß– ×¼ •�H õ� &ñ
 “Ér /BI , ‚ÃÐ •7H o� d”� �̀¦ Ä»

ÆÒ ô�Ç 7£x "î
 �̀¦ ëß– ×¼ •�H õ� &ñ
 s�l �• ¸
 �� � . 7£x "î
 [þt _� |9� ½+Ë �̀¦ ëß– ×¼ •�H )
± úš ½© gË: Ü¼–Ð

Ð̃ •�H �̄	 s�� � . \V \�¦ [þt #Q , 7£x "î
 ½© gË:

� ` f 1 � ` f 2

� ` f 1 ^ f 2

“Ér 7£x "î
 �̀¦ ëß– ×¼ •�H )
± úš ½© gË: � ` f 1ü< � ` f 2_� 7£x "î
 [þt` �¦ ��t �“ ¦ � ` f 1 ^ f 2_�

7£x "î
 �̀¦ ëß– Ž�H �� .
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s� XO� >� ëß– [þt #Qt� •�H 7£x "î
 �̀¦ 7£x "î
 ��Áº proof tree��“ ¦ ô�Ç �� :

f p ! : p;pg ` p
f p ! : p;pg ` p ! : p f p ! : p;pg ` p

f p ! : p;pg ` : p
f p ! : p;pg ` F
f p ! : pg ` : p

s�] j Õª� Q ô�Ç \ l�> � &h� “�� "( ��Áº Òqt yŒ• \O� •�H , _� p� \�¦ Òqt yŒ• 
�t � ·ú§ •�H ) 7£x "î
 ½© gË:

<�Ê“Ér ÆÒ •:r ½© gË: proof rules, inference ruless� &ñ
 ú̃́ a%~“Ér �� ?\�¦ �� ”�� �� . 7£¤ , ÆÒ •:r ½© gË:

[þt –Ð ëß– ×¼ •�H f g1; � � � ; gng ` f •�H #Q ‹"� �̄	 [þt “�� �� ? \V ) [[g1 ^ � � � ^ gn ) f ]] = true

“�� �� ? #Œl� , ¿º>h _� l� ï�r s� e”� ��

� ÆÒ •:r ½© gË: _� îß– „��$ í
 soundness:

� ` f s� €�� [[� ) f ]] = true

� ÆÒ •:r ½© gË: _� ¢-a „��$ í
 completeness:

� ` f €�� s� [[� ) f ]] = true

5.7 éß– í�H �� {9� r�Û¼ %7› simple typ e system

M0–Ð —̧Ž�H �̄	 �̀¦ áÔ–ÐÕª Ïþ› ½+É Ãº e”� �’x Ü¼�� , °ú̄ “Ér ş̌ f”� †<Ê Ãº µ1Ú \• \O�%3� �� . °ú̄_ �

�� {9� Ü¼–Ð †<Ê Ãºü< &ñ
 Ãº ëß– e”� •�H M1_� •ï� � ëß– Òqt yŒ• 
�� � .

E ! n

j x

j �x:E

j E E

j E + E
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0A_� _� p� ½© gË:

� ` E ) v

\�¦ �� 6 x ½+É Ãº •̧ e”� Ü¼�� , �� {9� r�Û¼ %7› _� îß– „��$ í
 7£x "î
 \•" f ¼#� o� ô�Ç ~½Ó d”� �̀¦ 0A K�

"f áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ \�¦ ��r � +‹� � •�H ~½Ó d”� _� _� p� &ñ
 _� \�¦ 
�� � . °ú  “Ér _� p� &ñ
 _�

s�t � ëß– z�́ 'Ÿ• ë�H Ð•o evaluation context̀�¦ s� 6 x K�" f �� 6£§ õ� °ú  s� &ñ
 _� 
�� � :

Value v ! n

j �x:E

EvaluationContext C ! []

j C E

j v C

j C + E

j v + C

z�́ 'Ÿ• ë�H Ð•o “Ér &h� �FG &h� “�� z�́ 'Ÿ• eager evaluation í�H "f\ • ï�r K�" f �� 6£§ \• z�́ 'Ÿ• K�� � ½+É ÂÒ

ì�r` �¦ ���&ñ
 K� ï�r �� .

áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• ½© gË: “Ér �� 6£§ õ� °ú  �� .

E ! E 0

C[E] ! C[E 0]

(�x:E )v ! f x 7! vgE

z1 + z2 ! z1 + z2

áÔ–ÐÕª Ïþ› E_� _� p� •�H 0A_� ½© gË: \• ��� �" f

E ! E 0 ! � � �

”�� 'Ÿ• ÷& •�H õ� &ñ
 Ü¼–Ð &ñ
 _� •)a �� .
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5.7.1 éß– í�H �� {9� ÆÒ •:r ½© gË:

s�] j ï�r q� •�H =åQ zŒ¤ �� . �� {9� r�Û¼ %7› �̀¦ &ñ
 _� 
�� � .

áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ ëß– �̀¦ ��t �“ ¦ �� {9� ş̌ÀÓ \O� s� z�́ 'Ÿ• ÷& •�H áÔ–ÐÕª Ïþ› “�� t� \�¦ �Ž�

7£x 
� •�H •7H o� r�Û¼ %7› s�� � . áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\• �� {9� s� "î
 r� •)a �̄	 s� \O� �� . ÕªA�

•̧ Õª •7H o� r�Û¼ %7› “Ér áÔ–ÐÕª Ïþ› ½̈ $3� ½̈ $3� _� �� {9� s� #Q b•G >� l�> � &h� Ü¼–Ð Ä»ÆÒ |̈c

Ãº e”� •�H t� \�¦ &ñ
 _�ô �Ç �� .

Õª Ä»ÆÒ r�Û¼ %7› s� #Q b•G >� ½̈ ‰&³ ÷& �� 
� •�H t� , õ� ƒ�� ½̈ ‰&³ |̈c Ãº •�H e”� •�H |	� t� , 1px

\• @/K�" f •�H �� ×�æ\• •7H _� 
�l �– Ð 
�� � . {9� éß– “Ér , Õª •7H o� r�Û¼ %7› s� ú̧̃ n�� � “�� ÷&

%3� Ü¼ €�� a%~ �’x �� . b”� �̀¦ Ãº e”� •�H r�Û¼ %7› s� %3� Ü¼ €�� a%~ �’x �� . Õª •�� t� \�¦ €�� $• SX‰“�� ô�Ç

Êê\ • , Õª �̄	 �̀¦ Ø�æz�́ y� ½̈ ‰&³ ½+É ~½Óîß– �̀¦ —̧Ò•o 
� �’x �� .

�� {9� � •�H áÔ–ÐÕª Ïþ› d”� [þt s� z�́ 'Ÿ• ��� õ� –Ð ��t � •�H °ú̄ [þt _� 7áx ÀÓ [þt s�� � . Äºo�

ƒ�� #Q\•" f •�H �� 6£§ _� �̄	 [þt –Ð ½̈ ì�r |̈c �̄	 s�� � :

Type � ! � primitiv e type

j � ! � function type

•7H o� d”� _� Òqt ”̂� Dh •�H

� ` E : �

s�� � .

� •�H �� {9� 8̈Š �â
 type environmentÜ¼–Ð •�� Ãº [þt _� ·ú̃ �9 ”�� �� {9� �̀¦ ��t �“ ¦ e”� �� :

� 2 Id �n! Type

Notation 8 �� {9� 8̈Š �â
 � \• @/K�" f � f x 7! � g @/ ’�� K�" f � + x : � –Ð•̧ æ¼ �’x �� .

x 7! � 2 � @/ ’�� \• x : � 2 � –Ð•̧ æ¼ �’x �� . 2
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•7H o� d”� _� _� p� •�H

[[� ` E : � ]] = true

i�

8� j= � :E s� %ò
 "é¶ y� [�t ~�� �� , °ú̄ �̀¦ >� íß– E ! � v 
� €�� ` v : � .

s�] j ‚ÃÐ “�� •7H o� d”� (�� {9� óøÍé ß– )�̀¦ Ä»ÆÒ
� •�H ½© gË: �̀¦ &ñ
 _� 
�� � . �� {9� ÆÒ •:r ½© gË: type

inference ruless�� �“ ¦ ô�Ç �� :

� ` E : �

� ` n : �

�( x) = �
� ` x : �

� + x : � 1 ` E : � 2

� ` �x:E : � 1 ! � 2

� ` E1 : � 1 ! � 2 � ` E2 : � 1

� ` E1 E2 : � 2

� ` E1 : � 1 ! � 2 � ` E2 : � 1

� ` E1 + E2 : � 2

Example 27 �� {9� Ä»ÆÒ�� $í
 /BN ÷& •�H õ� &ñ
 �̀¦ ¶ú̃‹ Œ• ¶ú̃ x� €�� ��A�ü < °ú  �� :

...
` �x:x + 1 : � ! �

...
` (�y :y) 2 : �

` (�x:x + 1) (( �y :y) 2) : �

2

Example 28 �� {9� Ä»ÆÒ�� Ô�¦ �� 0px ô�Ç �â
 Äº •�H ��A�ü < °ú  �� :

...
` �x:x + 1 : � ! �

...
` �y :y : � ! �

!
` �z :z : �

` (�y :y) (�z :z) : �
` (�x:x + 1) (( �y :y) (�z :z)) : �
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2

0A_� ½© gË: _� :£¤ $í
 �̀¦ ¶ú̃ (R˜Ð�� .

� d”� E_� Òqt ”̂� Dh� �� � ş̌ f”� 
�� � _� ½© gË: s� e”� �� . s� �� z�́ “Ér 7£x "î
 ½© gË: _� $í


|9� �̀¦ 7£x "î
 ½+É b• Äºo� \�¦ ¼#� 
�> � ô�Ç �� . \V \�¦ [þt #Q"f � ` �x:E : � ! � 0s�

Ä»ÆÒ÷& %3� �� €�� ìøÍ ×¼r� ô�Ç �â
 Äº µ1Ú \• •�H \O� �� : �x:E _� �� {9� Ä»ÆÒ ½© gË: s� 
�

�� µ1Ú \• \O� Ü¼Ù¼–Ð , Õª ½© gË: \• e”� •�H ›̧ |	� s� ëß– 7á¤ ô�Ç �â
 Äº µ1Ú \• •�H \O� �� . 7£¤ ,

� ` �x:E : � ! � 0 s� €�� s� � + x : � ` E : � 0

� ` E E 0 : � s� €�� s� � ` E : � 0 ! � ^ � ` E 0 : � 0

...

� #Q ‹"� d”� E \• @/K�" f , � ` E : � “�� � �� #Œ!Á	 �� 0px 
�� � .

f x : �g ` x : �
` �x:x : � ! �

f x : � ! �g ` x : � ! �
` �x:x : (� ! � ) ! (� ! � )

� ë�H ]j \O� s� z�́ 'Ÿ• ÷& •�H áÔ–ÐÕª Ïþ› s� �� {9� Ä»ÆÒ�� Ô�¦ �� 0px ô�Ç �â
 Äº� � e”� �� . ¢-a

„�� complete
�t � •�H 3lw ô�Ç �̄	 s�� � .

...
f f : � ! � 0g ` f : � ! � 0

...
f f : � ! � 0g ` f : �

� = � ! � 0

f f : � ! � 0g ` f f : � 0

` �f :f f : (� ! � 0) ! � 0
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5.7.2 ÆÒ •:r ½© gË: _� îß– „��$ í


Äºo� •�H ÆÒ •:r ½© gË: _� îß– „��$ í
 soundness̀�¦ 7£x "î
 ½+É Ãº e”� �� . îß– „��$ í
 s� êøÍ , áÔ–ÐÕª Ïþ›

s� �� {9� ÆÒ •:r s� $í
 /BN 
� €�� Õª áÔ–ÐÕª Ïþ› “Ér �� {9� ş̌ÀÓ \O� s� z�́ 'Ÿ• •)a �� •�H �̄	 s� Ð̃ •©œ

H†d , s�� � . 7£¤ , áÔ–ÐÕª Ïþ› (��Ä» •�� Ãº� � \O� •�H d”� ) E\• @/K�" f

` E : �

s� ÆÒ •:r |̈c Ãº e”� �� €�� , áÔ–ÐÕª Ïþ› E•�H ë�H ]j \O� s� z�́ 'Ÿ• ÷& “¦ , =åQ èß– �� €�� ��� õ� °ú̄ s�

� �� {9� s�� � •�H �̄	 s�� � .

�� {9� r�Û¼ %7› _� îß– „��$ í
 �̀¦ 7£x "î
 
� •�H ~½Ó ZO� Ü¼–Ð @/³ ð &h� “�� ¿º ��t � \�¦ ¶ú̃ (R˜Ð�� .
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5.7.2.1 îß– „��$ í
 7£x "î
 ~½Ó ZO� I

¿º>h _� &ñ
 o� \�¦ 7£x "î
 
� •�H �̄	 s�� � .

� ProgressLemma: °ú̄ s� �� �̀¦ M: ��t � ë�H ]j \O� s� ”�� 'Ÿ• ô�Ç �� .

` e : � s�“ ¦ e�� °ú̄ s� ��m� €�� ìøÍ ×¼r� e ! e0.

� Subject Reduction Lemma: ”�� 'Ÿ• “Ér �� {9� �̀¦ Ð̃ ”>r ô�Ç �� .

` e : � s�“ ¦ e ! e0 s� €�� ` e0 : � .

0A_� ¿º &ñ
 o�� � 7£x "î
 ÷& €�� �� {9� Ä»ÆÒ ½© gË: _� îß– „��$ í
 soundnesss� 7£x "î
 ÷& •�H �̄	 s�

�� . �� {9� Ä»ÆÒ�� $í
 /BN ô�Ç áÔ–ÐÕª Ïþ› “Ér †½Ó•©œ ë�H ]j \O� s� z�́ 'Ÿ• ÷& •�H �̄	 s�“ ¦ , =åQ èß– ��

€�� Ä» ô�Ç Û¼ 9\œëß– \• °ú̄ Ü¼–Ð ��� õ� \�¦ ?/ •�H �̄	 s�Ù¼–Ð Õª ��� õ� •�H Ä»ÆÒ ô�Ç áÔ–ÐÕª Ïþ› _�

�� {9� �̀¦ �� ”�� �� . ¿º &ñ
 o� _� 7£x "î
 õ� &ñ
 �̀¦ ¶ú̃ (R Ð̃�� . —̧¿º )
± úš ZO� Ü¼–Ð ”�� 'Ÿ• ÷& •�H

’<H /' î�r 7£x "î
 s�� � .

Lemma 1 (Progress) ` E : � s�“ ¦ E �� °ú̄ s� ��m� €�� ìøÍ ×¼r� ”�� 'Ÿ• E ! E 0 ô�Ç

�� .

Pro of. ` E : � _� 7£x "î
 \• @/ ô�Ç )
± úš ZO� Ü¼–Ð . (7£x "î
 ½© gË: s� E_� ½̈› ¸ \�¦ ��� �

)
± úš 
�Ù¼–Ð , \ E_� ½̈› ¸\ • @/ ô�Ç )
± úš ZO� Ü¼–Ð "(\By structural induction on E") ��

“¦ K�• ¸ •)a �� .)

E = E1 E2“�� �â
 Äº : ` E1 E2 : � s�Ù¼–Ð �� {9� ÆÒ •:r ½© gË: \• _� K� ` E1 : � 0 !

