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���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ

E → n (n ∈ Z)

| E + E

| - E

| x ���Ãº

| let x = E1 in E2 t�%i� ���Ãº
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_�p�/BNçß�

σ ∈ Env = Var fin→ 2Z

_�p��<ÊÃº

V : Exp → Env → 2Z

V n σ = {n}

V x σ = σ x

V E1 + E2 σ = {z1 + z2 | zi ∈ V Ei σ}

V - E σ = {−z | z ∈ V E σ}

V let x = E1 in E2 σ = V E2 σ{x 7→ V E1 σ}

�̧��H d�� E_� _�p���H �̧wn�d��Ü¼�Ð V E, 7£¤ �©�Ãº�<ÊÃº λx.V E_� þj

�è�¦&ñ
&h�.
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"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

a(����¹כ _�p��<ÊÃº

V̂ : Exp → ˆEnv → Ẑ

_� _�p�/BNçß� ��s�_� °ú��Ð�� ������

Env → 2Z −→←−α
γ ˆEnv → Ẑ

�Ér �̧wn�d��Ü¼�Ð, Env −→←−α1

γ1 ˆEnvü< 2Z −→←−α2

γ2

Ẑ�̀¦ ��t��¦:

α f = α2 ◦ f ◦ γ1

γ f̂ = γ2 ◦ f̂ ◦ α1
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V̂ n σ̂ = α2 {n}

V̂ E1 + E2 σ̂ = (V̂ E1 σ̂)+̂(V̂ E2 σ̂)

V̂ - E σ̂ = −̂(V̂ E σ̂)

V̂ let x = E1 in E2 σ̂ = V̂ E2 σ̂{x 7→ V̂ E1 σ̂}

&ñ
Ãºd�� E_� ���¹כ _�p���H �̧wn�d��: V̂ E. SX����½+É �:	כ �̧��H &ñ
Ãº

d�� E\� @/K�"f

α(V E) v V̂ E

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2005 Note 10



�¹���K�$3כ n������õ� ½̈�&³_� \V
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½̈�&³

áÔ�ÐÕªÏþ� E\� @/K�"f, V̂ E ∈ ˆEnv → Ẑ_� >�íß�:

ˆEnv_� "é¶�è�� Ä»ô�Ç������?

�̧��H σ̂ ∈ ˆEnv\� @/K�"f V̂ E σ̂\�¦ y��y�� >�íß�.

V̂ E σ̂_� >�íß��Ér �½Ó�©� =åQz�� (E\� @/ô�Ç �̧wn�).

ˆEnv_� "é¶�è�� Áºô�Çy� ú́§�����? <�Ê�Ér, Ä»ô�Ç�t�ëß� �̧��H

�â
Äº�� ¹כ��9 \O������?

���_� ���¹כ 8̈��â
 σ̂0Ü¼�Ð �íl� 8̈��â
�̀¦ �̧¿º �í[O�r�v��¦,

V̂ Eσ̂0�̀¦ >�íß�.

ìøÍ×¼r� ���_� ��¹���8̈כâ
{9� ¹כ��9 \O�5pu.
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½̈�&³ \V1

��Ä»���Ãº�� \O���H áÔ�ÐÕªÏþ�

E = (let x = 1 in (let y = 2 in (let x = 3 in x + y)) + x)

V̂ Eσ̂ = V̂ E2 σ̂{x 7→ V̂ 1 σ̂}

= V̂ E2 σ̂{x 7→ 1}

= · · ·

V̂ E��H �©�Ãº�<ÊÃº, σ̂ü< �©��'a\O���H.

V̂ E��H E_� ½̈�̧\�¦ ���¦ �̧wn�. Ä»ô�Çr�çß�\� >�íß���0px.
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½̈�&³ \V2

��Ä»���Ãº({9�§4�)�� e����H áÔ�ÐÕªÏþ�

E = (let y = 2 in (let x = 3 in x + y)) + x

V̂ Eσ̂ = (V̂ E1 σ̂)+̂(V̂ x σ̂)

= · · ·

�<ÊÃº V̂ E��H E_� ½̈�̧\�¦ ���¦ �̧wn�d��Ü¼�Ð &ñ
_�÷&t�ëß�, #Q�"� �<Ê

Ãº{9���?

