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)
±ú�ZO� = |9�½+Ë_� &ñ
_�

|9�½+Ë�̀¦ &ñ
_�
���H ~½ÓZO�

I ÷&[�t��"f return �, ��u��� dedicate Ö.

I Õª |9�½+Ë_� "é¶�è\�¦ ��t��¦ Õª |9�½+Ë_� "é¶�è\�¦ ëß���H��.



Õª |9�½+Ë�Ér s�����s	כ

I ½©gË:: ��&ñ
[þt Xü< ����:r x.

I “X\� e����H ��þts]	כ &ñ
_�
��9��H |9�½+Ë\� �̧¿º e��Ü¼���,
x�̧ e��#Q�� ô�Ç��.”

I Õª�Qô�Ç |9�½+Ë ×�æ\�"f ���©� ����Ér |9�½+Ë.
I ½©gË: (X, x)[þt_� �̧e���̀¦ Φ���¦ 
���.
I “Φ\� @/K�"f {��)�e����H”(Φ-closed), “Φ-{���2³” |9�½+Ë A:

(X, x) ∈ Φ s��¦ X ⊆ A s���� x ∈ A

I Φ�� &ñ
_�
���H |9�½+Ë: �̧��H Φ-{���2³ |9�½+Ë[þt_� �§|9�½+Ë⋂
{A|A��H Φ-{��jËµ}.



�����Ãº_� |9�½+Ë:
(∅, 0) ({n}, n + 1)

%ò
ë�H �èë�H�� ·ú��� Ï@Ü¼�Ð ëß�[þt#Q t���H Û¼àÔa�A_� |9�½+Ë:

(∅, ε) ({α}, xα for x ∈ {a, · · · , z})



)
±ú�½©gË: ³ðl�ZO�

�����Ãº |9�½+Ë�Ér

n → 0 | n + 1

<�Ê�Ér

0
n

n + 1

0A_� Û¼àÔa�A |9�½+Ë�Ér:

α → ε
| xα (x ∈ {a, · · · , z})

<�Ê�Ér

ε
α
xα x ∈ {a, · · · , z}



|9�½+Ës� Ä»ô�Ç
������ F�)
�� �O\¹כ��9��. |9�½+Ë {1, 2, 3}�̀¦ ½©gË:
[þt�Ð ³ð�&³
����

(∅, 1) (∅, 2) (∅, 3)

<�Ê�Ér

x → 1 | 2 | 3

<�Ê�Ér

1 2 3

�� �)a��.



o�Û¼àÔ_� |9�½+Ë:

nil
`

◦−`

<�Ê�Ér

` → nil | ◦−̀



ú́�éß�\� &ñ
Ãº\�¦ ��t���H ¿º°ú�A� ��Áº(binary tree)[þt_� |9�½+Ë:

n n ∈ Z
t

N(t, nil)

t
N(nil, t)

t1 t2
N(t1, t2)

<�Ê�Ér

t → n (n ∈ Z)
| N(t, nil)
| N(nil, t)
| N(t, t)



&ñ
Ãºd��[þt_� |9�½+Ë:

n n ∈ N
e
−e

e1 e2

e1+e2

e1 e2
e1∗e2

<�Ê�Ér

e → n (n ∈ N)
| −e
| e + e
| e ∗ e



Õª |9�½+Ë�Ér s�XO�>� ëß���H��

½©gË: |9�½+Ë Φ��H �<ÊÃº φ\�¦ &ñ
_�:

φ(Y ) = {x | X

x
∈ Φ, X ⊆ Y }

Φ ½©gË:[þts� &ñ
_�
���H |9�½+Ë�Ér �<ÊÃº φ\� _�K�"f {��)�e����H
|9�½+Ë×�æ\�"f ⋂

{X|φ(X) ⊆ X}

s���. s� |9�½+Ë�Ér φ_� þj�è�¦&ñ
&h�(least fixed point)s���.



s� |9�½+Ë ⋂
{X|φ(X) ⊆ X}

�̀¦ s�XO�>� ëß�[þt Ãº e����:

φ0 ∪ φ1 ∪ φ2 ∪ · · · =
⋃
i∈N

φi

#�l�"f
φ0 = ∅
φn = φ(φn−1) n ∈ N



�����Ãº |9�½+Ë ½©gË:

n → 0 | n + 1

Õª |9�½+Ë�Ér:
φ0 = ∅
φ1 = {0}
φ2 = {0, 1}
φ3 = {0, 1, 2}
· · ·

[þt_� ½+Ë|9�½+Ë.



o�Û¼àÔ_� |9�½+Ë ½©gË:

` → nil | ◦−̀

Õª |9�½+Ë�Ér:

φ0 = ∅
φ1 = {nil}
φ2 = {nil, ◦−nil}
φ3 = {nil, ◦−nil, ◦−◦−nil}
· · ·

[þt_� ½+Ë|9�½+Ë.