� s�“ ¦ ` E2 : � 0 s�� � . ��� �" f , )
± úš �� &ñ
 \• _� K�" f ,

� E1s� °ú̄ s� ��m� €�� ”�� 'Ÿ• E1 ! E 0
1 
�“ ¦ , s� •�H /BI áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ! _� &ñ
 _�

\• _� K� E1 E2 ! E 0
1 E2õ� °ú  �� .

� �� ðøÍ ��t �– Ð , E1s� °ú̄ s�“ ¦ E2�� °ú̄ s� ��m�� � €�� ”�� 'Ÿ• E2 ! E 0
2 
�“ ¦ , s� •�H

/BI áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ! _� &ñ
 _� \• _� K� E1 E2 ! E1 E 0
2õ� °ú  �� .

� E1õ� E2�� —̧¿º °ú̄ s�� � €�� , ` E1 : � 0 ! � {9� Ãº e”� •�H °ú̄ E1“Ér ş̌ f”� �x:e 0�â


Äº ÷�r s�� � . ��� �" f áÔ–ÐÕª Ïþ› z�́ 'Ÿ• ! _� &ñ
 _� \• _� K� ìøÍ ×¼r� ”�� 'Ÿ• E1 E2 =

�x:E 0 E2 ! f v=xgE 0ô�Ç �� .
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�� •Ér �â
 Äº• ¸ �� ðøÍ ��t �– Ð 7£x "î
 . 2

Lemma 2 (Sub ject Reduction, Preserv ation) ` E : � s�“ ¦ E ! E 0 s� €��

` E 0 : � .

Pro of. ` E : � _� 7£x "î
 \• @/ ô�Ç )
± úš ZO� Ü¼–Ð ”�� 'Ÿ• ô�Ç �� . 1

e = E1 E2“�� �â
 Äº : ` E1 E2 : � s�Ù¼–Ð �� {9� ÆÒ •:r ½© gË: \• _� K� ` E1 : � 0 ! � s�

“¦ ` E2 : � 0 s�� � . E1 E2 ! E 0s�� � €�� [j� �t � �â
 Äº µ1Ú \• \O� �� :

� E1 ! E 0
1s�� �" f E1 E2 ! E 0

1 E2 “�� �â
 Äº . )
± úš �� &ñ
 \• _� K� ` E 0
1 : � 0 ! � .

` E2 : � 0s�Ù¼–Ð , �� {9� ÆÒ •:r ½© gË: \• _� K� ` E 0
1 E2 : � .

� E1“Ér °ú̄ s�“ ¦ E2 ! E 0
2s�� �" f E1 E2 ! E1 E 0

2 “�� �â
 Äº . 0A_� �â
 Äºü< Ä»� � .

� E1õ� E2�� —̧¿º °ú̄ “�� �â
 Äº . ` E1 : � 0 ! � “�� °ú̄ E1“Ér �� {9� ÆÒ •:r ½© gË: \• _�

K� �x:E 0 µ1Ú \• •�H \O� �� . 7£¤ , E1 E2 = (�x:E 0) v s�“ ¦ , (�x:E 0) v ! f v=xgE 0

s�� � . ` �x:E 0 : � 0 ! � s�� � €�� �� {9� ÆÒ •:r ½© gË: \• _� '?@ x : � 0 ` E 0 : � s�

�� . ` v : � 0 s�Ù¼–Ð , \Preservation under Substitution Lemma"\• _� K�

` f v=xgE 0 : � s�� � .

2

u� 8̈Š “Ér �� {9� �̀¦ Ð̃ ”>r ô�Ç �� .

Lemma 3 (Preserv ation under Substitution) � ` v : � 0 s�“ ¦ � + x : � 0 `

E : � s� €�� � ` f v=xge : � .

Pro of. � + x : � 0 ` E : � _� 7£x "î
 \• @/ ô�Ç )
± úš ZO� Ü¼–Ð 7£x "î
 ô�Ç �� .

E = �y :E 0 “�� �â
 Äº : †½Ó•©œ y 62f xg [ FV v“�� �y :E 0–Ð çß– ÅÒ ½+É Ãº e”� Ü¼Ù¼–Ð

f v=xg�y :E 0 = �y :f v=xgE 0. ��� �" f , Ð̃ {9� �̄	 “Ér � ` �y :f v=xgE 0 : � let= � 1 ! � 2:

�� &ñ
 � + x : � 0 ` �y :E 0 : � 1 ! � 2 Ü¼–ÐÂÒ'• �� {9� ÆÒ •:r ½© gË: \• _� K� � + x :

� 0+ y : � 1 ` E 0 : � 2 s�“ ¦ , � ` v : � 0ü< y 62FV (v) Ü¼–ÐÂÒ'• � + y : � 1 ` v : � 02

17£x "î
 ½© gË: s� e_� ½̈› ¸ \�¦ ��� � )
± úš 
�Ù¼–Ð , \ e_� ½̈› ¸\ • @/ ô�Ç )
± úš ZO� Ü¼–Ð ”�� 'Ÿ• ô�Ç �� " “¦ K�
•̧ •)a �� .

2Óüt ��l � Weakening Lemma &ñ
 o� (&ñ
 _� ü< 7£x "î
 s� ~1� �� .)
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s�Ù¼–Ð , )
± úš �� &ñ
 \• _� K� � + y : � 1 ` f v=xgE 0 : � 2. 7£¤ , �� {9� ÆÒ •:r ½© gË: \• _� K�

� ` �y :f v=xgE 0 : � 1 ! � 2.

�� •Ér �â
 Äº •�H �8 ¹¡¤ éß– í�H ô�Ç )
± úš .2

5.7.2.2 îß– „��$ í
 7£x "î
 ~½Ó ZO� I I

�� 6£§ ¿º>h ëß– Ü¼–Ð•̧ �� {9� Ä»ÆÒ r�Û¼ %7› _� îß– „��$ í
 soundness7£x "î
 s� �� 0px 
�� � .

� E ! error \�¦ &ñ
 _�ô �Ç �� .

� Subject Reduction Lemma: ”�� 'Ÿ• “Ér �� {9� �̀¦ Ä»t � ô�Ç �� , \�¦ 7£x "î
 ô�Ç �� .

` E : � s�“ ¦ E ! E 0 s� €�� ` E 0 : � s�� � .

�= {9� �� ?

� îß– „��$ í
 s� êøÍ , °ú̄ s� �� •�� d”� E �� �� {9� s� e”� Ü¼ €�� , E•�H ë�H ]j \O� s� ”�� 'Ÿ• 
� 9 =åQ

èß– �� €�� Õª �� {9� _� °ú̄ s�# Q�� ô�Ç �� .

� °ú̄ s� �� •�� d”� E �� �� {9� s� e”� ��“ ¦ 
�� � . ú̧̃ ”�� 'Ÿ• 
� •�H �� ?

Õª XO� �� , E ! error–Ð ”�� 'Ÿ• ½+É Ãº \O� �� . �= ��
 � €�� , Õª XO� >� ”�� 'Ÿ• ô�Ç �� €��

\Sub ject Reduction Lemma"\• _� K�" f —̧í�H s�l � M: ë�H s�� � . error �� �� {9�

s� e”� #Q�� 
� •�H X< error_� �� {9� �̀¦ ���&ñ
 
� •�H ½© gË: “Ér \O� l� M: ë�H s�� � .

� Õªo�“ ¦ ”�� 'Ÿ• s� �� {9� �̀¦ †½Ó•©œ Ð̃ ”>r 
�Ù¼–Ð , °ú̄ Ü¼–Ð ”�� 'Ÿ• s� =åQ ��> � ÷& €�� Õª

°ú̄ •̧ °ú  “Ér �� {9� �̀¦ �� ”�� �� .

5.7.3 ÆÒ •:r ½© gË: _� ½̈ ‰&³

0A_� éß– í�H �� {9� r�Û¼ %7› simple type system“Ér •7H o� r�Û¼ %7› Ü¼–Ð Äºo�� � ��� � •�H �� \�¦

��t �“ ¦ e”� 5pu` �¦ 7£x "î
 ½+É Ãº e”�%3� �� . s�] j •�H ½̈ ‰&³ s�� � .


�t � ëß– ½̈ ‰&³ s� çß–éß– K� Ð̃s�t � •�H ·ú§ •�H �� . �� 6£§ _� ½© gË: �̀¦ Ð̃ €�� Õª XO� �� :

� + x : � 1 ` E : � 2

� ` �x:E : � 1 ! � 2
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†<Ê Ãº _� 3lu: Ÿx E\�¦ �� {9� Ä»ÆÒ
�� 9 €�� “�� �� _� �� {9� � 1 \�¦ ·ú̃ “¦ e”� #Q�� ô�Ç �� . Õª� Q

�� � 1“Ér Äºo�� � þj 7áx &h� Ü¼–Ð Ä»ÆÒK�� � ½+É †<Ê Ãº �� {9� _� {9� ÂÒs�� � .

Ä»ÆÒK�? /� � 
� •�H �̄	 �̀¦ p�o � ·ú̃ “¦ e”� #Q�� ô�Ç �� . #Q b•G >� K�� � 
�� � ? Ä»ÆÒ inference\�¦

Ÿíl �K�� �
 �� � ? áÔ–ÐÕªA� Q\•>� †<Ê Ãº ‚��ƒ �� ��� � “�� �� �� {9� 1px` �¦ áÔ–ÐÕª Ïþ› %7̃ Û¼

àÔ\• +‹ ²ú̃ ��“ ¦ y©œ¹̄K�� � 
�� � ?

s� •�� �'p Z�t �� î�r ~½Ó d”� s� e”� �� . �� {9� \• @/ ô�Ç ƒ�� wn� ~½Ó &ñ
 d”� �̀¦ [jÄº“ ¦ Û�¦ #Q�� •�H

õ� &ñ
 s�� � .

Õª õ� &ñ
 s� Z�t �� î�r s�Ä» •�H ¿º� �t �� � . Äº ‚�� , �� {9� �̀¦ �� 1lx Ü¼–Ð Ä»ÆÒK� ÅÒ •�H ·ú̃

“¦o � 7£§ s�l � M: ë�H s�� � . áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\• �� {9� \• @/K�" f áÔ–ÐÕªA� Q�� ��Áº

�̄	 •̧ "î
 r� ½+É €9� ¹̄� � \O� �� . �� 1lx Ü¼–Ð Ä»ÆÒ�� •)a �� .

�� •Ér s�Ä» •�H , �� {9� r�Û¼ %7› �̀¦ Ø�æz�́ y� ½̈ ‰&³ ô�Ç ·ú̃ “¦o � 7£§ s�l � M: ë�H s�� � . Ø�æz�́

y� ? �� {9� r�Û¼ %7› s� Ä»ÆÒ ½+É Ãº e”� •�H �̄	 �̀¦ Õª ·ú̃ “¦o � 7£§“Ér >á¤ °ú  s� Ä»ÆÒK� ï�r �� .

Õª ìøÍ @/• ¸ $í
 wn� ô�Ç �� . ·ú̃ “¦o � 7£§ s� Ä»ÆÒK� ?/ %3� Ü¼ €�� �� {9� r�Û¼ %7› •̧ °ú  “Ér �̄	 �̀¦ Ä»

ÆÒK� è­q Ãº e”� �� . "f– Ð i� ›'a >�– Ð •7H o� r�Û¼ %7› õ� ½̈ ‰&³ r�Û¼ %7› s� Óüt �9 e”� �� .

5.7.3.1 ƒ�� wn� ~½Ó &ñ
 d”� _� •̧ Ø�¦

ÅÒ#Q ”�� áÔ–ÐÕª Ïþ› E\�¦ ÅÒ ¹¡¤ ¿
± Ü¼ €�� "f yŒ• ÂÒ ¾¡§ d”� [þt _� �� {9� \• @/ ô�Ç ƒ�� wn� ~½Ó &ñ
 d”� �̀¦

•̧ Ø�¦ ô�Ç �� . ÂÒ ¾¡§ d”� s� "f– Ð %í
 �� e”� •�H ë�H Ð•o �̀¦ :Ÿx K�" f Õª d”� _� °ú̄ s� #Q ‹"� �� {9� s�

÷& �� ½+É t�\ • @/ ô�Ç ~½Ó &ñ
 d”� (]j €•• �� †½Ó )s� •̧ Ø�¦ •)a �� . Õª ƒ�� wn� ~½Ó &ñ
 d”� �̀¦ Û�¦ €�� •)a �� .

Õª ƒ�� wn� ~½Ó &ñ
 d”� \•" f p�t �Ãº •�H áÔ–ÐÕª Ïþ› _� yŒ• ÂÒ ¾¡§ d”� ��� � 
�� � m”� e”� “¦ , •�� Ãº

��� � 
�� � m”� e”� �� . Õª ÂÒ ¾¡§ d”� õ� •�� Ãº _� �� {9� �̀¦ >pw 
� •�H p�t �Ãºs �� � .

Example 29 \V \�¦ [þt #Q , �� 6£§ _� d”� �̀¦ Òqt yŒ• K� Ð̃�� . �� 6£§ áÔ–ÐÕª Ïþ›

1 + (�x:x 1) 0
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—̧Ž�H ÂÒ ¾¡§ d”� [þt ��� � •��  ñ \�¦ ·¡­ s�� � .

1|{z}
1

+ (�x: x|{z}
6

1|{z}
7| {z }

5

)

| {z }
3

0|{z}
4

| {z }
2| {z }

0

ÂÒ ¾¡§ d”� i �� ��4 R�� 
� •�H �� {9� � i ü< •�� Ãº x�� ��4 R�� 
� •�H �� {9� � x \• @/ ô�Ç ~½Ó &ñ


d”� \ lhs _= rhs" •�H �� 6£§ õ� °ú  �� :

� 0 _= � � 1 _= �

� 2 _= � � 3 _= � ! �

� _= � x � _= � 5

� _= � 4 � _= � 2

� 4 _= � � 5 _= � 2

� 6 _= � x � 6 _= � 0 ! � 0

� 0 _= � 7 � 0 _= � 2

� 7 _= �

0A_� ~½Ó &ñ
 d”� _� K� •�H \O� �� . � x •�H � s�l �• ¸ K�� � 
�“ ¦ (� _= � x–Ð ÂÒ'• ) � ! �s�l �

•̧ K�� � 
�Ù¼–Ð (� 6 _= � x–Ð ÂÒ'• ). 2

�� {9� ƒ�� wn� ~½Ó &ñ
 d”� u•�H �� 6£§ õ� °ú  “Ér —̧_þv s�� � :

TyEqn u ! � _= � �� {9� ~½Ó &ñ
 d”�

j u ^ u ƒ�� wn�

Type � ! � 2 TyVar �� {9� •�� Ãº

j � j � ! �

�� {9� ƒ�� wn� ~½Ó &ñ
 d”� _� K� S\�¦ u� 8̈Š substitutionÜ¼–Ð ³ð ‰&³ 
� €�� ¼#� 
�� � . TyVar �̀¦
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TypeÜ¼–Ð ��Ë¨ •�H . 7£¤ ,

S 2 TyVar
�n
,! Type

“�� . (A
�n
,! B •�H A \•" f B–Ð�� •�H u� 8̈Š [þt _� |9� ½+Ë s�� � .)