V̂ E {x 7→ >}ëß� >�íß�
<�Ê�Ér y�� �â
Äº\�¦ �̧¿º >�íß�:

{V̂ E {x 7→ ⊥}, V̂ E {x 7→ 0}, V̂ E {x 7→ +}, · · · }
Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2005 Note 10



�¹���K�$3כ n������õ� ½̈�&³_� \V
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C → skip

| x := E

| if E C C

| C ; C

| while E do C

E → n (n ∈ Z)

| x

| E + E | E < E

_�p�/BNçß��Ér

Memory = Loc fin→ Value

Value = 2Z + 2B

Loc = Var

B = {T, F}
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[j °ú�A� U�́

áÔ�ÐÕªÏþ� C_� _�p�\�¦ �̧wn�d��Ü¼�Ð (þj�è�¦&ñ
&h�)

áÔ�ÐÕªÏþ� C_� _�p�\�¦ ~½Ó&ñ
d��_� K��Ð (þj�è�¦&ñ
&h�)

áÔ�ÐÕªÏþ� C_� _�p�\�¦ l�>��©�I�_� ���s�õ�&ñ
Ü¼�Ð

(þj�è�¦&ñ
&h�)
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C_� _�p�\�¦ ~½Ó&ñ
d��_� K��Ð

{9�éß�, áÔ�ÐÕªÏþ� C_� _�p�\�¦ ��6£§_� �<ÊÃº�Ð &ñ
_�K� �̂¦��:

C ∈ Cmd → Memory → Memory

V ∈ Expr → Memory → Value

C skip m = m

C x := E m = m{x 7→ V E m}

C if E C1 C2 m = V E m ? C C1 m : C C2 m

C C1 ; C2 m = C C2 (C C1 m)

C while E do C m = V E m ? C while E do C (C C m) : m

V n m = {n}

V x m = m x

V E1 + E2 m = (V E1 m) + (V E2 m)

V E1 < E2 m = (V E1 m) < (V E2 m)
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ë�H]j

áÔ�ÐÕªÏþ� C_� _�p���H C C�Ð &ñ
_�÷&��H��? No.

while-ë�H_� �â
Äº:

C while E do C = · · · C while E do C · · ·
= · · · (· · · C while E do C · · · ) · · ·
= · · ·

²ú�) C C��H "î
§î
ë�H áÔ�ÐÕªÏþ� C\�¦ ��t��¦ ëß�×¼��H ~½Ó&ñ
d���̀¦ ³ð�&³

���H �	כ ÷�r. Õª ~½Ó&ñ
d��_� K��� áÔ�ÐÕªÏþ� C_� _�p�.
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áÔ�ÐÕªÏþ� C_� _�p� ~½Ó&ñ
d��

C C = · · ·

_� �̧�Ér¼#��Ér 0A\�"f ³ð�&³ô�Ç �<ÊÃº C_� ?/6 x�̀¦ �¦Û¼êøÍy� ��t���H
�©�0A_� �<ÊÃº

F : (Cmd → Memory → Memory)→ (Cmd → Memory → Memory)

�� &ñ
_����H F C C�� �)a��:

F C skip m = m

F C x := E m = m{x 7→ V E m}

F C if E C1 C2 m = V E m ? C C1 m : C C2 m

F C C1 ; C2 m = C C2 (C C1 m)

F C while E do C m = V E m ? C while E do C (C C m) : m
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C_� _�p� ~½Ó&ñ
d��

áÔ�ÐÕªÏþ� C_� _�p���H Õª _�p� C C\� @/ô�Ç ~½Ó&ñ
d��

C C = F C C

ü< Cîß�_� �̧��H "î
§î
ë�H Ci[þt\� @/ô�Ç ~½Ó&ñ
d��

C Ci = F C Ci

[þt_� K�\�¦ ��t��¦ &ñ
_��)a��.
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Õª�Qô�Ç F\�¦ :�xK�"f áÔ�ÐÕªÏþ� C�Ð ÂÒ'� �̧Ø�¦÷&��H ���wn�~½Ó&ñ
d���̀¦

���_� �<ÊÃº FC\�¦ ��t��¦ ³ð�&³����
X0

...