¿º°ú�A� ��Áº(binary tree)_� |9�½+Ë ½©gË::

t → ◦
| N(t, nil)
| N(nil, t)
| N(t, t)

s� |9�½+Ë�Ér:

φ0 = ∅
φ1 = {◦}
φ2 = {◦, N(◦, nil), N(nil, ◦), N(◦, ◦)}
· · ·

[þt_� ½+Ë|9�½+Ë.



Û¼àÔa�A |9�½+Ë ½©gË::

α → ε
| xα (x ∈ {a, · · · , z})

s� |9�½+Ë�Ér
φ0 = ∅
φ1 = {ε}
φ2 = {ε, aε, · · · , zε}
· · ·

[þt_� ½+Ë|9�½+Ë.



x9���{�� \O���H ½©gË:

|9�½+Ë ½©gË::
t → N(t, nil)

| N(nil, t)
| N(t, t)

s� |9�½+Ë�Ér ∅:
φ0 = φ1 = · · · = ∅

�̧��H )
±ú� ½©gË:
X

x

\�"f X 6= ∅s���� &ñ
_�
���H |9�½+Ë�Ér ∅



&ñ
o�

I )
±ú�ZO� = |9�½+Ë_� &ñ
_� inductive definition

I ³ð�&³ ~½ÓZO�[þt

I Õª |9�½+Ë�Ér Áº%Á	s�t�?
I “{��)�e����H þj�è_� |9�½+Ë”
I

⋂
{A|A��H Φ-{��jËµ}

I Õª |9�½+Ë�Ér #Qb�G>� ëß�[þtt�?
I “∅\�"f Ø�¦µ1ÏK�"f, ½©gË:s� ëß�×¼��H "é¶�è[þtëß��̀¦
��f��\O�s� '����”

I
⋃

i∈N φi



>�S\�

I )
±ú�ZO� = 7£x"î
 proof by induction
I "é¶�è_� í�H"f
I “�̧��H "é¶�è[þt” = “�̧��H í�H"f_� "é¶�è[þt”

I +þAd���7Ho�ü< ÆÒ�:r

I �7Ho�d�� |9�½+Ë_� &ñ
_� ()
±ú�ZO�)
I �7Ho�d�� _�p�_� &ñ
_� (�̧wn�d��)
I �ÃÐ�7Ho�d�� |9�½+Ë_� &ñ
_� ()
±ú�ZO�)
I �ÃÐ�7Ho�d�� ÆÒ�:r_� ~½ÓZO� ()
±ú�ZO�)
I ÆÒ�:r~½ÓZO� î̈
��
�l�



"é¶�è[þt_� í�H"f

)
±ú�&h�Ü¼�Ð &ñ
_��)a |9�½+Ë S

I φi
���P:\� Dh\�v>� ëß�[þt#Q t���H "é¶�è: iP:��� "é¶�è.

I 0P:���\� ëß�[þt#Q��� "é¶�è[þts� }�.

I “l��í�� �Ér�Érô�Ç í�H"f(well-founded order)”

I )
±ú�&h�Ü¼�Ð &ñ
_��)a |9�½+Ë�Ér l��í�� �Ér�Érô�Ç í�H"f\�¦

��t��¦ e����.



)
±ú�ZO� = 7£x"î
_� ~½ÓZO�

7£x"î
 3lq³ð:
∀x ∈ S.P (x)

I S�� )
±ú�&h�Ü¼�Ð &ñ
_�H�d, 7£¤, �̧��H "é¶�è[þt_� í�H"f��
e��5pu.

I P (0P:��� "é¶�è)\�¦ 7£x"î
: �½Ó�©� $í
wn�

I e��_�_� i > 0\� @/K�"f

(∀j < i.P (jP:��� "é¶�è)) ⇒ P (iP:��� "é¶�è)

\�¦ 7£x"î
.

(“@/ÄºZO� 7£x"î
”�̧ e��5pu)



)
±ú� 7£x"î
: ½©gË:[þt\� @/ô�Ç �Ü¼�Ð	כ

e��_�_� i > 0\� @/K�"f

(∀j < i.P (jP:��� "é¶�è)) ⇒ P (iP:��� "é¶�è)

\�¦ 7£x"î
.

I case i = 1: P (1P:��� "é¶�è) 7£x"î


I case i > 1: (∀j < i.P (jP:��� "é¶�è)) ⇒ P (iP:��� "é¶�è)
7£x"î


7£¤,

I “base case”: ½©gË:
x
�� ëß�×¼��H x[þt\� @/K�, P (x) 7£x"î
.

I “inductive case”: ½©gË: X
x
�� ëß�×¼��H x[þt\� @/K�,

(∀a ∈ X.P (a)) ⇒ P (x)\�¦ 7£x"î
.