Notation 9 S j= u“Ér \ S•�H ~½Ó &ñ
 d”� u_� K� model" �� •�H >pw s�� � . �� 6£§ õ� °ú  s� &ñ


_� •)a �� :
S� 1 = S� 2

S j= � 1 _= � 2

S j= u1 S j= u2

S j= u1 ^ u2

S j= f S(� )=� gu
S j= 9� :u

#Œl�" f

S� =

8
<

:
� if � 7! � 2 S

� otherwise

S� = �

S(� ! � 0) = (S� ) ! (S� 0)

S� = f x 7! S� j x 7! � 2 � g

2

ƒ�� wn� ~½Ó &ñ
 d”� �̀¦ [jÄº •�H ·ú̃ “¦o � 7£§ V(� ; e;� ) •�H �� 6£§ õ� °ú  �� :

V(� ; n; � ) = � _= �

V(� ; x; � ) = � _= � 0 if x : � 0 2 �

V(� ; E1 + E2; � ) = � _= � ^ V(� ; E1; � ) ^ V(� ; E2; � )

V(� ; �x:E ; � ) = � _= � 1 ! � 2 ^ V(� + x : � 1; e;� 2) new � 1,� 2

V(� ; E1 E2; � ) = V(� ; E1; � ! � ) ^ V(� ; E2; � ) new �
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V(� ; e;� )•�H �̀Š“Ér �� ? 7£¤ ,

S j= V(� ; E ; � ) , S� ` E : S�

“�� �� ?

Pro of. E_� ½̈› ¸\ • @/ ô�Ç )
± úš ZO� Ü¼–Ð .
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�x:E “�� �â
 Äº : S j= V(� ; �x:E ; � ) “Ér

= S j= � _= � 1 ! � 2 ^ V(� + x : � 1; e;� 2) new � 1; � 2

, S j= � _= � 1 ! � 2

^ S j= V(� + x : � 1; e;� 2)

, S� = S� 1 ! S� 2

^ S� + x : S� 1 ` E : S� 2 ()
± úš �� &ñ
 )

, S� = S� 1 ! S� 2

^ S� ` �x:E : S� 1 ! S� 2

, S� ` �x:E : S� :

�� •Ér �â
 Äº• ¸ q� 5pw 
�> � .2

5.7.3.2 ƒ�� wn� ~½Ó &ñ
 d”� _� K�

Äºo�� � [jÄº •�H �� {9� ƒ�� wn� ~½Ó &ñ
 d”� �̀¦ #Q b•G >� Û�¦ Ãº e”� �̀¦ �� ?

Äº ‚�� ƒ�� wn� ~½Ó &ñ
 d”� _� K� •�H Äºo�� � &ñ
 _�ô �Ç Types�� � •�H |9� ½+Ë _� "é¶ ™è#Œ�� ô�Ç �� .

Õª |9� ½+Ë “Ér ¿º ��t � ~½Ó d”� Ü¼–Ð )
± úš &h� Ü¼–Ð Ä» ô�Ç 
�> � ëß– [þt #Qt� •�H � [þt _� Áº ô�Ç ô�Ç |9�

½+Ë s�� � .

Type � ! � primitiv e type

j � ! � function type

Õª K� •�H , 1lx {9� �o ·ú̃ “¦o � 7£§ uni�c ation algorithm�̀¦ s� 6 x K�" f Û�¦ Ãº e”� �� .

\A Machine-Oriented LogicBasedon the ResolutionPrinciplE", J.A.Robinson,

Journal of ACM, Vol.12, No.1, pp.23-41,1965.

� �� {9� ~½Ó &ñ
 d”� [þt (� _= � 0)õ� K� /BN çß– (Type)“Ér 0A •7Hë�H _� 1lx {9� �o uni�c ation ·ú̃ “¦

o� 7£§ Ü¼–Ð Û�¦ Ãº e”� •�H 9þt A�Û¼s�� � .

� ·ú̃ “¦o � 7£§ U•�H T j= u“�� T ×�æ\•" f �� •©œ {9� ìøÍ &h� “�� K� most general uni�er \�¦ ½̈

K� ï�r �� .
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{ ·ú̃ “¦o � 7£§ U�� ~½Ó &ñ
 d”� u\• @/K�" f K� S\�¦ ëß– [þt #Q ÍÇx Ü¼ €��

{ u_� �� •Ér K� T •�H †½Ó•©œ R–Ð ÂÒ'• �� “:r �� : T j= u s� €�� T = RS “��

Rs� e”� �� .

��� �" f , ÅÒ#Q ”�� áÔ–ÐÕª Ïþ› (��Ä» •�� Ãº� � \O� •�H d”� ) E_� �� {9� ~½Ó &ñ
 d”� �̀¦ ÉÒ •�H ·ú̃ “¦

o� 7£§

U : TyEqn ! (TyVar
�n
,! Type)

•�H

U(V(; ; E; � )) (new � )

�̀¦ z�́ 'Ÿ• 
� •�H �̄	 s�“ ¦ , U_� &ñ
 _� •�H

U(u) = unify-all (u; ; ):

#Œl�" f

unify-all (� _= � 0; S) = (unify (� ; � 0))S

unify-all (u ^ u0; S) = let T = unify-all (u; S) in unify-all (Tu0; T)

s� 9 , 1lx {9� �o uni�c ation ·ú̃ “¦o � 7£§

unify (� ; � 0) : TyVar
�n
,! Type
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_� &ñ
 _� •�H

unify (�; � ) = ;

unify (� ; � ) or unifty (� ; � ) = f � 7! � g if � doesnot occur in �

unify (� 1 ! � 2; � 0
1 ! � 0

2) = let S = unify (� 1; � 0
1)

S0 = unify (S� 2; S� 0
2)

in SS0

unify ( ) = fail

s�� � .

0A_� ·ú̃ “¦o � 7£§“Ér Äºo� _� éß– í�H �� {9� r�Û¼ %7› simple type system_� Ø�æz�́ ô�Ç sound &

complete ½̈ ‰&³ s�� � .

îß– „�� sound: U(V(� ; e;� )) = S s� €�� S� ` E : S�

¢-a „�� complete:

U(V(� ; e;� )) = S

^ � 0 = RS�

^ � 0 = RS�

9
>>>=

>>>;

€�� s� � 0 ` E : � 0
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5.7.3.3 “:r �� “�� ·ú̃ “¦o � 7£§[ þt

�� {9� ~½Ó &ñ
 d”� �̀¦ •̧ Ø�¦ 
� €�� "f ÕªM: ÕªM: Û�¦ #Q�� •�H ·ú̃ “¦o � 7£§ •̧ �� 0px 
�� � .

M : TyEnv � Exp � Type ! (TyVar
�n
,! Type)
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M (� ; n; � ) = unify( �; � )

M (� ; x; � ) = unify( � ; � 0) if x : � 0 2 �

M (� ; �x:E ; � ) = let S = unify(� 1 ! � 2; � ) new � 1; � 2

S0 = M (S� + x : S� 1; e;S� 2)

in S0S

M (� ; E E 0; � ) = let S = M (� ; e;� ! � ) new �

S0 = M (S� ; E 0; S� )

in S0S

M (� ; E + E 0; � ) = let S = unify(�; � )

S0 = M (S� ; e;�)

S00= M (S0S� ; E 0; � )

in S00S0S

0A_� ·ú̃ “¦o � 7£§ •̧ éß– í�H �� {9� r�Û¼ %7› simple type system_� Ø�æz�́ ô�Ç sound & complete ½̈

‰&³ s�� � .

îß– „�� sound: M (� ; e;� ) = S s� €�� S� ` E : S�

¢-a „�� complete:

M (� ; e;� ) = S

^ � 0 = RS�

^ � 0 = RS�

9
>>>=

>>>;

€�� s� � 0 ` E : � 0

<�Ê“Ér , €••ç ß– ��ØÔ>� .

W : TyEnv � Exp ! Type � (TyVar
�n
,! Type)
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W(� ; n) = (�; ; )

W(� ; x) = (� ; ; ) if x 7! � 2 �

W(� ; �x:E ) = let (� ; S) = W(� + x : � ; e) new �

in (S� ! � ; S)

W(� ; E E 0) = let (� ; S) = W(� ; e)

(� 0; S0) = W(S� ; E 0)

S00= unify( � 0 ! � ; S0� ) new �

in (S00S0S; S00� )

W(� ; E + E 0) = let (� ; S) = W(� ; e)

S0 = unify( � ; � )

(� 0; S00) = W(S0S� ; E 0)

S000= unify(� 0; � )

in (�; S000S00S0S)

0A_� ·ú̃ “¦o � 7£§ •̧ éß– í�H �� {9� r�Û¼ %7› simple type system_� Ø�æz�́ ô�Ç sound & complete ½̈

‰&³ s�� � .

îß– „�� sound: W(� ; e) = (� ; S) s� €�� S� ` E : �

¢-a „�� complete:

W(� ; e) = (� ; S)

^ � 0 = RS�

^ � 0 = R�

9
>>>=

>>>;

€�� s� � 0 ` E : � 0

5.7.4 îß– „�� ô�Ç Õª� Q�� �â
 f”� •)a

éß– í�H �� {9� r�Û¼ %7› s� îß– „�� 
�l � •�H 
�t � ëß– �� /' ¹¡§ s� ú́§ �� .

¢-a „�� 
�t � 3lw 
�� � . �� {9� r�Û¼ %7› �̀¦ :Ÿx õ�ô �Ç (�� {9� Ä»ÆÒ\• $í
 /BN ô�Ç ) áÔ–ÐÕª Ïþ› “Ér

z�́ 'Ÿ• ×�æ\• �� {9� ş̌ÀÓ�� µ1Ï Òqt 
�t � ·ú§ •�H �� •�H �̄	 s� Ð̃ •©œ•)a �� . 
�t � ëß– , �� {9� ş̌ÀÓ

\O� s� ú̧̃ z�́ 'Ÿ• |̈c Ãº e”� •�H —̧Ž�H áÔ–ÐÕª Ïþ› s� éß– í�H �� {9� r�Û¼ %7› �̀¦ :Ÿx õ� 
� •�H �̄	 “Ér
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��m�� � . îß– „�� sound
�t � ëß– ��ä ¼o� •�H áÔ–ÐÕª Ïþ› [þt s� e”� •�H incomplete �̄	 s�� � . ��ä ¼

o� •�H >� :£¤ y� ú́§ �� .

Ä» ƒ�� 
�t � 3lw 
�� � . “�� �� �� {9� \• •©œ›'a \O� s� z�́ 'Ÿ• ÷& •�H †<Ê Ãº [þt s� ú́§ s� e”� �� . Õª

•�� †<Ê Ãº [þt s� éß– í�H �� {9� r�Û¼ %7› �̀¦ :Ÿx õ� 
� €�� "f •�H 
�� � _� �� {9� Ü¼–Ð “¦ &ñ
 •)a �� . ��

€ªœô�Ç �� {9� _� “�� ��\ • &h� 6 x ÷& •�H �â
 Äº� � áÔ–ÐÕª Ïþ› \• e”� �� €�� éß– í�H �� {9� r�Û¼ %7› �̀¦

:Ÿx õ�½+É Ãº \O� �� .

�� 6£§ \• \V [þt s� e”� �� .

Example 30 �� 6£§ _� áÔ–ÐÕª Ïþ› �̀¦ Ð̃�� . éß– í�H �� {9� r�Û¼ %7› �̀¦ :Ÿx õ�½+É Ãº \O� •�H ,


�t � ëß– ú̧̃ z�́ 'Ÿ• |̈c Ãº e”� •�H áÔ–ÐÕª Ïþ› s�� � .2

(* polymorphic functions *)
let

I = \x.x
const = \n.10

in
I I;
const 1 + const true

end

Example 31 �� 6£§ _� áÔ–ÐÕª Ïþ› •̧ éß– í�H �� {9� r�Û¼ %7› \•" f •�H �� {9� Ä»ÆÒ�� Ô�¦ �� 0px

ô�Ç �â
 Äº� � . 
�t � ëß– ë�H ]j \O� s� z�́ 'Ÿ• ÷& •�H áÔ–ÐÕª Ïþ› s�� � . 2

(* S K I combinators *)
let

I = \x.x
K = \x.(\y.x)
S = \x.(\y.(\z.(x z)(y z)))

in
S (K (S I)) (S (K K) I) 1 (\x.x+1)

end

Example 32 Š©œ�̀¦ ��ÀÒ •�H ƒ�� #Q–Ð éß– í�H �� {9� r�Û¼ %7› s� SX‰•©œ•)a ��“ ¦ K�• ¸ , �� {9�

r�Û¼ %7› �̀¦ :Ÿx õ� 
�t � 3lw 
� •�H Ä» 6 x ô�Ç áÔ–ÐÕª Ïþ› �̀¦ ~1� >� ëß– ��> � •)a �� . 2
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(* polymorphic swap *)
let

swap =
\order_pair.

if order_pair.1 order_pair.2
then order_pair.2
else (order_pair.2.2, order_pair.2.1)

in
swap(\pair.(pair.1 + 1 = pair.2), (1,2));
swap(\pair.(pair.1 or pair.2), (true, false))

end

5.7.5 M3 –Ð SX‰•©œ
�l �

5.7.5.1 F� )
 †<Ê Ãº

F� )
 †<Ê Ãº •�H Y (Ž� q�W1s�' • Y combinator\�¦ :Ÿx K�" f ³ð ‰&³ ½+É Ãº e”�%3� �� . Y (Ž� q�W1

s�' • •�H

�f :(�x:f (x x))( �x:f (x x))

s�“ ¦ , Õª Ùþ̃ d”� \• •�H �� ’�� �̀¦ “�� ��– Ð ~ÃÎ •�H †<Ê Ãº _� &h� 6 x \ x x"s� e”� �� .

éß– í�H �� {9� r�Û¼ %7› \•" f •�H †<Ê Ãº� � �� ’�� �̀¦ “�� ��– Ð ~ÃÎ •�H d”� “Ér �� {9� Ä»ÆÒ�� |̈c

Ãº \O� �� :

x|{z}
1

x|{z}
2| {z }

0

\•" f yŒ• ÂÒ ¾¡§ d”� i �� ��4 R�� 
� •�H �� {9� � i \�¦ ��4 R˜Ð €��

� 1 _= � x � 1 _= � ! �

� 2 _= � x � 2 _= �

s� ÷& •�H X< , ��� ²DG � ! � _= � \�¦ ëß– 7á¤ 
� •�H �� {9� �̀¦ Type\•" f •�H ¹1Ô �̀¦ Ãº \O� �� . 1lx {9�

�o uni�c ation ·ú̃ “¦o � 7£§“Ér 0A_� €ªœ•�� �̀¦ °ú  >� ëß– ×¼ •�H � ü< � \�¦ ¹1Ô •�H �̄	 \• z�́ J� ô�Ç �� .

��� �" f , éß– í�H �� {9� r�Û¼ %7› s� °ú• ÆÒ#Q ”�� ƒ�� #Q\•" f •�H F� )
† <Ê Ãº \�¦ Y (Ž� q�W1s�
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'•–Ð ³ð ‰&³ K�" f •�H �� {9� r�Û¼ %7› �̀¦ :Ÿx õ�½+É Ãº \O� �� . F� )
† <Ê Ãº

rec f �x:E

•�H �8 s� •©œ [O� „½Ó s� ��m�� � .

�� {9� Ä»ÆÒ ½© gË: “Ér çß–éß– 
�� � :

� + f : � 1 ! � 2 ` �x:E : � 1 ! � 2

� ` rec f �x:E : � 1 ! � 2

Exercise 4 îß– „��$ í
 soundness7£x "î
 •̧ 0A_� �â
 Äº\ • @/K�" f l� ”>r _� \O� >h (Progress

Lemmaü< Subject Reduction Lemma)îß– \• ÆÒ��
 � €�� •)a �� .

