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s�]js�ü<°ú �Ér¹כ���K�$3�_�"é¶o�/d�¦\�����áÔ�ÐÕªÏþ�ì�r$3��̀¦ ½̈�̂&h�Ü¼�Ðn�

�����K��Ð��. Õª d�¦\� [þt#Q����H áÔ�ÐÕªÏþ� ì�r$3��Ér ���ª�ô�Ç Û¼��{9�s� |̈c Ãº e����;

ì�r$3� ½+É áÔ�ÐÕªÏþ�s� ��#���� ���#Q\� ����"f, ì�r$3�½+É $í
|9�\� ����"f, Õªo��¦ áÔ

�ÐÕªÏþ� z�́'��_� _�p�\�¦ ³ð�&³���H ~½Ód��\� ����"f.

���'�����\� Äº��� Y>���t� Ä»6 xô�Ç ��z�́[þt�̀¦ ¶ú�(R�Ð��.

6.1.1.1 �\���¹כ �'aô�Ç ��z�́[þt

“D̂��H D\�¦ ¹���ô�Çכ �s���”��H	כ ��Ér	כ Ñüt ��s�\�¦ °ú��Ð�� ������

D −→←−α
γ

D̂

r�v���H ÊÃº>����¹כ α : D → D̂ ü< ½̈�̂�<ÊÃº γ : D̂ → D �� e���̀¦ M:\�¦ ú́�ô�Ç��.

Example 24 (2Z,⊆, ∅)\�¦ ({⊥, +, -, 0,>},v,⊥)�Ð É+½���¹כ Ãº e����. 2

Example 25 (2Z,⊆, ¹���ô�Ç/BNçß��Érכ¦�\(∅ ({⊥, +, -, 0},v,⊥)s� |̈cÃº\O���.°ú��Ð

�� ������s� Ô�¦��0px���. ìøÍ×¼r� Z\�¦ _�p����H ��é¶�è"���¹כ e��#Q�� ô�Ç��. 2

Fact 6 °ú��Ð�� �������Ér �̧wn�d��s���. A\�¦ ¹���ô�Çכ ��s	כ Âs��¦ B\�¦ ¹���ô�Çכ ��s	כ

B̂s����,

• A×B\�¦ Â× B̂�Ð É+½���¹כ Ãº e����.

• A + B\�¦ Â + B̂�Ð É+½���¹כ Ãº e����.

• A→ B\�¦ Â→ B̂�Ð É+½���¹כ Ãº e����.

7£x"î
�Ér ~1���.

Fact 7 Dü< D̂\�¦ °ú��Ð�� ������r�v���H >ÊÃºü>����¹כ ½̈�̂�<ÊÃº��H @/>��� �����

&ñ
_�÷&��� ���Ér �����H $�]X��Ð &ñ
_��)a��.
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6.1 ���¹כ K�$3� 75

• α : D → D̂�� ���5Åq(continuous) �<ÊÃºs��¦ D�� e��_�_� ÂÒì�r |9�½+Ë_� þj

�è �À»Ìº,á
(least upper bound)s� e��Ü¼���(t-complete), °ú��Ð�� ������ ��� γ��H

α�Ð ÂÒ'� ��6£§õ� °ú s� &ñ
_��)a��:

γ x̂ = t{x | α x v x̂}.

• γ : D̂ → D�� ���5Åq(continuous) �<ÊÃºs��¦ D̂�� e��_�_� ÂÒì�r |9�½+Ë_� þj@/

x9�Ìº,á
(greatest lower bound)s� e��Ü¼���(u-complete), °ú��Ð�� ������ ��� α��H

γ�Ð ÂÒ'� ��6£§õ� °ú s� &ñ
_��)a��:

α x = u{x̂ | x v γ x̂}.

7£x"î
�Ér ~1���.

