
SNU 4541.664A Program Analysis Spring 2005 Note 3

SNU 4541.664A Program Analysis
Spring 2005

Note 3

Prof. Kwangkeun Yi



SNU 4541.664A Program Analysis Spring 2005 Note 3

&ñ
o�

&ñ
o�:ÏãÎ�FG�̀¦ ×¼�Q?/��H _�
p�(denotational semantics)

�̧��H (��ÉÓ'� áÔ�ÐÕªÏþ�_� _�p�(_�p�~½Ó&ñ
d��_�
K�)��H _�p�/BNçß� CPO_� ô�Ç "é¶�ès��¦, Õª��Ér	כ
_�p�~½Ó&ñ
d��\� K�{©����H ���5Åq�<ÊÃº_� þj�è

�¦&ñ
&h�(least fixpoint)Ü¼�Ð &ñ
_��)a��.

�<ÊÃº_� þj�è �¦&ñ
&h�Ü¼�Ð &ñ
_��)a áÔ�ÐÕªÏþ�_�

_�p�\� @/ô�Ç $í
|9��̀¦ 7£x"î
���H X<��H �¦&ñ
&h�

)±ú�ZO�(fixpoint induction)s� Ä»6 x�>�
��6 x�)a��. éß�, Õª $í
|9�s� ¾¡§\�V,���H
$í
|9�(inclusive assertion){9� M:\�ëß�.



SNU 4541.664A Program Analysis Spring 2005 Note 3

&ñ
o�

áÔ�ÐÕªÏþ� C_� _�p�

[[C]] = F([[C]]) C_� _�p� ~½Ó&ñ
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[[C]] ∈ D
F ∈ D → D
{9� M:,
[[C]] = fixF C_� _�p�
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M ∈ Memory = Var → Value
z ∈ Value = Z⊥

x ∈ Var = ProgramVariable⊥
[[C]] ∈ Memory → Memory
[[E]] ∈ Memory → Value

[[skip]] = λM.M
[[x := E]] = λM.M{x 7→ [[E]] M}

[[if E C1 C2]] = λM.if [[E]]M 6= 0 then [[C]]M else [[C2]]M
[[C1 ; C2]] = λM.[[C2]] ([[C1]] M)

[[while E do C]] = fix (λX.(λM.if [[E]]M 6= 0 then X([[C]]M) else M))
[[n]] = λM.n

[[E1 + E2]] = λM.([[E1]] M) + ([[E2]] M)
[[- E]] M = λM.− ([[E]] M)
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“Computer science is full of fixpoints.”
)±ú�&h�/F�)&h�Ü¼�Ð ³ð�&³÷&��H �	כ = þj�è �¦&ñ

&h�(least fixpoint)�̀¦ _�p�:

N = {0} ∪ {n+1|n ∈ N}

N = fixλX.{0} ∪ {n + 1|n ∈ X}

list = {nil} ∪ {(0,l)|l∈ list}

list = fixλX.{nil} ∪ {(0, l)|l ∈ X}
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reach(N) = N ∪ reach(next(N))

reach = fixλf.(λN.N ∪ f(next(N)))

sort(A) = if sorted(A)? A:

sort(exch(A))

sort = fixλf.(λA.if sorted(A)?A : f(exch(A)))
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fac(n) = if n=0? 1 : n*fac(n-1)

fac = fixλf.(λn.if n = 0? 1 : n× f(n− 1))

repeat C E =

C ; if E (repeat C E) skip

[[repeat C E]] = fixλX.[[C ; if E X skip]]
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[[while E do C]]
= fixλX.(λM.if [[E]]M 6= 0 then X([[C]]M) else M)

[[repeat C E]]
= fixλX.(λM.[[C ; if E X skip]]M)

7£x"î
: [[C ; while E do C]] = [[repeat C E]]
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[[C ; while E do C]] = (fixFw) ◦ [[C]]
[[repeat C E]] = fixFr

Fw, Fr = · · ·
7£x"î
½+É ��Ér	כ

∀C, E.(fixFw) ◦ [[C]] = fixFr

¾¡§\�V,���H $í
|9�(inclusive predicate)? \V
#Q�"� �¦&ñ
&h�\� @/ô�Ç $í
|9�? ���5Åq�<ÊÃº G_�
þj�è�¦&ñ
&h�\� @/ô�Ç:

G = λ〈x1, x2〉.〈Fwx1, Frx2〉
�=�����

fixG = 〈fixFw, fixFr〉
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P (fixFw, fixFr)
let

= (∀C, E.(fixFw) ◦ [[C]] = fixFr)

�¦&ñ
&h� )±ú�ZO�(fixpoint induction)Ü¼�Ð

P (⊥,⊥)∧P (Fw⊥, Fr⊥)∧P (F 2
w⊥, F 2

w⊥)∧ · · ·
? 7£¤,

P (⊥,⊥) s��¦ P (f, g) ⇒ P (Fwf, Frg) �����?
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