Exercise 5 ş̌áÔ�� “�� ·ú̃ “¦o � 7£§ õ� “:r �� “�� ·ú̃ “¦o � 7£§“Ér #Q b•G >� SX‰•©œ|̈c Ãº e”� �̀¦
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�� ?

5.7.5.2 Bj—̧o� ÅÒ™è °ú̄

Bj—̧o� ÅÒ™è \�¦ °ú̄ Ü¼–Ð �� 6 x 
� •�H �â
 Äº •�H �� {9� r�Û¼ %7› �̀¦ #Q b•G >� SX‰•©œ½+É Ãº e”� �̀¦

�� ?

E !
...

j malloc E

j ! E

j E := E

j E ; E

Äº ‚�� �� {9� _� 7áx ÀÓ�� 
�� � •�H �� . Bj—̧o� ÅÒ™è °ú̄_� �� {9� [þt .

Type � ! � primitiv e type

j � ! � function type

j � loc pointer type

�� {9� � loc•�H Bj—̧o� ÅÒ™è �� {9� “�� X< , Õª ÅÒ™è\ • •�H � �� {9� _� °ú̄ s� $• •©œ÷& •�H �� {9�

s�� � . Õªo�“ ¦ , �� {9� Ä»ÆÒ ½© gË: [þt s� �� ƒ�� Û¼ XO� >� SX‰•©œ•)a �� . �� 6£§ õ� °ú  �� .

� ` E : �
� ` E : �

� ` malloc E : � loc

� ` E : � loc
� ` ! E : �

� ` E1 : � loc � ` E2 : �
� ` E1 := E2 : �

� ` E1 : � 1 � ` E2 : � 2

� ` E1 ; E2 : � 2

Exercise 6 îß– „��$ í
 soundness7£x "î
 •̧ 0A_� �â
 Äº\ • @/K�" f l� ”>r _� \O� >h (Progress

Lemmaü< Subject Reduction Lemma)îß– \• ÆÒ��
 � €�� •)a �� .

Exercise 7 ş̌áÔ�� “�� ·ú̃ “¦o � 7£§ õ� “:r �� “�� ·ú̃ “¦o � 7£§“Ér #Q b•G >� SX‰•©œ|̈c Ãº e”� �̀¦
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�� ?

5.8 �� +þA �� {9� r�Û¼ %7› polymorphic typ e system

éß– í�H �� {9� r�Û¼ %7› simple type system̀�¦ &ñ
 “§
 �> � SX‰•©œ
�� � . îß– „��$ í
 �̀¦ Ä»t �
 � €�� "f

\ ú̧̃ —̧ØÔ �’x �� " “¦ 
� •�H �â
 Äº \�¦ ×�¦ #ŒÐ̃�� . îß– „�� 
� €�� "f Ä» ƒ�� ô�Ç �� {9� r�Û¼ %7› s� €9�

¹̄
 �� � .

�� +þA �� {9� r�Û¼ %7› polymorphic type systems� Õª� Q ô�Ç �� {9� r�Û¼ %7› s�� � . :£¤ y� , ��

{9� Ä»ÆÒ�� �� 0px 
�“ ¦ z�́ ]j ƒ�� #Q\• z�́ 6 x &h� Ü¼–Ð ½̈ ‰&³ |̈c Ãº e”� •�H �� +þA �� {9� r�Û¼ %7›

s� let-�� +þA �� {9� r�Û¼ %7› let-polymorphic type systems�� � .
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�� {9� r�Û¼ %7› \•" f •�H

\ ú̧̃ —̧ØÔ �’x �� " = \ �� {9� ~½Ó &ñ
 d”� _� K�� � \O� �� "

s�� � . �� +þA �� {9� r�Û¼ %7› polymorphic type system(` p)\•" f •�H \ ú̧̃ —̧ØÔ �’x �� " “¦ 
� •�H

�â
 Äº� � éß– í�H �� {9� r�Û¼ %7› simple type system(` ) Ð̃�� &h� �� . 7£¤ ,

� ` E : � s� €�� � ` p E : �

s�� � . s� •�� �â
 Äº \�¦ ` p•�H ` \�¦ Ÿí [O� 
� €�� "f SX‰•©œconservative extensionô�Ç �â
 Äº� �“ ¦

ô�Ç �� .

�� +þA �� {9� r�Û¼ %7› polymorphic type system\•" f •�H Ä»ÆÒ÷& •�H �� {9� s� �� +þA �� {9� polymorphic
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type{9� Ãº e”� �� . �� +þA �� {9� [þt“ Ér �� 6£§ õ� °ú  “Ér �̄	 [þt s�� � :

8� :� ! �; 8� 1� 2:� 1 ! � 2; � � �

8s� �� {9� •�� Ãº\ • ·¡­ #Q"f ³ð ‰&³ ÷& •�H �̄	 s�� � . —̧Ž�H éß– í�H �� {9� _� �â
 Äº \�¦ —̧¿º Ÿí

[O� 
� •�H �� {9� s�� � •�H >pw s�� � . 7£¤ , �� +þA �� {9� _� _� p� [[8� :� ]]•�H �� 6£§ õ� °ú  “Ér °ú̄ [þt

_� |9� ½+Ë s�� �“ ¦ �̂¦ Ãº e”� �� :

� —̧Ž�H �� {9� � \• @/K�" f � �� {9� “�� °ú̄ [þt .

� \V \�¦[ þt #Q , 8� :� ! � _� _� p� •�H :

[[8� :� ]] =
\

t2 SimpleT ype

[[f � 7! tg� ]]

\V \�¦[ þt #Q ,

[[8� :� ! � ]] =
T

t2 SimpleT ype[[t ! t]]

= [[� ! � ]] \ [[bool ! bool]] \ � � �

= f �x:x; �x: 1; �x:x + 1; � � � g \ � � �

f �x:x; � � � g

éß– í�H �� {9� r�Û¼ %7› \•" f z�́ J� ô�Ç �â
 Äº� � #Q b•G >� �� +þA �� {9� r�Û¼ %7› \•" f •�H �Å� #Q

°ú̃ Ãº e”� •�H t� \V \�¦ [þt #Q Ð̃�� . ��A� ¿º �â
 Äº •�H éß– í�H �� {9� r�Û¼ %7› \•" f •�H �� {9�

Ä»ÆÒ |̈c Ãº \O� •�H �â
 Äºs �� � .

...
f f : � ! � 0g ` f : � ! � 0

...
f f : � ! � 0g ` f : �

� = � ! � 0

f f : � ! � 0g ` f f : � 0

` �f :f f : (� ! � 0) ! � 0
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...
f f : � ! � g ` f : � ! �

...
f f : � ! � g ` f : �

� = � ! �

f f : � ! � g ` f f : � ! �
...

` �f :f f : (� ! � ) ! (� ! � )
` (�f :f f )( �x:x ) : � ! �

�� +þA �� {9� �̀¦ s� 6 x K�" f 0A_� ¿º \V]j \�¦ �� {9� Ä»ÆÒ ½+É Ãº e”� >� •)a �� :

...
f f : 8� :� ! � g ` f : (� ! � ) ! (� ! � )

...
f f : 8� :� ! � g ` f : � ! �

f f : 8� :� ! � g ` f f : �
` �f :f f : (8� :� ! � ) ! �

f _� �� {9� s� �� +þA �� {9� 8� :� ! � s� €9� ¹̄\ • ��� �" f (� ! � ) ! (� ! � )�� {9� Ü¼–Ð

•̧ �� 6 x ÷& “¦ , � ! � �� {9� Ü¼–Ð•̧ �� 6 x •)a �� . ��A� _� �â
 Äº• ¸ �� ðøÍ ��t �� � .

...
` �f :f f : (8� :� ! � ) ! (� ! � )

...
` �x:x : � ! �

` (�f :f f )( �x:x ) : � ! �

Õª� Q�� ›̧ d”� K�� � ô�Ç �� . †½Ó•©œ �� {9� r�Û¼ %7› _� SX‰•©œ“Ér îß– „��$ í
 �̀¦ Ä»t �K�� � ô�Ç

�� . †<Ê ÂÒ–Ð {9� ìøÍ� o \�¦ 
� €�� îß– „�� 
�t � ·ú§ >� •)a �� . �� 6£§ _� �� {9� ÆÒ •:r õ� &ñ
 �̀¦ Ð̃

�� . †<Ê ÂÒ–Ð {9� ìøÍ� o K�" f Ô�¦ îß– „�� unsoundK� t� •�H �â
 Äºs �� � . ��A� _� \Vü< °ú  s� , ��

{9� ş̌ÀÓ�� e”� •�H áÔ–ÐÕª Ïþ› s�t � ëß– �� {9� s� Ä»ÆÒ •)a �� .

...
f f : 8� :� ! �g ` f : � ! � � � �

f f : 8� :� ! �g ` f 1 : � � � �
f f : 8� :� ! �g ` (f 1; f true) : � � �

` �f :(f 1; f true) : (8� :� ! � ) ! (� � � )

...
` �x:x + 1 : � ! �

` (�f :(f 1; f true))( �x:x + 1) : � � �

îß– „�� 
�t � ·ú§ “Ér ¢̧ �� •Ér \V •�H �� 6£§ _� áÔ–ÐÕª Ïþ› s�� � . y_� �� {9� s� �� +þA �� {9� Ü¼–Ð
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{9� ìøÍ� o ÷& €�� �� {9� Ä»ÆÒ\• $í
 /BN ô�Ç �� . Õª� Q�� �� {9� ş̌ÀÓ�� e”� •�H áÔ–ÐÕª Ïþ› s�� � .

...
` (�x: (let y = x in (y 1; y true)))( �z :z + 1) : � � bool

5.8.1 �� +þA �� {9� ÆÒ •:r ½© gË:

Hindley-Milner Û¼�� {9� _� let-�� +þA �� {9� let-polymorphism ÆÒ •:r ½© gË: s�� � .

� áÔ–ÐÕª Ïþ› s� :£¤ Z>� y� Òqt| �� �â
 Äº ëß– Õª XO� >� &ñ
 “§ ô�Ç ì�r $3� s� •Œ• 1lx 
�• ¸ 2Ÿ¤ ô�Ç �� .

� †<Ê Ãº� � #Qn�" f Áº ’�H “�� ��– Ð #Q b•G >� �� 6 x ÷& •�H t� \�¦ ·ú̃ Ãº e”� •�H �â
 Äº 7£¤ ,

(�x: � � � x � � � x � � �| {z }
E 0

)E

7£¤ ,

let x = E in E 0

“�� �â
 Äº ëß– x_� �� {9� �̀¦ �� +þA �� {9� Ü¼–Ð {9� ìøÍ� o r� †�� �� .

� s� �â
 Äº , E �� �� +þA �� {9� {9� Ãº e”� •�H t� \ îß– „�� 
�> � " ì�r $3� ô�Ç Êê\ • , E 0îß– \•" f

x�� #Q b•G >� �� 6 x ÷& •�H t� Ä»ÆÒK� çß– �� . s�M: x_� �� {9� s� �� €ªœô�Ç �� •Ér ��

{9� Ü¼–Ð �� 6 x |̈c Ãº e”� �� .

� �� +þA �� {9� “Ér 1éß– rank-1 polymorphism��t � ëß– s� 6 x ô�Ç �� :

� ! �; 8� :� ! � ; 8� 1� 2:� 1 ! � 2

7£¤ , 8s� ]j {9� �� ¾ú  \• ·¡­• �H �� {9� prenex formëß– �� 6 x ô�Ç �� .
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let-�� +þA �� {9� r�Û¼ %7› let-polymorphic type system\•" f •�H let-d”� s� [O� „½Ó s� ��m�� �

€9� Ãº� � .

E ! n

j x

j �x:E

j E E

j let x = E in E

j rec f �x:E

j E + E
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�� {9� typeõ� �� {9� d�¦ type scheme“Ér �� 6£§ õ� °ú  �� .

Type � ! � primitiv e type

j � ! � function type

j � type variable

TypeScheme � ! � simple type

j 8� :� generalizedtype

�� {9� d�¦ type scheme“Ér éß– í�H �� {9� õ� �� +þA �� {9� �̀¦ Ÿí †<Ê ô�Ç �� .

Notation 10 ~� •�H f � 1; � � � ; � ng\�¦ , 8~� :� •�H 8� 1 � � � � n :� \�¦ >pw ô�Ç �� .

�� {9� d�¦ type scheme� = 8~� :� \• @/K�" f ftv (� ) •�H � \• e”� •�H ��Ä»–Ð î�r �� {9� •��

Ãº [þt ftv (� ) n ~� s�� � .

�� {9� � \• @/K�" f ftv (� )•�H � \• e”� •�H �� {9� •�� Ãº [þt _� |9� ½+Ë s�� � . �� {9� 8̈Š �â
 �

\• @/K�" f , ftv (�) =
S

x2Dom � ftv (�( x)).

�� {9� u� 8̈Š S\• @/K�" f itv (S) = f � j � 2 supp(S); � 2 f � g [ ftv (S� )gs�� � .

�� {9� u� 8̈Š S õ� �� {9� d�¦ type scheme� \• @/K�" f S� = 8~� :Sf ~� 7! ~� g� s�“ ¦ , s�

M: ~� \ (itv (S) [ ftv (� )) = ; “�� �â
 Äº� � .

�� {9� u� 8̈Š S õ� �� {9� 8̈Š �â
 � \• @/K�" f , S� = f x 7! S� j x 7! � 2 � g s�� � .

8~� :� 0 � � •�H �� {9� d�¦ _� ô�Ç \V�� � �� •)a �� •�H _� p�s �� � . &ñ
 SX‰y� •�H , �� {9� u� 8̈Š

S �� e”� #Q"f S� 0 = � s�“ ¦ Supp(S) � ~� “�� �â
 Äº \�¦ >pw ô�Ç �� .

GEN � (� ) = 8~� :� \�¦ >pw 
�“ ¦ ~� = ftv (� ) n ftv (�) “�� �â
 Äºs �� � . 2
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let-�� +þA �� {9� r�Û¼ %7› let-polymorphic type system_� �� {9� ÆÒ •:r ½© gË: “Ér �� 6£§ õ� °ú 

�� .

ÆÒ •:r ½© gË: inference rules“Ér \� ` E : � " \�¦ Ä»ÆÒ
� •�H ½© gË: [þt s�� � . � •�H •�� Ãº [þt _�

�� {9� d�¦ type scheme\• @/ ô�Ç �� &ñ
 �̀¦ ��t �“ ¦ e”� �� :

� 2 Id �n! TypeScheme
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� ` E : �

� ` n : � � ` x : �
� � � ; x : � 2 �

� + x : � ` E : � 0

� ` �x:E : � ! � 0
� ` E1 : � 0 ! � � ` E2 : � 0

� ` E1 E2 : �

� ` E : � � + x : GEN � (� ) ` E 0 : �
� ` let x = E in E 0 : �

� + f : � ! � 0 ` �x:E : � ! � 0

� ` rec f �x:E : � ! � 0

� ` E1 : � � ` E2 : �
� ` E1 + E2 : �

ÆÒ •:r ½© gË: _� îß– „��$ í
 �̀¦ 0A K�" f •�H �� +þA �� {9� Ü¼–Ð ëß– [þt M: ‚��× þ̃&h� Ü¼–Ð K�� � ô�Ç

�� . ��Áº �� {9� s� ��Áº M:� � �� +þA �� {9� Ü¼–Ð {9� ìøÍ� o ÷& "f •�H ·ú§ •)a �� .