)
±ú�7£x"î
 \V

I 7£x"î
: ∀n ∈ N.0 + 1 + 2 + · · ·+ n = n(n + 1)/2

I 7£x"î
: �̧��H ¿º°ú�A��� Tq̀ðøÍ ��Áº(complete binary
tree)��H ú́�éß� �̧×¼_� Ì�	Ãº�� ?/ÂÒ �̧×¼_� Ì�	Ãºü<
°ú ���� 
��� ú́§��.

t → ◦ | N(t, t)



�7Ho�d�� |9�½+Ë

)
±ú�&h� &ñ
_�
f → T | F

| ¬f
| f ∧ f
| f ∨ f
| f ⇒ f



�7Ho�d�� _�p�

�̧wn�d�� &ñ
_� compositional definition

[[T ]] = true
[[F ]] = false

[[¬f ]] = not[[f ]]
[[f1 ∧ f2]] = [[f1]] andalso [[f2]]
[[f1 ∨ f2]] = [[f1]] orelse [[f2]]

[[f1 ⇒ f2]] = [[f1]] implies [[f2]]

e��_�_� �7Ho�d�� f_� _�p��� &ñ
_� �)a !lr.



[[(T ∧ (T ∨ F )) ⇒ F ]]
= [[T ∧ (T ∨ F )]] implies [[F ]]
= ([[T ]] andalso [[T ∨ F ]]) implies false
= (true andalso ([[T ]] orelse [[F ]])) implies false
= (true andalso (true orelse false)) implies false
= false



#Q�"� |9�½+Ë_� &ñ
_�
�©� ({g1, · · · , gn}, f)[þt_� |9�½+Ë

(Γ, T ) (Γ, f)
f ∈ Γ

(Γ, F )

(Γ, f)

(Γ,¬¬f)

(Γ, f)

(Γ, f1) (Γ, f2)

(Γ, f1 ∧ f2)

(Γ, f1 ∧ f2)

(Γ, f1)

(Γ, f1)

(Γ, f1 ∨ f2)

(Γ, f1 ∨ f2)
(Γ ∪ {f1}, f3) (Γ ∪ {f2}, f3)

(Γ, f3)

(Γ ∪ {f1}, f2)

(Γ, f1 ⇒ f2)

(Γ, f1 ⇒ f2) (Γ, f1)

(Γ, f2)

(Γ ∪ {f}, F )

(Γ,¬f)

(Γ, f) (Γ,¬f)

(Γ, F )



+þAd���7Ho�_� ³ðl�ZO�Ü¼�Ð

Γ ` T Γ ` f
f ∈ Γ Γ ` F

Γ ` f

Γ ` ¬¬f

Γ ` f

Γ ` f1 Γ ` f2

Γ ` f1 ∧ f2

Γ ` f1 ∧ f2

Γ ` f1

Γ ` f1

Γ ` f1 ∨ f2

Γ ` f1 ∨ f2

Γ ∪ {f1} ` f3 Γ ∪ {f2} ` f3

Γ ` f3

Γ ∪ {f1} ` f2

Γ ` f1 ⇒ f2

Γ ` f1 ⇒ f2 Γ ` f1

Γ ` f2

Γ ∪ {f} ` F

Γ ` ¬f

Γ ` f Γ ` ¬f

Γ ` F



¢̧ ���Ér r����: 7£x"î
[þt_� |9�½+Ë�̀¦ &ñ
_�

7£x"î
[þt_� |9�½+Ë�̀¦ ëß�×¼��H )
±ú�½©gË: (“7£x"î
½©gË:” inference
rules).

I \V\�¦ [þt#Q, 7£x"î
½©gË:

Γ ` f1 Γ ` f2

Γ ` f1 ∧ f2

�Ér 7£x"î
�̀¦ ëß�×¼��H )
±ú� ½©gË:

I Γ ` f1ü< Γ ` f2_� 7£x"î
[þt�̀¦ ��t��¦ Γ ` f1 ∧ f2_�

7£x"î
�̀¦ ëß���H��.



7£x"î
 ��Áº

{p → ¬p, p} ` p

{p → ¬p, p} ` p → ¬p {p → ¬p, p} ` p

{p → ¬p, p} ` ¬p

{p → ¬p, p} ` F

{p → ¬p} ` ¬p



7£x"î
 ½©gË:_� î̈
��
l�>��� ëß�×¼��H {g1, · · · , gn} ` f ��H #Q�"� �?�����þt]	כ \V)
[[g1 ∧ · · · ∧ gn ⇒ f ]] = true �����?

I l�>�_� îß����$í
 soundness:

Γ ` f s���� [[Γ ⇒ f ]] = true

I l�>�_� ¢-a���$í
 completeness:

Γ ` f ���s� [[Γ ⇒ f ]] = true


