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|9�½+Ë ]j���d���̀¦ ��t��¦ áÔ�ÐÕªÏþ� ì�r$3�

õ�&ñ


áÔ�ÐÕªÏþ��̀¦ ¿±#Q"f |9�½+Ë ]j���d��[þt�̀¦ �̧Ø�¦

�̧Ø�¦�)a |9�½+Ë ]j���d���̀¦ ó�r��

���Ér ì�r$3�l�Õüt�̧ �̧¿º s����d��Ü¼�Ð �̂¦ Ãº e��Ü¼��

�¹���K�$3כ = ]j���d�� �̧Ø�¦; Û�¦l�

��{9�r�Û¼%7� = ]j���d�� �̧Ø�¦; Û�¦l�

1px1px = ]j���d�� �̧Ø�¦; Û�¦l�

:£¤Z>�ô�Ç |9�½+Ë ]j���d�� ì�r$3�ëß��̀¦ ��ê�r��:

|9�½+Ë ]j���d���̀¦ O(n3)\� Û�¦ Ãº e����H ({9�ìøÍ&h�Ü¼�Ð
NEXPTIME-complete)

|9�½+Ë ]j���d���̀¦ ÉÒ��H ~½Ód��s� ¢̧ ���Ér
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{9�ìøÍ |9�½+Ë ]j���d��

|9�½+Ë ]j���d��

se ⊇ se ′

“|9�½+Ëd��(set expression) se �� _�p����H |9�½+Ë�Ér se’ �� _�p����H
|9�½+Ë�̀¦ �í�<Êô�Ç��.”

ϕ ∈ V |9�½+Ë ���Ãº |9�½+Ë

f ∈ C ½̈$í
��(constructor) |9�½+Ë
se → ϕ |9�½+Ë���Ãº

| f(se, · · · , se) ½̈$í

| f−i(se) ��õ�

| se ∩ se �§|9�½+Ë

| se ∪ se ½+Ë|9�½+Ë

| ¬se #�|9�½+Ë
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áÔ�ÐÕªÏþ� ì�r$3�\� ��6 x½+É |9�½+Ë ]j���d��

|9�½+Ë ]j���d��

ϕ ⊇ se

“ϕ |9�½+Ë�Ér |9�½+Ëd��(set expr.) se �� _�p����H |9�½+Ë�̀¦ �í�<Êô�Ç��.”

ϕ ∈ V |9�½+Ë ���Ãº |9�½+Ë

f ∈ C ½̈$í
��(constructor) |9�½+Ë
se → ϕ |9�½+Ë���Ãº

| f(ϕ, · · · , ϕ) ½̈$í
(construction)
| f−i(ϕ) ��õ�(deconstruction)
| se ∩ se �§|9�½+Ë

| > | ⊥

áÔ�ÐÕªÏþ�Ü¼�Ð ÂÒ'� ]j���d��[þt

∧i(ϕi ⊇ sei)

s� ���̧�¦ Û�¦s����õ���H ]j���d��[þt�̀¦ �̧¿º ëß�7á¤r�v���H ϕi |9�½+Ë[þt.
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|9�½+Ëd��_� _�p� (1/2)

ϕ ∈ V |9�½+Ë ���Ãº |9�½+Ë

f ∈ C ½̈$í
��(constructor) |9�½+Ë
se → ϕ |9�½+Ë���Ãº

| f(ϕ, · · · , ϕ) ½̈$í
(construction)
| f−i(ϕ) ��õ�(deconstruction)
| se ∩ se �§|9�½+Ë

| > | ⊥

½̈$í
���� ¹�Ðכ��9���H �����Ãº(arity)��H &ñ
K�4R e���¦, �������
�O\¹כ��9��H ½̈$í
����H �©�Ãº

|9�½+Ëd��_� _�p���H ±ú ú́�(term)[þt_� |9�½+Ë ∈ 2H

�̧��H ±ú ú́�(term) t [þt_� |9�½+Ë H(Herbrand universe)��H

H 3 t → f �©�Ãº ±ú ú́�(term)
| f(t, · · · , t) ������Ð ½̈$í
ô�Ç ±ú ú́�(term)
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|9�½+Ëd��_� _�p� (2/2)

