3.1 Type Soundness

Í« ŚY¸ ‚8qb č S&| „ń ,ù, *Šý Š£ŤŰù ìś|Ć ffi GüŞ MŹřŹ ,¸ř. ¸,ú Í«ŚY˚ K;Ą¸ĘL ćř. Íý` A˚ ć Í«èSSð¸ K;ăřŹ ,ú Š<ăı.

K;Ą Š<ú Ì¸ă3 ă§ æľt Š£ŤŰ¸ ìśüŹ » SSñú ř ü˚ [G£ A˚ćř:_{e −→ e0}

æ˚ [GŹ “Š£ŤŰ e` ć SSñ óĆ Š£ŤŰ e^0£ žćř”£ ›Źř. Ž õ ffiq_{1 + 2 * 3 −→ 1 + 6 −→ 7}

Y ›¸ é¸ žľ`8t /[ ¯ú ˇffiq4Ź YAú vÇăŹ ,¸ř. Š £ŤŰ é¸ žăŹ ńűù Š£ŤŰ˚ ÙÛéffi¸ GSüŹ £tĆ 0Ę¯ œ£ žă§ :[¸ř.

Š£ŤŰ˚ ÙÛéffi¸ GSüŹ £tõ @AăŹ Şłù ìś� ˘(evaluation

context)¸ĘŹ §Ňć Şłœ£ `ăăř:

ìś˚ – evaluation context

C ::= [] þd | C e | v C | if C then e else e | let x = C in e | let rec x = C in e | C op e | v op C | write C | (C) C[]Ź þd¸ –Ź Š£ŤŰ éú vÇćř. æ˚ C˚ A˚Ć ˚ă8 C[]Ćt þdù ąŤ ă#<¸ř. C[e] Ź Ť þdĆ é e` fi ,ú vÇćř. æĆt vŹ ¯ú Š£ŤŰ éœ£ vÇć ,¸ř:

v ::= const constant value | fn x => e function value | f fn x => e recursive function value

æĆt &Łě¡ ¯ “f fn x => e”Ź řü˚ éú ^şă3 vÇć ,¸ř:

let rec f = fn x => e in f end.

qŮAê ĆX¨9Şˇ, CĆt þd¸ –ú ¡ –Ź ıý` Ę£ řüĆ ¡śľb č é¸ æXć ıý` ýř. ¯¸ GSý $Ź(v` –Ź $Ź)ĆŹ þd([])¸ –ú ¡ {L, GS£t` vő C˚ :<ć æXõ `ľt vÇüL –ř. Žõ ffiq, “C e”Ź ě¡é 7!` Íx GSüb ćřŹ ,ú vÇăL –L, “v C”ĆtŹ ‚ı 7!` GSüŹ EÍŹ ĺ\ ě¡ 7!` ¯ v£ G Sý řü¸ř ĘŹ ,ú vÇćř.

æĆt A˚ć Š£ŤŰ ìś˚ ć SSñ e −→ e^0 ù řü˚ ŚYĆ ˚ľt A˚ýř:_{r → c} C[r] −→ C[c] Ň, eĆt Ę£ řüĆ GSľb č é¸ r¸L (e = C[r]) Ť r¸ c` þ :

(r → c) eŹ e^0 (e^0 = C[c]) œ£ ć SSñ ŢśăŹ ,¸ř. ŚY r → cŹ řü

Y ›ř: (fn x => e) v → e / {v/x} (f fn x => e) v → e / {v/x, (f fn x => e)/f}

        let x = v in e → e / {v/x}
     let rec x = v in e → e / {x v/x}
 if true then e_1 else e_2 → e_1
if false then e_1 else e_2 → e_2

v_1 op v_2 → v where v = op(v_1, v_2)

write v → v
   (v) → v

Definition 3 (Program’s Semantics) A program e computes v iff e^�−→ v. Fact 1 ∅ ⊢ e ⇒ v iff e^�−→ v.

Definition 4 (Program Goes Wrong) If program e stucks at e^0 because no value v exists such that e^{0 �}−→ v, then the program e goes wrong, writing e^�−→ wrong.

Theorem 1 (Type’s Weak Soundness) For any program e of tcoML, if ∅ ⊢ e : τ then not e^�−→ wrong.

Theorem 2 (Type’s Strong Soundness) For any program e of tcoML, if ∅ ⊢ e : τ and e^�−→ • then ∅ ⊢ • : τ.

Proof. We prove that if ∅ ⊢ e : τ and e −→ e^0 then ∅ ⊢ e^0 : τ. Then by induction on the number of evaluation steps, the theorem holds. The proof is by induction on the evaluation context C of C[r] = e and by using Lemma 2.

Base case: C[] = []. True by Lemma 2.

Inductive case: C[] = C_1[] e^0. By the assumption ∅ ⊢ C_1[r] e^0 : τ and by rule [App], ∅ ⊢ C_1[r] : τ^0 → τ (0) ∅ ⊢ e^0 : τ^0 (1) By induction hypothesis for (0), ∅ ⊢ C_1[c] : τ^0 → τ.

Hence by (1) and rule [App] ∅ ⊢ C_1[c] e^0 : τ.

Other cases are similarly done. 2

Note that the strong soundness implies the weak soundness because the wrong has no type.