�= �� {9� � \�¦ \ {9� ìøÍ� o " 8~� :� r�v � •�H X< � �� � \• ��� �� � €�� ]jü @K�� � ½+É �� ?

GEN � (� ) = 8� 1; � � � ; � n :� #Œl�" f f � 1; � � � ; � ng = ftv (� ) n ftv (�)

Õª s�Ä» •�H :

� � \• �� &ñ
 (x : � )s� '‘� �� ÷& •�H �â
 Äº •�H �x:E _� �â
 Äº µ1Ú \• \O� �� .

� � \• e”� •�H �� &ñ
 �̀¦ �� 6 x 
� •�H �â
 Äº •�H †<Ê Ãº îß– \•" f †<Ê Ãº _� “�� �� �� {9� �̀¦ Ä»ÆÒ

½+É M:s �� � .

� †<Ê Ãº _� “�� �� �� {9� �̀¦ {9� ìøÍ� o r�v �“ ¦ ��" f †<Ê Ãº 3lu: Ÿx s� �� {9� Ä»ÆÒ÷& €�� Ô�¦ îß–

„�� K� ”�� �� .

� †<Ê Ãº� �  ñ Ø�¦ ÷& €�� "f „�� ²ú̃~ÃÎ •�H z�́ ]j “�� �� [þt s� {9� ìøÍ� o |̈c Ãº e”� •�H �� {9� _� °ú̄

s� �� u�́ Ãº e”� l� M: ë�H s�� � .
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\V \�¦ [þt #Q ,

�x: (let y = x in (y 1; y true))

\�¦ �� {9� Ä»ÆÒ
� •�H X< , “�� �� x_� �� {9� �̀¦ �� +þA �� {9� 8� :� ! � Ü¼–Ð {9� ìøÍ� o r�v �

€�� †<Ê Ãº 3lu: Ÿx •̧ —̧¿º �� {9� Ä»ÆÒ�� ÷& “¦ , 0A_� †<Ê Ãº _� þj 7áx �� {9� “Ér

8� :(� ! � ) ! (int � bool)

–Ð Ä»ÆÒ�� 0px ½+É �̄	 s�� � . Õª� Q�� Ô�¦ îß– „�� K� ”�� �� . 0A_� †<Ê Ãº� � ~ÃÎ �� [þt s� •�H “�� ��

•�H 0A_� �� +þA �� {9� �̀¦ �� |9� Ãº e”� •�H †<Ê Ãº� � �� u�́ Ãº e”� l� M: ë�H s�� � .

0A_� †<Ê Ãº� � ��– Ð �z :z + 1\• &h� 6 x •)a ��“ ¦ K�• ¸ �� {9� Ä»ÆÒ •�H ë�H ]j \O� s� •)a �� .

0A_� �� +þA �� {9� \•" f � \�¦ int –Ð ½̂̈ ‰�o K�" f �� {9� Ä»ÆÒ _� ��½¨ \�¦ ú́• Ø�¦ Ãº e”� l� M:
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ë�H s�� � . 
�t � ëß– Õª� Q ô�Ç †<Ê Ãº &h� 6 x d”� “Ér z�́ 'Ÿ• ×�æ �� {9� ş̌ÀÓ�� µ1Ï Òqt ô�Ç �� .

5.8.2 ÆÒ •:r ½© gË: _� îß– „��$ í


éß– í�H �� {9� r�Û¼ %7› \•" f 7£x "î
 
� •�H ~½Ó ZO� �̀¦ Õª@/– Ð s� 6 x 
� •�H X< , �� +þA �� {9� Ü¼–Ð SX‰

•©œ•)a �̄	 ÷�r s�� � .

Lemma 4 (Progress) ` E : � s�“ ¦ e�� °ú̄ s� ��m� €�� ìøÍ ×¼r� ”�� 'Ÿ• e ! E 0 ô�Ç

�� .

Lemma 5 (Sub ject Reduction, Preserv ation) ` E : � s�“ ¦ E ! E 0 s� €��

` E 0 : � .
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5.8.3 ÆÒ •:r ½© gË: _� ½̈ ‰&³

“:r �� “�� ·ú̃ “¦o � 7£§

W : TyEnv � Exp ! ((TyVar
�n
,! Type) � Type)

W(� ; n) = (; ; � )

W(� ; x) = (; ; f � i 7! � i gn
i=1 � ) where�( x) = 8~� :� ; new ~�

W(� ; �x:E ) = let (S1; � 1) = W(� + x : � ; E); new �

in (S1; S1� ! � 1)

W(� ; E1 E2) = let (S1; � 1) = W(� ; E1)

(S2; � 2) = W(S1� ; E2)

S3 = U(S2� 1; � 2 ! � ); new �

in (S3S2S1; S3� )

W(� ; let x = E1 in E2) =

let (S1; � 1) = W(� ; E1)

(S2; � 2) = W(S1� + x : GEN S1 � (� 1); E2)

in (S2S1; � 2)

W(� ; rec f �x:E ) = let (S1; � 1) = W(� + f : � ; �x:E ); new �

S2 = U(S1� ; � 1)

in (S2S1; S2� 1)

0A_� ·ú̃ “¦o � 7£§“Ér éß– í�H �� {9� Ä»ÆÒ ·ú̃ “¦o � 7£§ W_� \ �� ƒ�� Û¼�Q î�r " SX‰•©œs�� � . ·ú̃ “¦

o� 7£§ W Ø�æz�́ ô�Ç ½̈ ‰&³ s�� � :

îß– „�� sound: Wp(� ; E) = (� ; S) s� €�� S� ` E : �

¢-a „�� complete:

Wp(� ; E) = (� ; S)

^ � 0 = RS�

^ R(GEN S� (� )) � � 0

9
>>>=

>>>;

€�� s� � 0 ` E : � 0

SNU 4190.310Programming Languages c
 Kwangkeun Yi, SeoulNational Univ., 2006



5.8 �� +þA �� {9� r�Û¼ %7› polymorphic typ e system 187

5.8.4 M3 –Ð SX‰•©œ
�l �

Bj—̧o� ÅÒ™è \�¦ °ú̄ Ü¼–Ð �� 6 x 
� •�H �â
 Äº •�H �� +þA �� {9� r�Û¼ %7› �̀¦ #Q b•G >� SX‰•©œ½+É Ãº

e”� �̀¦ �� ?

E !
...

j malloc E

j ! E

j E := E

j E ; E

Äº ‚�� �� {9� _� 7áx ÀÓ�� 
�� � •�H �� . Bj—̧o� ÅÒ™è °ú̄_� �� {9� [þt .

Type � ! � primitiv e type

j � type variable

j � ! � function type

j � loc pointer type

�� {9� d�¦“ Ér Õª@/– Ð�� :

TypeScheme � ! � simple type

j 8� :� generalizedtype

�� {9� � loc•�H Bj—̧o� ÅÒ™è �� {9� “�� X< , Õª ÅÒ™è\ • •�H � �� {9� _� °ú̄ s� $• •©œ÷& •�H �� {9�

s�� � .

�� {9� Ä»ÆÒ ½© gË: [þt s� �� ƒ�� Û¼ XO� >� SX‰•©œK� Ð̃�� . éß– í�H �� {9� r�Û¼ %7› _� �â
 Äºü<

>á¤ °ú  �� .
� ` E : �

� ` malloc E : � loc

� ` E : � loc
� ` ! E : �

� ` E1 : � loc � ` E2 : �
� ` E1 := E2 : �
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188 °ú̄ ×�æd”� _� ƒ�� #Q

� ` E1 : � 1 � ` E2 : � 2

� ` E1 ; E2 : � 2

Z�t ³1Ñ >�• ¸ s� XO� >� �� ƒ�� Û¼�Q î�r SX‰•©œs� �� {9� {9� ìøÍ� o õ� &ñ
 1px` �¦ ��u � €�� "f îß– „��

$í
 s� L:t �> � •)a �� .

�� 6£§ õ� °ú  “Ér �� {9� ş̌ÀÓ�� e”� •�H áÔ–ÐÕª Ïþ› s� �� {9� Ä»ÆÒ�� •)a �� .

let
I = malloc \x.x

in
I := \x.x+1;
(!I) true
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s� •�� \•• ¸ éß– í�H �� {9� �̀¦ �� +þA �� {9� Ü¼–Ð {9� ìøÍ� o ½+É M: ›̧ d”� Û¼�Q 0> �� Ùþ¡ �� :

� ` E : � � + x : GEN � (� ) ` E 0 : �
� ` let x = E in E 0 : �

\�¦ †½Ó•©œ �� 6 x ½+É Ãº e”� •�H >� ��m�“ ¦ , d”� E �� z�́ 'Ÿ• ×�æ\• Bj—̧o� ÅÒ™è \�¦ Dh \�v >� ½+É

{©œ~ÃÎ •�H {9� s� \O� •�H �â
 Äº\ • ëß– îß– „�� 
�� � .

ë�H ]j •�H , �� +þA �� {9� r�Û¼ %7› “Ér z�́ 'Ÿ•„ �� \• �� {9� �̀¦ Ä»ÆÒK� ?/� � ô�Ç �� . #Q •�H d”�

E �� z�́ 'Ÿ• ×�æ\• Bj—̧o� ÅÒ™è \�¦ ½+É {©œ~ÃÎ >� |̈c t� \�¦ #Q b•G >� Ä»ÆÒ
�� � ?

&ñ
 SX‰y� •�H ½+É Ãº \O� �� . Ô�¦ �� 0px 
�� � . �� 0px 
�� � €�� Õª �̄	 �̀¦ s� 6 x K�" f "3� 2X ¹̄ ë�H

]j Halting Problem\�¦ ÉÒ •�H áÔ–ÐÕª Ïþ› �̀¦ &ñ
 _�½+É Ãº e”� l� M: ë�H s�� � .


�t � ëß– , îß– „�� 
�> � •�H óøÍé ß–½+É Ãº e”� �� . Bj—̧o� ÅÒ™è \�¦ ½+É {©œ~ÃÎ t� ·ú§ •�H �� •�H �̄	

s� SX‰z�́ ô�Ç �â
 Äº\ • ëß– Õª �� {9� �̀¦ {9� ìøÍ� o r�v �� � . Ô�¦ SX‰z�́ 
�� � €�� {9� ìøÍ� o r�v �t � ú̃́

�� .

ÕªA�" f let -d”� _� �� {9� Ä»ÆÒ ½© gË: s� �� 6£§ õ� °ú  s� [j ì�r �o •)a �� :

� ` E : � � + x : GEN � (� ) ` E 0 : �
� ` let x = E in E 0 : �

: expansive(E)

� ` E : � � + x : � ` E 0 : �
� ` let x = E in E 0 : �

expansive(E)

#Œl�" f expansive(E)_� &ñ
 _� ��

expansive(n) = false

expansive(x) = false

expansive(�x:E ) = false

expansive(rec f �x:E ) = false

expansive(E1 E2) = true

expansive(let x = E1 in E2) = expansive(E1) _ expansive(E2)

expansive(E1 + E2) = expansive(E1) _ expansive(E2)
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190 °ú̄ ×�æd”� _� ƒ�� #Q

s� €�� îß– „�� 
�� � . expansive(E)�� falses� €�� d”� E•�H z�́ 'Ÿ• ×�æ\• ]X� @/– Ð Dh–Ð î�r Bj

—̧o� ÅÒ™è \�¦ ½+É {©œ~ÃÎ t� ·ú§ •�H �� . 
�t � ëß– , d”� E �� expansive(E) ��“ ¦ K�" f E �� z�́

'Ÿ• ×�æ\• ìøÍ ×¼r� Bj—̧o� ÅÒ™è \�¦ Dh–Ð ëß– ×¼ •�H �̄	 “Ér ��m�� � .

5.9 &ñ
 o�

s� •©œ\•" f •�H áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ ]j@/– Ð n�� � “�� 
� •�H õ� &ñ
 �̀¦ ��� �� � Ð̃ €Œ¤ �� . l�

>� &h� “�� >� íß– õ� &ñ
 �̀¦ —̧¿º ³ð ‰&³ ½+É Ãº e”� •�H çß–éß–ô�Ç —̧4Sq ƒ�� #Q “�� |ÃÐ �� >� íß– ZO� Lambda

Calculus\•" f ÂÒ'• Ø�¦ µ1Ï 
� %i� �� . s� ƒ�� #Q •�H †<Ê Ãº ëß– e”� •�H ƒ�� #Q�� . °ú̄ “Ér ş̌ f”� †<Ê Ãº

÷�r s�� � . Õª� Q�� †<Ê Ãº� � ��Ä» \�v �� �rst-class value. †<Ê Ãº� � “�� ��– Ð „�� ²ú̃ ÷& l�• ¸ 
�

“¦ , †<Ê Ãº &h� 6 x _� ��� õ� –Ð †<Ê Ãº� � ��š ¸l �• ¸ ô�Ç �� .

Õª 0A \• , z�́ ]j &h� “�� áÔ–ÐÕªA� bç
 s� ¼#� o�
 �• ¸ 2Ÿ¤ #Œ�Q��t � [O� „½Ó syntactic sugar[þt

�̀¦ '‘� ÂÒ
� %i� �� . &ñ
 Ãº d”� , ‚ÃÐ / �� f±	 d”� , ›̧ |	� d”� , let-d”� , F� )
† <Ê Ãº , Š©œpair �̀¦ ��ÀÒ •�H

d”� , Õªo�“ ¦ Bj—̧o� ÅÒ™è \�¦ �� 6 x 
� •�H "î
§ î
+ þA ƒ�� #Q _� —̧_þv[ þt . Bj—̧o� ÅÒ™è \�¦ ��

ÀÒ •�H "î
§ î
+ þA ƒ�� #Q _� —̧_þv •̧ s� ƒ�� #Q\• •�H çß–éß– 
�“ ¦ �� ƒ�� Û¼ XO� >� Ÿí [O� •)a �� . z�́ ]j

&h� “�� áÔ–ÐÕªA� bç
 �̀¦ ¼#� o�
 �> � {Œ™�� è­q Ãº e”� •�H ƒ�� #Q�� •)a �� .

s� XO� >� SX‰•©œ•)a ƒ�� #Q _� _� p� •�H B�Äº çß–éß– 
�� � . —̧Ž�H d”� [þt _� z�́ 'Ÿ• ��� õ� •�H #Q

‹"� °ú̄ �̀¦ ëß– [þt #Q �·p �� . &ñ
 Ãº , ‚ÃÐ / �� f±	 , †<Ê Ãº , ¿º °ú̄_ � Š©œ, <�Ê“Ér Bj—̧o� ÅÒ™è . _�

p�� � çß–éß– 
�Ù¼–Ð , ƒ�� #Q \�¦ C�Äºl � ~1� �� . _� p�� � çß–éß– 
�Ù¼–Ð áÔ–ÐÕª Ïþ› �̀¦ s�K�
 �

l� ~1� �� . çß–éß– 
�� � •�H �̄	 “Ér B�Äº •©œ0A_� ƒ�� #Q�� •�H �̄	 õ� •©œ:Ÿx ô�Ç �� . •Œ• “¦ çß–éß– 
�

t� ëß– y©œ§4� ô�Ç ƒ�� #Q�� .

s� XO� >� n�� � “�� ô�Ç ƒ�� #Q�� \ ]j@/– Ð " “�� �� ? s� •�� ƒ�� #Q\• @/K�" f Äºo�� � SX‰“��


�“ ¦ z�· “Ér �̄	 “Ér , s� ƒ�� #Q–Ð ��# Œ”�� áÔ–ÐÕª Ïþ› [þt _� �� {9� ş̌ÀÓ �Ž� 7£x` �¦ îß– „�� 
�> � p�

o� �� 1lx Ü¼–Ð ½+É Ãº e”� �’x Ö¼�� •�H �̄	 s�� � .

s� 3lq ³ð� � , îß– „�� ô�Ç �� {9� r�Û¼ %7› _� n�� � “�� õ� Ø�æz�́ ô�Ç ½̈ ‰&³ ~½Óîß– �̀¦ ¹1Ô ��? / €�� "f

²ú̃ $í
 ÷& %3� �� . Äº ‚�� , çß–éß–ô�Ç éß– í�H �� {9� r�Û¼ %7› simple type system̀�¦ n�� � “�� 
� %i� “¦ ,

Õª îß– „��$ í
 �̀¦ 7£x "î
 K� Ð̃ €Œ¤ �� . Õª �� {9� r�Û¼ %7› _� Ø�æz�́ ô�Ç ½̈ ‰&³ •̧ ·ú̃ ��˜ Ð €Œ¤ �� . Õª

r�Û¼ %7› “Ér áÔ–ÐÕª Ïþ› \•" f �� {9� �̀¦ �� 1lx Ü¼–Ð Ä»ÆÒ ½+É Ãº e”�%3� “¦ , �� {9� ş̌ÀÓ�� e”� Ü¼

€�� �� 1lx Ü¼–Ð ş̌ÀÓ \�¦ ¹1Ô �� ×�¦ Ãº e”�%3� �� . áÔ–ÐÕªA� Q •�H áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ\• ��Áº
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 o� 191

•�� 2̃³ àÔ \�¦ '‘� �� ½+É €9� ¹̄� � \O� �� .