se → ϕ |9�½+Ë���Ãº

| f(ϕ, · · · , ϕ) ½̈$í
(construction)
| f−i(ϕ) ��õ�(deconstruction)
| se ∩ se
| > | ⊥

se_� _�p� [[se]]σ��H
σ ∈ V → 2H

\� l�@/#Q

[[ϕ]]σ = σ(ϕ)
[[f(ϕ1, · · · , ϕn)]]σ = {f(t1, · · · , tn) | ti ∈ [[ϕi]]σ}

[[f−i(ϕ)]]σ = {ti | f(t1, · · · , tn) ∈ [[ϕ]]σ}
[[se ∩ se ′]]σ = [[se]]σ ∩ [[se ′]]σ

[[>]]σ = H
[[⊥]]σ = ∅
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|9�½+Ë ]j���d��_� K�

Ä»ô�Ç>h_� ���wn� ]j���d��[þt

∧i(ϕi ⊇ sei)

_� K���H

σ ∈ V → 2H ,

y�� ]j���d��[þt�̀¦ �̧¿º ëß�7á¤r�v���H:

∧i([[ϕi]]σ ⊇ [[sei]]σ).

���wn� |9�½+Ë ]j���d�� C_� K� σ\�¦ “�̧4Sq”(model)s����¦ ÂÒØÔ�¦

s�XO�>� σ |= C ��H��.
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|9�½+Ë ]j���d�� K�/�̧4Sq

���wn� |9�½+Ë ]j���d��

C
let= ∧i(ϕi ⊇ sei)

_� K� σ ∈ V → 2H
��H �½Ó�©� �>rF�:

jþt�̧\O���H {ϕ 7→ H | ϕ ∈ V }
K� ×�æ\�"f ���©� ����Ér K��� �½Ó�©� �>rF�:

M�� �̧��H K�[þt_� |9�½+ËM = {σ | σ |= C} {9� M:, þj�è_�
K���H ⋂

M def= {ϕ 7→
⋂

σ∈M
σ(ϕ)}

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 20



|9�½+Ëd�� [O��½Ó: se ⇒ se ′

[[ϕ1 ⇒ ϕ2]]σ =
{
∅ if [[ϕ1]]σ = ∅
[[ϕ2]]σ otherwise

����"f,
ϕ1 ⇒ ϕ2 ≡ f−1(f(ϕ2, ϕ1))

se1 ⇒ se2 ≡ ?
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|9�½+Ë ]j���d�� ì�r$3�

@/�©� áÔ�ÐÕªA�bç
 ���#Q\� &h�{©�ô�Ç |9�½+Ë ]j���d���̀¦ &ñ
_�

|9�½+Ë���Ãº ϕ ∈ V [þts� áÔ�ÐÕªÏþ�_� Áº%Á	õ� ���>�÷&��Ht�
½̈$í
��(constructor) |9�½+Ë C 7£¤, ±ú ú́�(term) |9�½+Ë H�Ér
Áº%Á	s� ÷&��Ht�

áÔ�ÐÕªÏþ�Ü¼�Ð ÂÒ'� |9�½+Ë ]j���d�� �̧Ø�¦ ~½ÓZO� &ñ
_�

�̧Ø�¦�)a |9�½+Ë ]j���d��_� K�\�¦ >�íß�

�̧Ø�¦�)a |9�½+Ë ]j���d���̀¦ �̧¿º �ÃÐÜ¼�Ð ëß�×¼��H σ ∈ V → 2H

σ(ϕ)\�¦ |9�½+Ë ]j���d��[þt�Ð ³ð�&³
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|9�½+Ë ]j���d�� ì�r$3� \V

o�Û¼àÔ %�o� "î
§î
+þA ���#Q

c → x := e
| c ; c
| while e c
| case e nil: c cons: c

e → n | nil | x
| cons(e,e)
| car(e) | cdr(e)