Xn

 = FC


X0

...

Xn


s� ÷&�¦, ~½Ó&ñ
d��_� ÅÒ���/BN Xi��H C Ci\�¦ @/���\� ��H �.	כ (Cîß�_�

"î
§î
ë�H[þt_� Ì�	Ãº��H n)

FC_� &ñ
_���H Fü< V �Ð ÂÒ'� "î
Ñþ�

~½Ó&ñ
d��_� K���H FC_� þj�è�¦&ñ
&h�

FC_� þj�è�¦&ñ
&h��Ér �>rF�: (why?)

lfpFC =
⊔
i

(F i
C〈⊥, · · · ,⊥〉)
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
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lfpFC��H lfpF_� {9�ÂÒ

~½Ó&ñ
d��_� K�

lfpFC

��H

lfpF ∈ Cmd → Memory → Memory

×�æ\�"f áÔ�ÐÕªÏþ� C\�¦ ½̈$í
���H "î
§î
ë�H[þt_� _�p�[þt�Ð ½̈$í
�)a��:

lfpFC = 〈(lfpF)C0, (lfpF)C1, · · · , (lfpF)Cn〉

FC\�¦ ½̈$í
���H 5Åq ?/6 x�Ér �̧¿º F_� &ñ
_� Õª@/�Ð.

lfpF ∈ Cmd → Memory → Memory��H �̧��H "î
§î
ë�H\� @/ô�Ç

_�p�.
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·ú¡Ü¼�Ð

���5Åq���(continuous) ���¹כ _�p� �<ÊÃº\�¦ &ñ
_�:

F̂ ∈ (Cmd → ˆMemory → ˆMemory)→ (Cmd → ˆMemory → ˆMemory)

áÔ�ÐÕªÏþ� C_� ���¹כ _�p���H F̂�Ð ÂÒ'� �̧Ø�¦÷&��H ���wn�~½Ó&ñ
d��
X0

...

Xn

 = F̂C


X0

...

Xn


_� K�, 7£¤ lfpF̂C .

~½Ó&ñ
d��_� K� lfpF̂C��H lfpF_� {9�ÂÒ:

lfpF̂C = 〈(lfpF̂) C0, (lfpF̂) C1, · · · , (lfpF̂) Cn〉

�̀¦���Ér�� ���7£x:

α(lfpF) v lfpF̂?

7£¤, �_�¹���K�$3כ d�¦\� _�K�"f ��6£§�̀¦ 7£x"î
���� H�d:

α ◦ F v F̂ ◦ α <�Ê�Ér α(f) v g =⇒ F f v F̂ g
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a(����¹כ _�p� ~½Ó&ñ
d��

áÔ�ÐÕªÏþ� C_� a(����¹כ _�p���H ��6£§_� �BNçß/���¹כ

ˆMemory = Loc fin→ ˆValue

ˆValue = Ẑ + B̂

B̂ = {⊥, T, F,>}

Loc = Var

�̀¦ ��t��¦ ��6£§_� F�)�<ÊÃº_� ?/6 xÜ¼�Ð ëß�[þt#Qt���H ~½Ó&ñ
d��_�

K��� ÷&��x��:

Ĉ ∈ Cmd → ˆMemory → ˆMemory

V̂ ∈ Expr → ˆMemory → ˆValue
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Ĉ skip m̂ = m̂

Ĉ x := E m̂ = m̂{x 7→ V̂ E m̂}

Ĉ if E C1 C2 m̂ = (Ĉ C1 m̂) t (Ĉ C2 m̂)

Ĉ C1 ; C2 m̂ = Ĉ C2(Ĉ C1 m̂)

Ĉ while E do C m̂ = m̂ t (Ĉ while E do C (Ĉ C m̂))

V̂ n m̂ = α{n}

V̂ x m̂ = m̂ x

V̂ E1 + E2 m̂ = (V̂ E1 m̂) +̂ (V̂ E2 m̂)

V̂ E1 < E2 m̂ = (V̂ E1 m̂)<̂(V̂ E2 m̂)
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§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