�� {9� r�Û¼ %7› s� ƒ�� #Q\• •©œ‚ÃÌ ÷& €�� "f , [O� „½Ó ½̈› ¸ syntactic sugar%i�~ �� �̄	 [þt s� €9� Ãº

�� ÷& •�H �â
 Äº� � e”� �� . \V \�¦ [þt #Q , F� )
 †<Ê Ãº� � Y-(Ž� q�W1s�' • Y combinator\�¦ :Ÿx

K�" f 0lq ��! Qo� €�� éß– í�H �� {9� r�Û¼ %7› \•" f •�H �� {9� �Ž� 7£x` �¦ :Ÿx õ�½+É Ãº \O� >� •)a �� . F�

)
 †<Ê Ãº \�¦ ³ð ‰&³ 
� •�H d”� s� ƒ�� #Q\•" f ]j /BN ÷& €�� ë�H ]j� � \O� #Q ”�� �� .

s� éß– í�H �� {9� r�Û¼ %7› “Ér îß– „�� 
�l � •�H 
�t � ëß– Ä» ƒ��$ í
 s� ú́§ s� b•� #Q ”�� �� . �� {9�

ş̌ÀÓ \O� s� ú̧̃ z�́ 'Ÿ• ÷& •�H ú́§ “Ér áÔ–ÐÕª Ïþ› [þt s� �� {9� r�Û¼ %7› �̀¦ :Ÿx õ� 
�t � 3lw ô�Ç �� .

éß– í�H �� {9� r�Û¼ %7› �̀¦ &ñ
 “§
 �> � �� 1pu“Ér let-�� +þA �� {9� r�Û¼ %7› let-polymorphic type

system̀�¦ ·ú̃ ��˜ Ð €Œ¤ �� . éß– í�H �� {9� r�Û¼ %7› Ü¼–Ð �� {9� Ä»ÆÒ ½+É Ãº e”� •�H —̧Ž�H áÔ–Ð

Õª Ïþ› �̀¦ ~ÃÎ �� [þt s�“ ¦ , Õª Ð̃�� �8 ú́§ “Ér áÔ–ÐÕª Ïþ› �̀¦ �� {9� Ä»ÆÒ ½+É Ãº e”� >� ÷& %3� �� .

s� �� {9� r�Û¼ %7› _� îß– „��$ í
 •̧ Ð̃ •©œ|̈c Ãº e”� “¦ , Õª ½̈ ‰&³ ~½Óîß– •̧ ·ú̃ ��˜ Ð €Œ¤ �� . �� {9�

s� �� 1lx Ü¼–Ð Ä»ÆÒ÷& “¦ �� {9� ş̌ÀÓ�� �� 1lx Ü¼–Ð ¹1Ô �� ”�� �� .

�� {9� r�Û¼ %7› �̀¦ &ñ
 “§
 �> � �� 1pu Ü¼ €�� "f (7á§ �8 ¢-a „�� ô�Ç complete —̧_þv \• ��� � 0> t�

•̧ 2Ÿ¤ , 7á§ �8 ú́§ “Ér ]j@/– Ð z�́ 'Ÿ• ÷& •�H áÔ–ÐÕª Ïþ› �̀¦ ~ÃÎ �� [þt {9� Ãº e”� •̧ 2Ÿ¤ ), îß– „��$ í
 s�

~1� >� L:t � •�H �â
 Äº� � e”� �� . Bj—̧o� ÅÒ™è \�¦ �� 6 x 
� •�H áÔ–ÐÕª Ïþ› _� �� +þA �� {9� r�

Û¼ %7› “Ér �� ƒ�� Û¼�Q î�r SX‰•©œÜ¼–Ð •�H îß– „��$ í
 �̀¦ Ð̃ •©œ½+É Ãº \O�%3� �� . [j d”� ô�Ç ÅÒ _� �� €9�

¹̄ Ùþ¡ �� .
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6 •©œ

•��%i� õ� z�́ 'Ÿ•

áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ n�� � “��Ùþ¡ �� €�� , ½̈ ‰&³ 
�“ ¦ z�· �� . Õª ƒ�� #Q–Ð ��# Œ”�� áÔ–ÐÕª Ïþ›

�̀¦ z�́ 'Ÿ• r�v �“ ¦ z�· “Ér �̄	 s�� � . �� |ÃÐ s� z�́ 'Ÿ• ½+É Ãº •̧ e”� �’x �� . _� p� &ñ
 _� \�¦ s�K�


� •�H �� |ÃÐ s�� � €�� . Õª� Q�� Óüt• :r Äºo� •�H (Ž� ÉÓ'• \�¦ :Ÿx K�" f z�́ 'Ÿ• r�v �“ ¦ z�· �� .

áÔ–ÐÕª Ïþ› �̀¦ (Ž� ÉÓ'• _� ü@ÂÒ\•" f {9�§ 4� ~ÃÎ �̀¦ Ãº e”� •̧ 2Ÿ¤ 
�“ ¦ , {9�§ 4� •)a áÔ–ÐÕª Ïþ›

�̀¦ z�́ 'Ÿ• r�v � •�H ~½Ó ZO� �̀¦ “¦ îß– K�� � ô�Ç �� .

6.1 áÔ–ÐÕª Ïþ› {9�§ 4�

Äº ‚�� áÔ–ÐÕª Ïþ› �̀¦ (Ž� ÉÓ'•\ • {9�§ 4� 
� •�H ~½Ó ZO� s� €9� ¹̄
 �� � . ‰&³ F� _� (Ž� ÉÓ'• r�Û¼ %7›

\•" f {9�§ 4� ½+É Ãº e”� •�H ~½Ó ZO� “Ér ë�H �� [þt _� {9� 	� "é¶ C� \P� µ1Ú \• •�H \O� �� . v�˜ Ð×¼ •©œu�

\�¦ :Ÿx K�" f áÔ–ÐÕª Ïþ› %7̃ Û¼àÔ \�¦ {9�§ >= –Ð ÏÒ ¹¡¤ %ƒ� � •�H Ãº µ1Ú \• •�H \O� �� . Õª XO� >� •�H

{9� 	� "é¶ ë�H �� \P� s� áÔ–ÐÕª Ïþ› _� {9�§ 4�+ þA I�� � .

Õª {9� 	� "é¶ ë�H �� \P� s� #Q ‹"� Òqt ”̂� Dh _� áÔ–ÐÕª Ïþ› “�� t� \�¦ �� €Œ• K� ?/� � ô�Ç �� . s�

õ� &ñ
 s� ë�H ZO�� Ž� 7£x parsings�� � •�H ~½Ó ZO� Ü¼–Ð �� 1lx Ü¼–Ð s�ÀÒ#Q ”�� �� . (s� ~½Ó ZO� \• @/

K�" f •�H s� y©œ_� \•" f •�H ��ÀÒt� ·ú§ •�H �� .) s� õ� &ñ
 �̀¦ ��u � €�� {9�§ 4� •)a áÔ–ÐÕª Ïþ› s�

#Q ‹"� —̧_þv _� áÔ–ÐÕª Ïþ› “�� t� �� €Œ• •)a �� . áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H ~½Ó ZO� (ë�H ZO� ½© gË: )[þt s�

#Q b•G >� ›̧ ½+Ë ÷& #Q"f ½̈ $í
 ô�Ç áÔ–ÐÕª Ïþ› “�� t� .

\ áÔ–ÐÕª Ïþ› " “Ér s�] j Õª ½̈› ¸� � "î
Ñþ̃ ô�Ç —̧_þv Ü¼–Ð ï�r q�� � •)a �� . 2	� "é¶ ��Áº½̈
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›̧–Ð . (3.1]X� ‚ÃÐ “¦ )

6.2 áÔ–ÐÕª Ïþ› z�́ 'Ÿ•

{9�§ 4� •)a áÔ–ÐÕª Ïþ› �̀¦ Õª _� p� &ñ
 _� @/– Ð z�́ 'Ÿ• K�� � ô�Ç �� . ¿º� �t � ~½Ó ZO� s� e”� �� .

� ô�Ç ~½Ó ZO� “Ér n�� � “�� ô�Ç ƒ�� #Q A_� z�́ 'Ÿ• l� interpreter\�¦ /BI ��– Ð ëß– ×¼ •�H �̄	 s�� � .

A z�́ 'Ÿ• l�\ • A áÔ–ÐÕª Ïþ› �̀¦ V,� #QÅÒ €�� Õª áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• K� ×�¦ �̄	 s�� � . Õª

•�� X< Õª A z�́ 'Ÿ• l� \�¦ #Q b•G >� ½̈ ‰&³ ½+É Ãº e”� �̀¦ �� ?

s�p � z�́ 'Ÿ• l�� � e”� •�H ƒ�� #Q�� e”� Ü¼ €�� Õª ƒ�� #Q–Ð A z�́ 'Ÿ• l� \�¦ ëß– [þt €�� •)a �� .

\V \�¦[ þt #Q , n�t � »1Ï (Ž� ÉÓ'• _� l�> �# Q •�H s�p � z�́ 'Ÿ• l�� � e”� �� . „�� —̂¶ ×�¦ –Ð ½̈

‰&³ •)a ×�æ€©œ%ƒo� •©œu� cpu�� l�> �# Q _� z�́ 'Ÿ• l� interpreters�� � . s� l�> �# Q–Ð A

z�́ 'Ÿ• l� \�¦ •Œ• $í
 
� €�� •)a �� . Õª A z�́ 'Ÿ• l� •�H cpu�� z�́ 'Ÿ• K� ×�¦ �̄	 s�� � . ��m�

€�� , A z�́ 'Ÿ• l� \�¦ „�� —̂¶ ×�¦ –Ð ½̈ ‰&³ ½+É Ãº• ¸ e”� �� . s� �â
 Äº Õª� Q ô�Ç cpu\�¦ �� ”��

(Ž� ÉÓ'•� � A z�́ 'Ÿ• l�� � ÷& •�H !lr s�� � .

� �� •Ér ~½Ó ZO� “Ér �� •Ér ƒ�� #Q _� z�́ 'Ÿ• l� \�¦ s� 6 x 
� •�H �̄	 s�� � .

s�p � �� •Ér ƒ�� #Q _� z�́ 'Ÿ• l�� � e”� �� €�� , Õª ƒ�� #Q–Ð •��%i� K�ÅÒ •�H •��%i� l� compiler\�¦

ëß– [þt €�� •)a �� . B ƒ�� #Q _� z�́ 'Ÿ• l� interpreter�� ”>r F� ô�Ç ��“ ¦ 
�� � . A áÔ–ÐÕª Ïþ›

�̀¦ B áÔ–ÐÕª Ïþ› Ü¼–Ð •��%i� 
�“ ¦ B z�́ 'Ÿ• l�\ • V,� #QÅÒ €�� •)a �� .

\V \�¦ [þt #Q , n�t � »1Ï (Ž� ÉÓ'• _� ×�æ€©œ%ƒo� •©œu� cpu•�H l�> �# Q _� z�́ 'Ÿ• l� interpreters�

�� . Õª l�> �\ •" f A ƒ�� #Q \�¦ z�́ 'Ÿ• r�v � •�H ~½Ó ZO� “Ér A áÔ–ÐÕª Ïþ› �̀¦ l�> �# Q áÔ

–ÐÕª Ïþ› Ü¼–Ð •��%i� 
� •�H �̄	 s�� � . •��%i� ��� õ� \�¦ ×�æ€©œ%ƒo� •©œu� cpu–Ð z�́ 'Ÿ• r�v �

€�� •)a �� .

6.2.1 z�́ 'Ÿ• l� interpr eter

z�́ 'Ÿ• l� interpreter•�H ÅÒ#Q ”�� áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• K� ï�r �� . _� p� &ñ
 _� �� z�́ 'Ÿ• l� _� &ñ


_� ��“ ¦ �̂¦ Ãº e”� �� .
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�� � _� z�́ 'Ÿ• l� interpreter•�H @/ •©œ ƒ�� #Q _� —̧Ž�H áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• K� ×�¦ Ãº e”� �� .

Z�t �� î�r {9� s�� � . @/ •©œ ƒ�� #Q–Ð •Œ• $í
 ½+É Ãº e”� •�H áÔ–ÐÕª Ïþ› s� Áº ô�Ç y� ú́§ s� e”� �̀¦ Ãº

e”� •�H X< , 
�� � _� z�́ 'Ÿ• l�� � —̧¿º z�́ 'Ÿ• K� è­q Ãº e”� ��m� .

s� �̄	 s� �� 0px ô�Ç s�Ä» •�H ÿ.� �� ? )
± úš ½̈› ¸ M: ë�H s�� � . _� p� &ñ
 _� semantics�� @/

•©œ ƒ�� #Q _� —̧Ž�H áÔ–ÐÕª Ïþ› _� _� p� \�¦ &ñ
 _� K� ×�¦ Ãº e”�%3�~ �� �̄	 õ� °ú  “Ér s�u �� � . —̧

Ž�H e”� _�_ � áÔ–ÐÕª Ïþ› “Ér Ä» ô�Ç ô�Ç �� f±	 Ãº _� ›̧ wn� ~½Ó ZO� �̀¦ ��t �“ ¦ ëß– [þt #Q ”�� �� . l� ‘:r

ÂÒ ¾¡§[ þt s� e”� “¦ , ÂÒ ¾¡§` �¦ ��t �“ ¦ ÂÒ ¾¡§` �¦ ëß– [þt “¦ . s� õ� &ñ
 �̀¦ :Ÿx K�" f 
�� � _� áÔ–Ð

Õª Ïþ› s� ›̧ wn� •)a �� .