ì�r$3� 3lq³ð: y�� ���Ãº�� ��t���H °úכ[þt_� |9�½+Ë; y�� "î
§î
ë�H z�́'��Êê ���
Ãº�� ��t���H °úכ[þt_� |9�½+Ë

x := cons(1,cons(2,nil));
y := car(x);
x := cdr(x);

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 20



|9�½+Ë ]j���d�� ì�r$3� \V

ì�r$3� 3lq³ð: y�� ���Ãº�� ��t���H °úכ[þt_� |9�½+Ë; y�� "î
§î
ë�H z�́'��Êê ���
Ãº�� ��t���H °úכ[þt_� |9�½+Ë

x := nil;
while y
x := cons(1, x);
y := cdr(x)
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|9�½+Ë ]j���d�� ì�r$3� \V

ì�r$3� 3lq³ð: y�� ���Ãº�� ��t���H °úכ[þt_� |9�½+Ë; y�� "î
§î
ë�H z�́'��Êê ���
Ãº�� ��t���H °úכ[þt_� |9�½+Ë

x := cons(1,cons(2,nil));
while cdr(cdr(x))
x := cdr(x);
y := car(x)
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|9�½+Ë ]j���d�� ì�r$3� \V

ì�r$3� 3lq³ð: y�� ���Ãº�� ��t���H °úכ[þt_� |9�½+Ë; y�� "î
§î
ë�H z�́'��Êê ���
Ãº�� ��t���H °úכ[þt_� |9�½+Ë

case x of
nil: y := cons(1, x)
cons: y := cdr(x)
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|9�½+Ë ]j���d�� ì�r$3� \V

|ÃÐ�� �<ÊÃº+þA ���#Q
e → n | x

| λx.e | e e

y�� d��[þts� ��t���H °úכ[þt_� |9�½+Ë:

(λ0x.(λ1y.y (x 1))) (λ2z.λ3w.w) (λ4a.a 2)
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|9�½+Ë ]j���d��_� K�\�¦ ½̈���H ·ú��¦o�7£§ \O�>h

áÔ�ÐÕªÏþ� pgm�̀¦ ¿±#Q"f |9�½+Ë ]j���d�� |9�½+Ë C\�¦ �̧Ø�¦���H
~½ÓZO�

pgm . C

���&ñ


|9�½+Ë ]j���d���̀¦ Û�¦#Q����H ½©gË:(constraint resolving rules)
R�̀¦ &ñ
_�: R�Ér Dh�Ðî�r ]j���d���̀¦ �8K�����H ½©gË:

ÅÒ#Q��� C\�"f R�Ð Û�¦ Ãº e����H X< ��t� ó�r��. 7£¤,

lfpλX.C ∪ {a | X `R a} let= R∗(C)

\�¦ >�íß�.

K���H R∗(C)\�"f y�� ���Ãº ϕ_� ]j���d��[þt ×�æ\�"f
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K���H R∗(C)\�"f y�� ���Ãº ϕ_� ]j���d��[þt ×�æ\�"f þj�è ·ú�Ìqts��Ð
Û�¦�9��� ]j���d��(atomic constraints)

ϕ ⊇ ae
ae → > | ⊥

| f(ϕ, · · · , ϕ)

[þt�Ð ½̈$í
�)a��.
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K� = ë�HZO�

R∗(C)\�"f ϕ_� Û�¦�9��� ]j���d��[þt

ϕ ⊇ ae1
...

ϕ ⊇ aen

\�¦ ëß�7á¤���H |9�½+Ë ϕ��H ��6£§_� ë�HZO�s� ëß�×¼��H |9�½+Ës���:

ϕ → ae1
...
| aen
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{9�l�

[{9��̀¦ �7Hë�H] Constraint-based Analysis_� �7Hë�H 4¼#�.

Prof. Kwangkeun Yi SNU 4541.664A Program Analysis Note 20