Lemma 1 If Γ[x : τ_1] ⊢ e : τ and Γ ⊢ v_1 : τ_1 then Γ ⊢ e / {v_1/x} : τ. Proof. By induction on e. This Lemma is necessary to prove Lemma 2. 2 Lemma 2 If ∅ ⊢ r : τ and r → c then ∅ ⊢ c : τ. Proof. By case analysis on r.

Case r = (f fn x => e) v. Because ∅ ⊢ r : τ, ∅ ⊢ f fn x => e : τ^0 → τ (0) ∅ ⊢ v : τ^0. (1) By (0) and rule [RecLet], {f : τ^0 → τ, x : τ^0} ⊢ e : τ. (2) By (1), (2), and Lemma 1 f : τ^0 → τ ⊢ e/{v/x} : τ and by (0) and Lemma 1 ∅ ⊢ e/{v/x, f fn x => e/f} : τ. Other cases are similarly done. 2

4 Type Checking

After we made sure that our type system was sound, we have to implement the type system. That is, we need a program typecheck such that

typecheck(e) = τ iff ∅ ⊢ e : τ.

Determining for given a program e whether ∅ ⊢ e : τ or not is reduced to the provability in a simple logical system called unification logic.

The unification logic formulas for type terms t are:

Formula ϕ ::= t^:= t | ϕ ∧ ϕ | ∃α.ϕ T yT erm t ::= i int type | b bool type | s string type | t → t function type | α type variable

The proof rules for the unification logic formulas are:

⊢ t^:= t ⊢ ϕ /{t/α} ⊢ ∃α.ϕ ⊢ ϕ_1 ⊢ ϕ_2 ⊢ ϕ_1 ∧ ϕ_2

Therefore, a solution of a set of unification logic formulas is a substitution of type terms for type variables that will satisfy all the^:=. The most general such subsitution is achieved by Robinson’s most general unifier (mgu).

We define an algorithm T that collects unification formulas:

T : Expr × TyEnv × TyTerm → Formula

such that ⊢ T (e, ∅, τ) iff ∅ ⊢ e : τ.

T (n, Γ, t) = t^:= i T (s, Γ, t) = t^:= s T (b, Γ, t) = t^:= b T (x, Γ, t) = t^:= Γ(x) T (fn x => e, Γ, t) = ∃α.∃β. t^:= α → β ∧ T (e, Γ[x : α], β) T (e_1 e_2, Γ, t) = T (e_1, Γ, α → t) ∧ T (e_2, Γ, α) T (let x = e_1 in e_2, Γ, t) = ∃α. T (e_1, Γ, α) ∧ T (e_2, Γ[x : α], t) T (let rec x = e_1 in e_2, Γ, t) = ∃α. T (e_1, Γ[x : α], α) ∧ T (e_2, Γ[x : α], t) T (e_1 + e_2, Γ, t) = T (e_1, Γ, i) ∧ T (e_2, Γ, i)

Theorem 3 ⊢ T (e, Γ, τ) iff Γ ⊢ e : τ.

Proof. By induction on e.

Case e =fn x => e^0:

⊢ T (fn x => e^0, Γ, τ) iff τ = τ_1 → τ_2 and

⊢ T (e^0, Γ[x : τ_1], τ_2) iff Γ[x : τ_1] ⊢ e^0 : τ_2 by I.H. iff Γ ⊢ fn x => e^0 : τ_1 → τ_2 by rule [Fun]

2_{Our type checking algorithm typecheck can be implemented as follows}

typecheck(e) = (mgu ∘ T )(e, ∅, α)(α)

If the unification fails the program is ill-typed.

One drawback of the above implementation inside a compiler is that it is hard to report the region of the input program that causes, if any, a type error.

A rather more direct-style implementation is the following algorithm:

W : Expr × TyEnv → TyTerm × Subst

W (n, Γ) = (i, {}) W (x, Γ) = (Γ(x), {}) W (fn x => e, Γ) = let (t, S) = W (e, Γ[x : α]) α new in (α/S → t, S) W (e_1 e_2, Γ) = let (t_1, S_1) = W (e_1, Γ) (t_2, S_2) = W (e_2, Γ/S_1) S_3 = mgu(t_1/S_2, t_2 → α) α new in (α/S_3, S_3S_2S_1) W (let x = e_1 in e_2, Γ) = let (t_1, S_1) = W (e_1, Γ) (t_2, S_2) = W (e_2, Γ/S_1) in (t_2, S_2S_1) W (let rec x = e_1 in e_2, Γ) = let (t_1, S_1) = W (e_1, Γ[x : α]) α new (t_2, S_2) = W (e_2, Γ[x : α]/S_1) in (t_2, S_2S_1) W (e_1+e_2, Γ) = let (t_1, S_1) = W (e_1, Γ) (t_2, S_2) = W (e_2, Γ/S_1) S_3 = mgu(t_1/S_2, t_2, i) in (i, S_3S_2S_1)

Now it becomes clear where the type-error occurs: where the unfication mgu fails.

Theorem 4 (W’s Soundness) If W (e, Γ) = (τ, S) then Γ/S ⊢ e : τ/S.

Proof. By induction on e. 2

Theorem 5 (W’s Completeness) If Γ/P ⊢ e : τ/P then W (e, Γ) = (τ, S) and P = T S for some T .

Proof. By induction on e. 2