áÔ–ÐÕª Ïþ› _� z�́ 'Ÿ• •̧ áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: �̀¦ ��� � Ð•r Ž7H �� . z�́ 'Ÿ• ½©

gË: “Ér áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: ��� � 
�� � m”� &ñ
 _� •)a �� . ÕªA�" f , áÔ–ÐÕª Ïþ› s�

›̧ wn� •)a õ� &ñ
 �̀¦ ��� �" f , ÂÒ ¾¡§` �¦ z�́ 'Ÿ• 
�“ ¦ z�́ 'Ÿ• •)a ÂÒ ¾¡§` �¦ ›̧ wn� K� çß– �� . l� ‘:r ÂÒ

¾¡§[ þt _� z�́ 'Ÿ• ½© gË: s� e”� �� . )
± úš &h� “�� ›̧ wn� ½© gË: ��� � , z�́ 'Ÿ• ½© gË: s� e”� �� . z�́ 'Ÿ•

•)a ÂÒ ¾¡§` �¦ ��t �“ ¦ #Q b•G >� ›̧ wn� 
� €�� z�́ 'Ÿ• •)a „�� ‰̂�� ��š ¸ •�H t� .

z�́ 'Ÿ• l�� � ��t � •�H z�́ 'Ÿ• ½© gË: “Ér _� p�½¨› ¸ semantics &ñ
 _� \�¦ Õª@/– Ð ��� � çß– �� .

6.2.2 •��%i� l� compiler

•��%i� l� compiler•�H ÅÒ#Q ”�� áÔ–ÐÕª Ïþ› �̀¦ �� •Ér ƒ�� #Q _� °ú  “Ér áÔ–ÐÕª Ïþ› Ü¼–Ð ��Ë¨#Q ï�r

�� . %ò
 #Q ™è [O� �̀¦ ô�Ç /åJ ™è [O� –Ð ��Ë¨#QÅÒ 1pw s� . @/ •©œ ƒ�� #Qü< ��� õ� ƒ�� #Q _� ô�Ç Š©œ

��� � 
�� � _� •��%i� l� compiler�� €9� ¹̄
 �� � .


�� � _� •��%i� l� compiler•�H •��%i� |̈c @/ •©œ ƒ�� #Q _� —̧Ž�H áÔ–ÐÕª Ïþ› �̀¦ ��� õ� ƒ�� #Q _�

K� {©œ áÔ–ÐÕª Ïþ› Ü¼–Ð ��Ë¨#Q ï�r �� . —̧Ž�H áÔ–ÐÕª Ïþ› �̀¦ �� ÜãJ Ãº e”� �� •�H >� Z�t �� î�r

{9� s�� � . @/ •©œ ƒ�� #Q–Ð •Œ• $í
 ½+É Ãº e”� •�H áÔ–ÐÕª Ïþ› s� Áº ô�Ç y� ú́§ s� e”� �̀¦ Ãº e”� •�H X< ,


�� � _� •��%i� l�� � —̧¿º •��%i� K� è­q Ãº e”� ��m� .

s� �̄	 s� �� 0px ô�Ç s�Ä» •�H ÿ.� �� ? )
± úš ½̈› ¸ M: ë�H s�� � . —̧Ž�H e”� _�_ � áÔ–ÐÕª Ïþ› “Ér

Ä» ô�Ç ô�Ç �� f±	 Ãº _� ›̧ wn� ~½Ó ZO� �̀¦ ��t �“ ¦ ëß– [þt #Q ”�� �� . l� ‘:r ÂÒ ¾¡§[ þt s� e”� “¦ , ÂÒ ¾¡§

�̀¦ ��t �“ ¦ ÂÒ ¾¡§` �¦ ëß– [þt “¦ . s� õ� &ñ
 �̀¦ :Ÿx K�" f 
�� � _� áÔ–ÐÕª Ïþ› s� ›̧ wn� •)a �� .

•��%i� “Ér áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: �̀¦ ��� � Ð•r Ž7H �� . •��%i� ½© gË: “Ér áÔ–ÐÕª

Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: ��� � 
�� � m”� &ñ
 _� •)a �� . ÕªA�" f , áÔ–ÐÕª Ïþ› s� ›̧ wn� •)a õ�
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&ñ
 �̀¦ ��� �" f , ÂÒ ¾¡§` �¦ •��%i� 
�“ ¦ •��%i� •)a ÂÒ ¾¡§` �¦ ›̧ wn� K� çß– �� . l� ‘:r ÂÒ ¾¡§[ þt _� •��

%i� ½© gË: s� e”� �� . )
± úš &h� “�� ›̧ wn� ½© gË: ��� � , •��%i� ½© gË: s� e”� �� . •��%i� •)a ÂÒ ¾¡§` �¦

��t �“ ¦ #Q b•G >� ›̧ wn� 
� €�� •��%i� •)a „�� ‰̂�� ��š ¸ •�H t� .

6.2.3 ��� � µ1Ï „��

‚ÃÐ “¦– Ð , �±p %ƒ 6£§“Ér #Q Û•x �̀¦ �� ? n�t � »1Ï (Ž� ÉÓ'•� � e”� “¦ , Õª �̄	 “Ér \ l�> �# Q "_� z�́ 'Ÿ•

l� interpreter\�¦ ��t �“ ¦ e”� �� . ×�æ€©œ%ƒo� •©œu� cpu�� l�> �# Q _� z�́ 'Ÿ• l� interpreters�� � .

6.2.3.1 •��%i� l� _� ��� � µ1Ï „��

ƒ�� #Q A\�¦ n�� � “��Ùþ¡ �� . A\�¦ l�> �# Q–Ð ��Ë¨#QÅÒ •�H •��%i� l� compiler�� €9� ¹̄
 �� � .

ëß– [þt #Q�� ô�Ç �� . ~½Ó ZO� “Ér ş̌ f”� 
�� �� � . l�> �# Q \�¦ �� 6 x ½+É Ãº µ1Ú \• \O� �� . l�> �# Q

–Ð A •��%i� l� \�¦ •Œ• $í
 K�� � ô�Ç �� . %ƒ 6£§ s�l � M: ë�H \• @/ îß– s� \O� �� .

éß– , %ƒ 6£§“Ér •Œ• 1lx ÷& l� ëß– 
� •�H •��%i� l� compilers� €�� •)a �� . ò́ Ö�¦ &h� s�“ ¦ &ñ
 “§ ô�Ç

•��%i�� �� õ� \�¦ ?/t � ·ú§ ��• ¸ a%~ �� . °ú  “Ér {9� �̀¦ 
� •�H l�> �# Q–Ð •�� 8̈Š K� ÅÒ •�H •��%i� l�

s�l � ëß– 
� €�� •)a �� . s� •��%i� l�� � ��š ¸ €�� , e”� _�_ � A áÔ–ÐÕª Ïþ› �̀¦ ��“ ¦ z�́ 'Ÿ• ½+É Ãº

e”� >� •)a �� . A áÔ–ÐÕª Ïþ› �̀¦ l�> �# Q–Ð •��%i� 
�“ ¦ , l�> �\ • V,� #QÅÒ €�� •)a �� .

�� s�] j , e”� _�_ � A áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• ½+É Ãº e”� >� ÷& %3� �� . Õª XO� �� €�� , A •��%i�

l�• ¸ A ƒ�� #Q–Ð ��r � •Œ• $í
 ½+É Ãº e”� �� . s� M: , A ƒ�� #Q�� l�> �# Q Ð̃�� •�H Ð̃�� •©œ

0A_� ¼#� o� ô�Ç ƒ�� #Qs�Ù¼–Ð , 7á§ �8 ò́ Ö�¦ &h� “�� “¦ &ñ
 “§ ô�Ç •��%i� Óüt s� ��š ¸• ¸ 2Ÿ¤ ½̈ ‰&³ ½+É

Ãº e”� �̀¦ �̄	 s�� � . s� XO� >� A–Ð ½̈ $í
 ô�Ç &ñ
 “§ ô�Ç A •��%i� l�• ¸ A áÔ–ÐÕª Ïþ› s�Ù¼–Ð Óüt

•:r z�́ 'Ÿ• r� ~�́ Ãº e”� �� . %ƒ 6£§ \• l�> �# Q–Ð \O� ÆÒ ëß– Ž�H A •��%i� l�˜ Ð�� •�H •��%i� ��� õ�

�� ÄºÃº ½+É �̄	 s�� � .

6.2.3.2 z�́ 'Ÿ• l� _� ��� � µ1Ï „��

ƒ�� #Q A\�¦ n�� � “��Ùþ¡ �� . A\�¦ z�́ 'Ÿ• r�&� ÅÒ •�H z�́ 'Ÿ• l� interpreter�� €9� ¹̄
 �� � . ëß– [þt

#Q�� ô�Ç �� . ~½Ó ZO� “Ér ş̌ f”� 
�� �� � . l�> �# Q–Ð A z�́ 'Ÿ• l� \�¦ •Œ• $í
 K�� � ô�Ç �� . %ƒ 6£§

s�l � M: ë�H \• @/ îß– s� \O� �� .
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éß– , %ƒ 6£§“Ér •Œ• 1lx ÷& l� ëß– 
� •�H z�́ 'Ÿ• l� interpreters� €�� •)a �� . ò́ Ö�¦ &h� “�� z�́ 'Ÿ• �̀¦ ½̈

‰&³ 
�t � ·ú§ ��• ¸ a%~ �� . _� p� &ñ
 _� @/– Ð z�́ 'Ÿ• K� ÅÒ •�H z�́ 'Ÿ• l�s �l � ëß– 
� €�� •)a �� . s�

z�́ 'Ÿ• l�� � ��š ¸ €�� , e”� _�_ � A áÔ–ÐÕª Ïþ› �̀¦ ��“ ¦ z�́ 'Ÿ• ½+É Ãº e”� >� •)a �� . A áÔ–ÐÕª

Ïþ› �̀¦ Õª z�́ 'Ÿ• l� interpreter\• V,� #QÅÒ €�� •)a �� .

�� s�] j •�H , e”� _�_ � A áÔ–ÐÕª Ïþ› �̀¦ z�́ 'Ÿ• ½+É Ãº e”� >� ÷& %3� �� . Õª� Q €�� , A z�́ 'Ÿ• l�

•̧ A ƒ�� #Q–Ð ��r � •Œ• $í
 ½+É Ãº e”� �� . s� M: , A ƒ�� #Q�� l�> �# Q Ð̃�� •�H Ð̃�� •©œ0A

_� ¼#� o� ô�Ç ƒ�� #Qs�Ù¼–Ð , 7á§ �8 ò́ Ö�¦ &h� Ü¼–Ð z�́ 'Ÿ• 
�• ¸ 2Ÿ¤ ½̈ ‰&³ ½+É Ãº e”� �̀¦ �̄	 s�� � .

s� XO� >� A–Ð ½̈ $í
 •)a &ñ
 “§ ô�Ç A z�́ 'Ÿ• l� \�¦ z�́ 'Ÿ• ½+É Ãº e”� �� . %ƒ 6£§ \• l�> �# Q–Ð \O� ÆÒ

ëß– Ž�H A z�́ 'Ÿ• l�� � A–Ð ëß– Ž�H &ñ
 “§ ô�Ç A z�́ 'Ÿ• l� \�¦ z�́ 'Ÿ• K� ×�¦ �̄	 s�� � .

6.3 •��%i� : Ô�¦ •��$ í
 |9� invariant Ä»t �
 �l �

ÂÒ ¾¡§ \•" f „�� ‰̂–Ð , Ô�¦ •��$ í
 |9� invariant Ä»t �
 �l � . s� �̄	 s� •��%i� _� >� e”� s�� � . F�p �

e”� “¦ /' î�r •��%i� _� [j> �� � s� �̄	 M: ë�H s�� � .

0A \•" f s�� �l � ô�Ç @/– Ð , •��%i� “Ér áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: �̀¦ ��� � Ð•r Ž7H

�� . •��%i� ½© gË: “Ér áÔ–ÐÕª Ïþ› �̀¦ ëß– ×¼ •�H )
± úš ½© gË: ��� � 
�� � m”� &ñ
 _� •)a �� . ÕªA�" f ,

áÔ–ÐÕª Ïþ› s� ›̧ wn� •)a õ� &ñ
 �̀¦ ��� �" f , ÂÒ ¾¡§` �¦ •��%i� 
�“ ¦ •��%i� •)a ÂÒ ¾¡§` �¦ ›̧ wn� K� çß–

�� . l� ‘:r ÂÒ ¾¡§[ þt _� •��%i� ½© gË: s� e”� �� . )
± úš &h� “�� ›̧ wn� ½© gË: ��� � , •��%i� ½© gË: s�

e”� �� . •��%i� •)a ÂÒ ¾¡§` �¦ ��t �“ ¦ #Q b•G >� ›̧ wn� 
� €�� •��%i� •)a „�� ‰̂�� ��š ¸ •�H t� \�¦ "î


r� ô�Ç .

s�M: yŒ• •��%i� ½© gË: ��� � †½Ó•©œ t�&�t � •�H $í
 |9� �̀¦ ��t �“ ¦ e”� Ü¼ €�� , •��%i� s� /'0 >

”�� �� . —̧Ž�H ÂÒ ¾¡§ _� •��%i� s� Õª $í
 |9� �̀¦ ��t �“ ¦ e”� “¦ , •��%i� •)a ÂÒ ¾¡§[ þt s� ›̧ wn� |̈c M:

Õª $í
 |9� �̀¦ s� 6 x K�" f ¼#� o�
 �> � ›̧ wn� •)a �� .

��u � �� 6£§ õ� °ú  �� . @/ ô�Ç •�� ²DG _� “�� ½̈ \�¦ ›̧� � ô�Ç ��“ ¦ 
�� � . @/ ô�Ç •�� ²DG _� “�� ½̈

•�H yŒ• •̧ _� “�� ½̈ \�¦ ›̧� �
 � €�� •)a �� . yŒ• •̧ _� “�� ½̈ •�H yŒ• ç�H _� “�� ½̈ \�¦ ›̧� �
 � €�� ÷&

“¦ . “�� ½̈ ›̧� � ��� õ� •�H †½Ó•©œ 10”��ZO� Ü¼–Ð ³ð ‰&³ ÷& •�H $í
 |9� s� e”� ��“ ¦
 �� � . ÂÒ ¾¡§ _�

��� õ� \�¦ ��t �“ ¦ „�� ‰̂_� ��� õ� \�¦ ëß– [þt l� /'0 > ”�� �� . yŒ• ç�H _� “�� ½̈ \�¦ ›̧� � ô�Ç �� . ���

õ� \�¦ 10”��ZO� _� Õüw ��– Ð Ð̃“¦ ô�Ç �� . •̧ _� “�� ½̈ •�H yŒ• ç�H _� “�� ½̈ Õüw �� [þt _� 10”��ZO�

½+Ë s� €�� •)a �� . 10”��ZO� Ü¼–Ð —̧¿º �̀¦ ��š ¸Ù¼–Ð /BI ��– Ð �8
 � €�� •)a �� . Õª ��� õ� \�¦ ��
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r� 10”��ZO� _� Õüw ��– Ð ³ð ‰&³ K�" f �̀¦ •2; �� . þj 7áx &h� Ü¼–Ð @/ ô�Ç •�� ²DG _� “�� ½̈ •�H yŒ• •̧ _�

“�� ½̈ \�¦ —̧Ü¼ €�� •)a �� . ~1� �� . 10”��ZO� Ü¼–Ð ³ð ‰&³ •)a yŒ• •̧ _� “�� ½̈ _� Ãº \�¦ 10”��ZO� Ü¼

–Ð ½+Ë 
� €�� •)a �� .