Fact 8 îß����ô�Ç �<ÊÃº[þt�Ð �̧wn�ô�Ç �<ÊÃº��H îß�������. 7£¤, A −→←−
αA

γA

Â, B −→←−
αB

γB

B̂,

C −→←−
αC

γC

Ĉ s��¦, éß��̧(monotonic) �<ÊÃº f : A → B, f̂ : Â → B̂, g : B → C,

ĝ : B̂ → Ĉ��

αB ◦ f v f̂ ◦ αA s��¦ αC ◦ g v ĝ ◦ αB

s����

αC ◦ (g ◦ f) v (ĝ ◦ f̂) ◦ αA

s���. 7£x"î
�Ér ~1���.

Fact 9 �̧wn�d��Ü¼�Ð �<ÊÃº\�¦ ���¹כ���H �â
Äº, ¹���ô�Çכ �<ÊÃº[þt�Ð �̧wn�ô�Ç �<ÊÃº��H îß�

������. 7£¤, �̧��H �<ÊÃº ���¹כ X → Y −→←−α
γ

X̂ → Ŷ[þts� Xü< Y_� °ú��Ð�� ������[þt

�̀¦ ��t��¦

α(f) = αY ◦ f ◦ γX
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�Ð&ñ
_��)a���¦���. A −→←−
αA

γA

Â, B −→←−
αB

γB

B̂, C −→←−
αC

γC

Ĉ s��¦,éß��̧(monotonic)

�<ÊÃº f : A→ B ü< g : B → C \� @/K�"f,

α(g ◦ f) v α(g) ◦ α(f)

s���. 7£x"î
�Ér ~1���.

6.1.2 �¹���K�$3כ &h�6 x0

��6£§_� &ñ
Ãºd�� ���#Q�Ð ��#���� áÔ�ÐÕªÏþ�_� ì�r$3�l�\�¦ n���������. �-Áº çß�éß�K�

"f �¹���K�$3כ d�¦��t� ̀��O\¹כ��9¦ �,�s�t�ëß	כ �¹���K�$3כ d�¦�̀¦ s�6 x���H 'Í	 r����Ü¼�Ð

&h�]X����.

E → n (n ∈ Z)

| E + E

| - E

| if E then E else E

ì�r$3�½+É $í
|9��Ér >�íß�÷&��H &ñ
Ãº°úכ_� ÂÒ ñ���¦ ���.

)±ú�&h����ì�r$3�Ò�¦�Ðæ¼�����6£§õ�°ú �̀¦��s��¦,ÕªÒ�¦s	כ �̀�����H��Ð{9�Ãº¦̀�	כ

e���¦, Õª Ò�¦�̀¦ ½̈�&³���H �̧�	כ /BI���Ð Ò�¦ ���� F�)&h�Ü¼�Ð  ñØ�¦���� |̈c �:���s	כ

n : sign(n)
E1 : s1 E2 : s2

E1 + E2 : s1 ⊕ s2

E : s
- E : ªs

E2 : s2 E3 : s3

if E1 then E2 else E3 : s2 t s3

#�l�"f

sign(n ≥ 0) = +

sign(n < 0) = −

ª(+) = −

ª(−) = +
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6.1 ���¹כ K�$3� 77

s��¦,

⊕ + −

+ + >

− > −

�̀¦���Ér s�Ä»��H +,−,>s� _�p����H ���� y��y��

γ(+) = {n ∈ Z | n ≥ 0}

γ(−) = {n ∈ Z | n < 0}

γ(>) = Z

s��¦, �̧��H &ñ
Ãºd�� E\� @/K�"f

E : s⇒ val(E) ∈ γ(s)

s�l� M:ë�Hs���. s��¦̀�	כ ~1�>� 7£x"î
½+É Ãº e���̀¦ �.���s	כ E\� @/ô�Ç ½̈�̧&h� )±ú�ZO�

Ü¼�Ð.