"î
§î
ë�H C_� �¹���K�$3כ ~½Ó&ñ
d��

Ĉ C = · · ·

_� �̧�Ér¼#��Ér 0A\�"f ³ð�&³ô�Ç F�)�<ÊÃº Ĉ_� ?/6 x�̀¦ �¦Û¼êøÍy� ��
t���H �©�0A_� �<ÊÃº

F̂ : (Cmd → ˆMemory → ˆMemory)→ (Cmd → ˆMemory → ˆMemory)

�� &ñ
_����H F̂ Ĉ C�� ÷&��x��:

F̂ Ĉ skip m̂ = m̂

F̂ Ĉ x := E m̂ = m̂{x 7→ V̂ E m̂}

F̂ Ĉ if E C1 C2 m̂ = (Ĉ C1 m̂) t (Ĉ C2 m̂)

F̂ Ĉ C1 ; C2 m̂ = Ĉ C2(Ĉ C1 m̂)

F̂ Ĉ while E do C m̂ = m̂ t (Ĉ while E do C (Ĉ C m̂))
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�¹���K�$3כ n������õ� ½̈�&³_� \V
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Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

�¹���K�$3כ d�¦\� _�K�, lfpF̂s� lfpF_� îß����ô�Ç ,���9��¹���sכ 7£x"î
½+É

��Ér	כ ��A� Ñüt ×�æ ���s���:

α ◦ F v F̂ ◦ α, 7£¤, �̧��H áÔ�ÐÕªÏþ� C\� @/K�"f

∀f : (α(F f)) C v (F̂(α f)) C,

<�Ê�Ér,

α f v f̂ s���� α(F f) v F̂ f̂ , 7£¤, �̧��H áÔ�ÐÕªÏþ� C\� @/K�"f

(α(F f)) C v (F̂ f̂) C.

#�l�"f

(Cmd → Memory → Memory) −→←−α
γ

(Cmd → ˆMemory → ˆMemory)

s��¦, 7£x"î
�Ér C_� y�� �â
ÄºZ>��Ð ��t���� ÷&��H X<, s� M:

Memory −→←−α1

γ1 ˆMemory

\�¦ ��t��¦ �̧wn�d��Ü¼�Ð &ñ
_��)a α�� ��6 x�)a��.
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

½̈�&³

ì�r$3�_� ½̈�&³�Ér, ì�r$3�½+É áÔ�ÐÕªÏþ� C�� ÅÒ#Q&���̀¦ M: ���wn�~½Ó&ñ
d��
X0

...

Xn

 = F̂C


X0

...

Xn


�̀¦ Û�¦����)a��. ���wn�~½Ó&ñ
d���Ér Cîß�\� e����H �̧��H "î
§î
ë�H[þt Ciü< d��

[þt Ei_� ���¹כ _�p�

Ĉ Ci ∈ ˆMemory → ˆMemory

V̂ Ei ∈ ˆMemory → ˆValue

\� @/ô�Ç ~½Ó&ñ
d��.

~½Ó&ñ
d��_� K�(áÔ�ÐÕªÏþ�_� a(����¹כ _�p�)��H Bj�̧o�\�"f Bj�̧o��Ð

����H �<ÊÃº�� �)a��.
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

\V

��6£§ áÔ�ÐÕªÏþ�

x := 1 ; while (0 < x) do x := x + 1

�̀¦ Òqty�����. y�� ÂÒ¾¡§���� ��� ñ\�¦ ·¡s���.

x := 1︸ ︷︷ ︸
1

; while (0 < x) do x := x + 1︸ ︷︷ ︸
4︸ ︷︷ ︸

3︸ ︷︷ ︸
2︸ ︷︷ ︸

0
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

y�� ÂÒ¾¡§_� _�p� Ĉ Ciü< V̂ Ei\� @/ô�Ç ~½Ó&ñ
d���Ér y��y�� F̂ Ciü<

V̂ Ei\� _�K�"f ��A�ü< °ú s� &ñ
_��)a��:

Ĉ C0 = λm̂.Ĉ C2(Ĉ C1 m̂)

