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“D̂��H D\�¦ ¹���ô�Çכ �s���”��H	כ

D −→←−α
γ

D̂

���

ÊÃº(abstraction)>����¹כ α : D → D̂

ü<

½̈�̂�<ÊÃº(concretization) γ : D̂ → D

�� e���̀¦ M:\�¦ _�p�


¹כ��9���� αü< γ_� &ñ
_�½̈%i��̀¦ '�����Ð:

αD, γD̂
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_�p�/BNçß�_� ���¹כ \V
_�p�½̈�̧_� ���¹כ \V

°ú��Ð�� ������ \V1

��A�_� Â[þt�Ér 2Z
\�¦ ¹���ô�Çכ �:���s	כ

2Z −→←−α
γ

Â

y��y��_� α, γ\�¦ ·ú����Ð��:

Â = {⊥}

Â = {⊥, +, -, 0,>}

Â = {⊥, p, n,>}

Â = Z ∪ {⊥,>}

Â = {⊥} ∪ {〈a, b〉 | a ≤ b, a, b ∈ Z ∪ {∞,−∞}}

(�= >�Ér �±p 0A\� e��#Q�� ½+É��?)
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αü< γ��H @/>� 1lx���_� �ª����

α : D → D̂�� ���5Åq(continuous)1 �<ÊÃºs��¦ D�� e��_�_� ÂÒì�r

|9�½+Ë_� þj�è �À»Ìº,á
(least upper bound)s�

e��Ü¼���(t-complete), °ú��Ð�� ������ ��� γ��H

γ x̂ = t{x | α x v x̂}.

γ : D̂ → D�� ���5Åq(continuous) �<ÊÃºs��¦ D̂�� e��_�_� ÂÒì�r

|9�½+Ë_� þj@/ x9�Ìº,á
(greatest lower bound)s�

e��Ü¼���(u-complete), °ú��Ð�� ������ ��� α��H

α x = u{x̂ | x v γ x̂}.

1éß��̧�<ÊÃºs��¦ ~½Ó�¾Ó$í
 e����H |9�½+Ë(directed set)_� þj�è �À»Ìº,á
�̀¦ �Ð�>r
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°ú��Ð�� �������Ér �̧wn�d��

A\�¦ ¹���ô�Çכ ��s	כ Â s��¦ B\�¦ ¹���ô�Çכ ��s	כ B̂s����,

A×B\�¦ Â× B̂�Ð ¹�����0pxכ

αA×B = λ〈a, b〉.〈αAa, αBb〉

A + B\�¦ Â + B̂�Ð ¹�����0pxכ

αA+B = λx.αAx if x ∈ A, αBx o.w .

A→ B\�¦ Â→ B̂�Ð ¹�����0pxכ

αA→B = λf.αB ◦ f ◦ γÂ
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2A −→←− X̂ s��¦ 2B −→←− Ŷ s����,

2A×B −→←− X̂ × Ŷ ��0px

α = λX.〈α1{a|〈a, b〉 ∈ X}, α2{b|〈a, b〉 ∈ X}〉

2A×B −→←− A′ → Ŷ ��0px (A′ ⊆ A)

α = λX.{a 7→ α2S|〈a, b〉 ∈ X, S = {b|〈a, b〉 ∈ X}}

2A+B −→←− X̂ × Ŷ ��0px

α = λX.〈α1{a|a ∈ X, a ∈ A}, α2{b|b ∈ X, b ∈ B}〉

2A → 2B −→←− X̂ → Ŷ ��0px

α = λf.α2 ◦ f ◦ γ1
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_�p��<ÊÃº_� ���¹כ

_�p�/BNçß� Aü< B 0A\�"f &ñ
_��)a _�p��<ÊÃº

f ∈ A→ B

\�¦ a(����¹כ _�p�/BNçß�

A −→←−
αA

γÂ
Â ü< B −→←−

αB

γB̂
B̂

0A_� �<ÊÃº

f̂ ∈ Â→ B̂

�Ð &ñ
_�
���H “þj���_�”(&ñ
SX��̧\�¦ þj@/�Ð Ä»t�
���H) ~½ÓZO��Ér

f̂ = αB ◦ f ◦ γA

s���.
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_�p�½̈�̧ ���¹כ \V1

e → z | e+e | -e

[[e]] ∈ A = 2Z

ˆ[[e]] ∈ Â

ÏãÎ�FG_� _�p�½̈�̧(denotational semantics) Û¼��{9��Ð:

[[z]] = {z} ˆ[[z]] = α{z}
[[e1+e2]] = [[e1]]+̇[[e2]] ˆ[[e1+e2]] = ˆ[[e1]]+̂ ˆ[[e2]]

[[-e]] = −̇[[e]] ˆ[[-e]] = −̂ ˆ[[e]]

a+̇b = {x + y | x ∈ a, y ∈ b} â+̂b̂ = ?