áÔ–ÐÕª Ïþ› _� •��%i� •̧ �� ðøÍ ��t �s �� � . áÔ–ÐÕª Ïþ› “Ér ÂÒ ¾¡§[ þt _� ›̧ wn� Óüt s�� � . áÔ–Ð

Õª Ïþ› _� •��%i� “Ér •��%i� •)a ÂÒ ¾¡§[ þt _� ›̧ wn� Óüt s�� � . —̧Ž�H ÂÒ ¾¡§ _� •��%i� •)a ��� õ� �� ��t �

•�H $í
 |9� s� 
�� � &ñ
 K�4 R e”� ��“ ¦
 �� � . Õª $í
 |9� �̀¦ ��t �• ¸ 2Ÿ¤ yŒ• ÂÒ ¾¡§` �¦ •��%i� K�" f

�̀¦ •2; �� . Õª $í
 |9�  ü�× þ̃ \• , �̀¦ �� “:r •��%i� ÂÒ ¾¡§` �¦ —̧� �" f Ð̃�� 	�H ÂÒ ¾¡§ _� •��%i� �̀¦ ½̈

$í
 
� •�H �̄	 s� /'0 > ”�� �� . Õª XO� >�K�" f ½̈ $í
 •)a •��%i� Óüt \•• ¸ †½Ó•©œ t�v �l �– Ð ô�Ç $í
 |9�

s� e”� •̧ 2Ÿ¤ ô�Ç �� . Õª •��%i� ��� õ� \�¦ ��r � 0A –Ð �̀¦ •2; �� . �̀¦ �� “:r •��%i� ÂÒ ¾¡§[ þt _� $í


|9� �̀¦ s� 6 x K�" f ��r � ~1� >� ›̧ wn� •)a �� .

\V \�¦ [þt #Q Ð̃�� . &ñ
 Ãº d”� ƒ�� #Q \�¦ l�> �# Q–Ð •��%i� 
� •�H �̄	 �̀¦ Òqt yŒ• 
�� � . &ñ
 Ãº d”�

ƒ�� #Q •�H �� 6£§ õ� °ú  �� . _� p� •�H "î
Ñþ̃ 
�� � .

E ! n integer

j - E negation

j E + E addition

l�> �# Q •�H �� 6£§ õ� °ú  �� :

C ! � (‘�� "î
§ î
 #Q )

j pushn:C (n 2 Z)

j pop:C

j add:C

j rev :C

l�> �# Q _� _� p� •�H l�> �# Q \�¦ z�́ 'Ÿ• 
� •�H l�> � _� •Œ• 1lx õ� &ñ
 Ü¼–Ð &ñ
 _�ô �Ç �� . l�> � •�H

\ Û¼ ×þ̃  Q ’�� " s�� � . Õª l�> � •�H Û¼ ×þ̃ Sü< "î
§ î
 #Q C–Ð ½̈ $í
 ÷& #Q e”� �� :

hS; Ci
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Û¼ ×þ̃ “Ér &ñ
 Ãº [þt s� 	� /BG 	� /BG Áú¢ “�� �̄	 s�� � :

S ! � (‘�� Û¼ ×þ̃ )

j n:S (n 2 Z)

l�> � •Œ• 1lx õ� &ñ
 _� ô�Ç Û¼ 9\œ“Ér :

hS; pushn:Ci ! hn:S; Ci

hn:S; pop:Ci ! hS; Ci

hn1:n2:S; add:Ci ! hn:S; Ci (n = n1 + n2)

hn:S; rev :Ci ! h� n:S; Ci

C\• e”� •�H 'Í	 "î
§ î
 #Q \�¦ Ãº 'Ÿ• 
� €�� "f l�> � •©œI�� � •�� 
� •�H õ� &ñ
 s�� � .

s�] j &ñ
 Ãº d”� E\�¦ l�> �# Q "î
§ î
 C–Ð •��%i� K�ÅÒ •�H ½© gË: �̀¦ ëß– [þt #Q Ð̃�� . &ñ
 Ãº

d”� ÂÒ ¾¡§ _� •��%i� s� t�v � •�H $í
 |9� “Ér s� �̄	 s�� � .

&ñ
 Ãº d”� s� •��%i� •)a "î
§ î
 �̀¦ z�́ 'Ÿ• 
� €�� Õª &ñ
 Ãº d”� _� ��� õ� �� l�> � _� Û¼ ×þ̃

�±p 0A \• Z�~ “�� �� .

0A_� $í
 |9� s� t�v �• ¸ 2Ÿ¤ •��%i� ½© gË: E . C \�¦ ëß– [þt €�� �� 6£§ õ� °ú  �� :

n . pushn

0A_� $í
 |9� s� Ä»t � •)a �� . d”� \ n"_� °ú̄ “Ér ns�� � . \ pushn" “Ér n�̀¦ Û¼ ×þ̃ \• �̀¦ •2; �� .

E . C
- E . C:rev

0A_� $í
 |9� s� Ä»t � •)a �� . ÂÒ ¾¡§ d”� E_� •��%i� ��� õ� “�� C\�¦ z�́ 'Ÿ• 
� €�� E_� ��� õ� �� Û¼

×þ̃ 0A \• ş̌ \�¦ �̄	 s�� � . /BI s�# Q rev "î
§ î
 �̀¦ z�́ 'Ÿ• 
� €�� \ - E"d”� _� ��� õ� �� Û¼ ×þ̃ 0A

\• ş̌ØÔ>� •)a �� .

E1 . C1 E2 . C2

E1 + E2 . C1:C2:add
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0A_� $í
 |9� s� Ä»t � •)a �� . ÂÒ ¾¡§ d”� E1_� •��%i� ��� õ� “�� C1\�¦ z�́ 'Ÿ• 
� €�� E1 _� °ú̄ s�

Û¼ ×þ̃ 0A \• ş̌ \�¦ �̄	 s�� � . ƒ�� s�# Q E2_� •��%i� ��� õ� “�� C2\�¦ z�́ 'Ÿ• 
� €�� E2_� ��� õ� ��

Û¼ ×þ̃ 0A \• Áú¢ “�� �� . s�] j Û¼ ×þ̃ _� =�G @/l � ¿º >h •�H E2ü< E1_� ��� õ� [þt s�� � . /BI s�

"f add "î
§ î
 �̀¦ z�́ 'Ÿ• 
� €�� \ E1 + E2"_� ��� õ� �� Û¼ ×þ̃ 0A \• ş̌ \�¦ �̄	 s�� � .

Exercise 8 ô�Ç ��t � SX‰“�� ½+É �̄	 s� e”� �� . E1 + E2\�¦ •��%i� ô�Ç �̄	 C1:C2\�¦ z�́ 'Ÿ• 
� €�� ,

Û¼ ×þ̃ _� =�G @/l �\ • •�H E2_� °ú̄ s� Áú¢ “�� �� . Õªo�“ ¦ , Õª ��– Ð ��A�� � E1_� °ú̄ s�# Q��

ô�Ç �� . Û¼ ×þ̃ \• Áú¢ “�� E1õ� E2_� °ú̄ ��s �\ • �� •Ér °ú̄ s� Áú¢ #Œe”� t� ú̃́ ��� � , 0A_� •��

%i� s� �̀Š �� . Õª XO� ��“ ¦ 7£x "î
 ½+É Ãº e”� •�H �� ?

6.4 �� •©œ_� l�> � virtual machine

\ �� •©œ_� l�> � " virtual machine•�H ƒ�� #Q {9� ÷�r s�� � . �= \ l�> � " “�� �� ? Õª ƒ�� #Q�� @/> �

\ l�> �# Q " Ãº ï�r Ü¼–Ð ±ú• l� M: ë�H s�� � . �= \ �� •©œ" “�� �� ? Õª l�> �# Q _� z�́ 'Ÿ• l� interpreter��


�× ¼ J? #Q („�� —̂¶ ×�¦ )–Ð ’<H \• ú̧š y�t � ·ú§ “¦ , ™èáÔàÔ J? #Q–Ð ½̈ $í
 ÷& #Q e”� l�M: ë�H s�� � .

�� •©œ l�> � virtual machine_� 6 x •̧ •�H Áº %Á	 “�� �� ? áÔ–ÐÕªA� bç
 ƒ�� #Q \�¦ ½̈ ‰&³ 
� •�H

X< , •��%i� compilation_� fç
� Ž� ��o � %i� ½+É �̀¦ ô�Ç �� . X �� •�H ƒ�� #Q \�¦ n�� � “��Ùþ¡ ��“ ¦ 
�

�� . ÅÒ#Q ”�� n�t � »1Ï (Ž� ÉÓ'• _� l�> �# Q Z –Ð •��%i� K�� � ô�Ç �� . X \�¦ Z –Ð /BI ��– Ð •��

%i� 
�l � •�H Õª 	�s �� � �-Áº ß¼�� . ×�æçß– éß– >� _� ƒ�� #Q Y \�¦ �� º�� K�" f Õª /BM �̀¦ �â
 Ä»


�� � . X \•" f Y –Ð •��%i� 
�“ ¦ , Y \•" f Z –Ð •��%i� 
�� � . •Œ• “Ér 	�s � \�¦ |	� �- •�H •��

%i� “Ér 	�H 	�s � \�¦ ô�Ç ņu \• |	� �-� 9 •�H •��%i� Ð̃�� •�H ~1� �� .

Example 33 6.3]X� _� Û¼ ×þ̃  Q ’�� “Ér �� •©œ_� l�> �s �� � .2

Example 34 �� 6£§ _� l�> � •�H K-- �� K- áÔ–ÐÕª Ïþ› �̀¦ •��%i� 
� •�H X< #Q §>� t� ·ú§ �̀¦

ƒ�� #Q \�¦ &ñ
 _�ô �Ç �� .

SM5��“ ¦ ÂÒØÔ�� . \SM" “Ér \Stack Machine"�̀¦ >pw 
�“ ¦ , \5" •�H Õª l�> � _� ÂÒ

¾¡§ s� 5>hs�l � M: ë�H s�� � :

(S; M ; E; C; K )
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6.4 �� •©œ_� l�> � virtual machine 201

S•�H Û¼ ×þ̃ , M “Ér Bj—̧o� , E•�H 8̈Š �â
 , C•�H "î
§ î
 #Q , K •�H zŒ™“Ér ½+É {9� (\continuation"s�

��“ ¦ ÂÒ 2£§ )�̀¦ >pw 
�“ ¦ �� 6£§ |9� ½+Ë [þt _� "é¶ ™ès�� � :

S 2 Stack = Svaluelist

M 2 Memory = Loc ! Value

E 2 Environment = (Var � (Loc + Proc)) list

C 2 Command = Cmd list

K 2 Continuation = (Command� Environment) list

v 2 Value = Integer + Bool + Unit + Record + Loc

x 2 Var

hb;oi ; l 2 Loc = Base� O�set

O�set = Integer

z 2 Integer

b 2 Bool

r 2 Record = (Var � Loc) list

w 2 Svalue = Value+ Proc + (Var � Loc) (* stackable values*)

p 2 Proc = Var � Command� Environment

Cmd = f push v, push x, push(x, C),

pop, store, load, jtr( C , C),

malloc, box z, unbox x, bind x, unbind, get, put, call,

add, sub, mul, div, eq, less, not g

l�> � _� •Œ• 1lx“ Ér �� 6£§ õ� °ú  s� l�> � _� •©œI�� � •�� �o 
� •�H õ� &ñ
 Ü¼–Ð &ñ
 _�½+É Ãº e”� �� :

(S; M ; E; C; K ) ) (S0; M 0; E 0; C0; K 0)
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ƒ�� ]j #Q b•G >� 0A_� l�> � •Œ• 1lx _� ô�Ç Û¼ 9\œ() )s� {9� #Q�� •�H t� •�H �� 6£§ õ� °ú  �� :

(S; M ; E; push v :: C; K )

) (v :: S; M ; E; C; K )

(S; M ; E; push x :: C; K )

) (w :: S; M ; E; C; K ) if (x; w) is the �rst such entry in E

(S; M ; E; push (x; C0) :: C; K )

) ((x; C0; E) :: S; M ; E; C; K )

(w :: S; M ; E; pop :: C; K )

) (S; M ; E; C; K )

(l :: v :: S; M ; E; store :: C; K )

) (S; M [v=l]; E ; C; K )

(l :: S; M ; E; load :: C; K )

) (M (l) :: S; M ; E; C; K )
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6.4 �� •©œ_� l�> � virtual machine 203

(true :: S; M ; E; jtr (C1; C2) :: C; K )

) (S; M ; E; C1 :: C; K )

(false :: S; M ; E; jtr (C1; C2) :: C; K )

) (S; M ; E; C2 :: C; K )

(S; M ; E; malloc :: C; K )

) (hb;0i :: S; M ; E; C; K ) new b

(w1 :: � � � :: wz :: S; M ; E; box z :: C; K )

) ([w1; � � � ; wz] :: S; M ; E; C; K )

([w1; � � � ; wz] :: S; M ; E; unboxx :: C; K )

) (vk :: S; M ; E; C; K ) wk = (x; vk); 1 � k � z

(w :: S; M ; E; bind x :: C; K )

) (S; M ; (x; w) :: E ; C; K )

(S; M ; (x; w) :: E ; unbind :: C; K )

) ((x; w) :: S; M ; E; C; K )

(l :: v :: (x; C0; E 0) :: S; M ; E; call :: C; K )

) (S; M [v=l]; (x; l) :: E 0; C0; (C; E) :: K )

(S; M ; E; empty; (C; E 0) :: K )

) (S; M ; E 0; C; K )
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(S; M ; E; get :: C; K )

) (z :: S; M ; E; C; K ) read z from outside

(z :: S; M ; E; put :: C; K )

) (S; M ; E; C; K ) print z and newline

(v2 :: v1 :: S; M ; E; add :: C; K )

) (plus(v1; v2) :: S; M ; E; C; K )

(v2 :: v1 :: S; M ; E; sub :: C; K )

) (minus(v1; v2) :: S; M ; E; C; K )

(z2 :: z1 :: S; M ; E; mul :: C; K )

) ((z1 � z2) :: S; M ; E; C; K ) similar for div

(v2 :: v1 :: S; M ; E; eq :: C; K )

) (equal(v1; v2) :: S; M ; E; C; K )

(v2 :: v1 :: S; M ; E; less :: C; K )

) (less(v1; v2) :: S; M ; E; C; K )

(b :: S; M ; E; not :: C; K )

) (: b :: S; M ; E; C; K )

SM5_� áÔ–ÐÕª Ïþ› C\�¦ z�́ 'Ÿ• ô�Ç �� •�H �̄	 “Ér , Cëß– ��t �“ ¦ e”� •�H ‘�� l�> � •©œI� \�¦ 0A \•

"f &ñ
 _�ô �Ç ~½Ó d”� Ü¼–Ð •�� 8̈Š K� çß– �� •�H >pw s�� � :

(empty; empty; empty; C; empty) ) � � �
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K- áÔ–ÐÕª Ïþ› �̀¦ SM5 l�> �# Q–Ð •��%i� 
� •�H ½© gË: �̀¦ &ñ
 _�½+É Ãº e”� �� . 2
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