Ĉ C1 = λm̂.m̂{x 7→ V̂ 1 m̂}

= λm̂.m̂{x 7→ α{1}}

Ĉ C2 = λm̂.m̂ t (Ĉ C2 (Ĉ C3 m̂))

Ĉ C3 = λm̂.m̂{x 7→ V̂ E4 m̂}

= λm̂.m̂{x 7→ (m̂ x) +̂ α{1}}

~½Ó&ñ
d��_� ÅÒ���/BN Ĉ Ci\�¦ X̂i�Ð K�"f ��r� æ¼���,

X̂0 = λm̂.X̂2(X̂1 m̂)

X̂1 = λm̂.m̂{x 7→ α{1}}

X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))

X̂3 = λm̂.m̂{x 7→ (m̂ x) +̂ α{1}}
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

2Z −→←−α
γ

Ẑ_� ¿º��t� �â
Äº\�¦ ¶ú�x���

Ẑ_� Z�}s��� Ä»ô�Çô�Ç �â
Äº

Ẑ_� Z�}s��� Áºô�Çô�Ç �â
Äº

X̂0 = λm̂.X̂2(X̂1 m̂)

X̂1 = λm̂.m̂{x 7→ α{1}}

X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))

X̂3 = λm̂.m̂{x 7→ (m̂ x) +̂ α{1}}
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

Ẑ_� Z�}s��� Ä»ô�Çô�Ç �â
Äº

\V\�¦[þt#Q, Ẑ = {⊥,−,+,>} {9� M:, 0A_� ~½Ó&ñ
d���Ér:

X̂0 = λm̂.X̂2(X̂1 m̂)

X̂1 = λm̂.m̂{x 7→ +}

X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))

X̂3 = λm̂.m̂{x 7→ (m̂ x) +̂ +}

áÔ�ÐÕªÏþ� r����\�"f_� �̧��H Bj�̧o� �©�I�\�¦ �í[O����H ��s	כ

{} ∈ ˆMemory = Var fin→ ˆValue

���¦����,

X̂0 {}

\�"f ÂÒ'� “����WìøÍ6£x”�̀¦ {9�Ü¼v���H ~½Ó&ñ
d��[þtëß� ó�r��.
Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2005 Note 10



�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

����WìøÍ6£x�̀¦ ����, Û�¦#Q�� ½+É ~½Ó&ñ
d��[þt:

X̂0 {} = X̂2(X̂1 {}) ����"f

X̂1 {} = {x 7→ +} ����"f

X̂2 {x 7→ +} = {x 7→ +} t (X̂2 (X̂3 {x 7→ +})) ����"f

X̂3 {x 7→ +} = {x 7→ +}{x 7→ + +̂ +}

��r� &ñ
o�����

X̂0 {} = X̂2 {x 7→ +}

X̂1 {} = {x 7→ +}

X̂2 {x 7→ +} = {x 7→ +} t (X̂2 {x 7→ +})

X̂3 {x 7→ +} = {x 7→ +}

0A_� ~½Ó&ñ
d���̀¦ ��r� æ¼��� (X̂i ?�̀¦ Ŷi�Ð)
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�¹���K�$3כ n������õ� ½̈�&³_� \V
���Ãº�� e����H &ñ
Ãºd�� áÔ�ÐÕªÏþ�_� �¹���K�$3כ
"î
§î
+þA ���#Q áÔ�ÐÕªÏþ�_� �¹���K�$3כ

Ŷ0 = Ŷ2

Ŷ1 = {x 7→ +}

Ŷ2 = {x 7→ +} t Ŷ2

Ŷ3 = {x 7→ +}

0A_� ~½Ó&ñ
d��_� þj�èK���H �¦&ñ
&h� >�íß�(fixpoint iteration)

(ti(f i⊥̂)_� >�íß�) Ü¼�Ð:

Ŷ0 = {x 7→ +}

Ŷ1 = {x 7→ +}

Ŷ2 = {x 7→ +}

Ŷ3 = {x 7→ +}

ì�r$3����õ�: áÔ�ÐÕªÏþ�_� �̧��H "î
§î
ë�H z�́'�� Êê x��H 6£§s������ &ñ
Ãº

\�¦ �������.
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