−̇a = {−x | x ∈ a} −̂â = ?
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SX����½+É �:	כ

∀e.α([[e]]) v ˆ[[e]] ¢̧��H °ú �Ér s���l��Ð

∀e.[[e]] v γ ˆ[[e]]

½̈�&³�Ér:

e��_�_� áÔ�ÐÕªÏþ� e\� @/K�"f ˆ[[e]] >�íß�

ˆ[[e]] >�íß��Ér Ä»ô�Ç r�çß�\� =åQz��
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_�p�½̈�̧_� ���¹כ \V

_�p�½̈�̧ ���¹כ \V2

>�íß�õ�&ñ
�̀¦ ×¼�Q?/��H(operational semantics) ~½Ód��Ü¼�Ð:

[[e]]��H �©�I�_� ���8̈�õ�&ñ
Ü¼�Ð &ñ
_�H�d

�©�I� ���8̈� ½©gË:�Ér

e1 → e′1
e1 + e2 → e′1 + e2

e→ e′

z+e→ z+e′

e→ e′

-e→ -e′ z1+z2 → z1 + z2

-z → −z
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[[e]]_� &ñ
_� 1:

[[e]] ∈ 2(S∗), S = Exp

[[e]] = fixλT.{e} t {t→ e′′ | t ∈ T ∧ t = · · · → e′ ∧ e′ → e′′}
where T1 v T2 iff ∀t1 ∈ T1.∃t2 ∈ T2.t2 = t1→ · · ·

[[e]]_� &ñ
_� 2:

[[e]] ∈ S∗, S = 2Exp

[[e]] = fixλt.{e} t (t→ X)

where X = {e′′ | t = · · · → E ∧ e′ ∈ E ∧ e′ → e′′}
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r:����¹כ ˆ[[e]]��H �_��I©����¹כ ���8̈�õ�&ñ
Ü¼�Ð &ñ
_�H�d

ˆ[[e]] ∈ (Ŝ)∗, Ŝ −→←−
γŜ

αS
2Exp

ˆ[[e]] = fixλt̂.αS{e} t (t̂→ ê′)

where t̂ = · · · → ên ∧ ên → ê′

���¹כ �©�I� ���s���H

ê1 → ê′1

ê1 + ê2 → ê′1 + ê2

ê→ ê′

ẑ+ê→ ẑ+ê′

ê→ ê′

-ê→ -ê′ ẑ1+ẑ2 → ẑ1+̂ẑ2

-ẑ → −̂ẑ
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�\���¹כ @/ô�Ç ��z�́õ� \V[þt
_�p�/BNçß�_� ���¹כ \V
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���#Q_� SX��©�1

e → · · · | if e e e

[[if e1 e2 e3]] = if [[e1]] [[e2]] [[e3]]

ˆ[[if e1 e2 e3]] = îf ˆ[[e1]] ˆ[[e2]] ˆ[[e3]]

SX����½+É �:	כ

∀e.α([[e]]) v ˆ[[e]] ¢̧��H °ú �Ér s���l��Ð

∀e.[[e]] v γ ˆ[[e]]
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_�p�/BNçß�_� ���¹כ \V
_�p�½̈�̧_� ���¹כ \V

�BNçß/���¹כ Â\�"f t_� ¿º��t� 6 x�̧

1. t�Ér Â_� �̂���\� @/K�"f &ñ
_�÷& e��l�ëß� 
���� H�d �¹���K�$3כ)

d�¦)

2. ts� Â_� e��_�_� ¿º "é¶�è\� @/K�"f &ñ
_�÷& e�������,

_�p��<ÊÃº &ñ
_�\� Ä»6 x
�>� æ¼e��:

if [[e1]] [[e2]] [[e3]] = {z ∈ [[e2]] | 0 6= n ∈ [[e1]]}
∪ {z ∈ [[e3]] | 0 ∈ [[e1]]}

îf ˆ[[e1]] ˆ[[e2]] ˆ[[e3]] = ?

ëß�{9� A −→←−γ
α

Â ��� CPO Aü< Â�� t\� @/K�"f {��)�e��Ü¼
���(semi-lattices),

∀x, y ∈ A.α(x tA y) = α(x) tÂ α(y)

s�Ù¼�Ð îf\�¦ tÂ��t��¦ &ñ
_�½+É Ãº e��5pu.
Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Spring 2006 Note 9
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���#Q_� SX��©�2: >_� ��6 x

e → · · · | readin

[[readin]] = read
ˆ[[readin]] = ˆread

read = Z
ˆread = >
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_�p�/BNçß�_� ���¹כ \V
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îß����ô�Ç _�p� �<ÊÃº[þt_� �̧wn��Ér îß����

A −→←−
αA

γA
Â

f ↓ ↓ f̂

B −→←−
αB

γB
B̂

g ↓ ↓ ĝ

C −→←−
αC

γC
Ĉ

s��¦ éß��̧(monotonic)��� _�p��<ÊÃº[þt f, g, f̂ , ĝ��

αB ◦ f v f̂ ◦ αA s��¦ αC ◦ g v ĝ ◦ αB

s����

αC ◦ (g ◦ f) v (ĝ ◦ f̂) ◦ αA.
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