s��¦̀�	כ �¹���K�$3כ d�¦\� z�#Q V,�#Q�Ð��. &ñ
Ãºd��_� _�p��<ÊÃº(0A\�"f val)\�¦ &ñ


_�����

V : Exp → 2Z

s��¦

V n = {n}

V E1 + E2 = {z1 + z2 | zi ∈ V Ei}

V - E = {−z | z ∈ V E}

V if E1 then E2 else E3 = 0 ∈ V E1 ? V E2 : V E3

¿º��t� _�ë�Hs� e���̀¦ Ãº e����:
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• d�� E_� _�p���H V E�Ð &ñ
_�÷&��HX<, s���s	כ �= #QÖ¼ ���5Åq�<ÊÃº_� þj�è�¦&ñ


&h������?

V E��H E_� ½̈�̧\� ���� )±ú�&h�Ü¼�Ð &ñ
_��)a��. s���Ér	כ ���Ð �©�Ãº�<ÊÃº

λx.V E ∈ 2Z → 2Z

_�Ä»{9�ô�Ç�¦&ñ
&h�(fixpoint)s���.0A_��<ÊÃº��H�©�Ãº�<ÊÃºs�Ù¼�Ð���5Åq�<ÊÃºs�

��.

• �= z�́]j _�p� %ò
%i�s� Z�� ��m��¦ 2Z�����? ì�r$3�½+É M: ��6 x���H a(����¹כ [j

>�ü< °ú��Ð�� �������̀¦ K��Ð�9m� ÕªXO���. 2Z��H Z_� ÂÒì�r|9�½+Ë[þt_� |9�½+Ës��¦,

þj�è "é¶�è��H ∅, í�H"f��H |9�½+Ë_� �í�<Êí�H"f�� ÷&��x��. CPO�� �)a��.

a(����¹כ [j>� Ẑ�Ér {+,−,⊥,>} s��¦, "é¶�è[þt ��s�_� í�H"f��H ⊥ v + v >s��¦

⊥ v − v >s���. Ä»ô�Çô�Ç |9�½+Ës��¦ þj�è"é¶�è�� e����. CPO��.

°ú��Ð�� �������Ér ��6£§õ� °ú ��:

α{} = ⊥

α{n | n ≥ 0} = +

α{n | n < 0} = −

αZ = >

s��¦

γ + = {n ∈ Z | n ≥ 0}

γ − = {n ∈ Z | n < 0}

γ > = Z.
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a(����¹כ [j>�\�"f_� _�p��<ÊÃº��H ��6£§õ� °ú s� &ñ
_��)a��:

V̂ n = α {n}

V̂ E1 + E2 = (V̂ E1)⊕ (V̂ E2)

V̂ - E = ª(V̂ E)

V̂ if E1 then E2 else E3 = V̂ E2 t V̂ E3

ú́���Ht� SX����½+É �,�Ér	כ �̧��H &ñ
Ãºd�� E\� @/K�"f:

α ◦ (λx.V E)) v (λx̂.V̂ E) ◦ α

éß�í�Hy� ����,

α(V E)) v V̂ E.

7£x"î
�Ér E\�@/ô�Ç ½̈�̧&h����)±ú�ZO�Ü¼�Ð���'��÷&�¦, α_�&ñ
_�\�¦s�6 xK�"f�â
Äº\�¦

��t���� �)a��.

ì�r$3�_� ½̈�&³�Ér Õªzª� V̂ E\�¦ >�íß����� ÷&��x��. �½Ó�©� =åQèß���.

6.1.3 �¹���K�$3כ &h�6 x1

0A_� &ñ
Ãºd�� ���#Q\�¦ SX��©����. ���Ãº\�¦ ��6 x½+É Ãº e����H &ñ
Ãºd��s���.

E → n (n ∈ Z)

| E + E

| - E

| x ���Ãº

| let x = E1 in E2 t�%i� ���Ãº

let\� _�K� &ñ
_�÷&t� ·ú§�¦ æ¼s���H ���Ãº��H {9�§4����Ãº���¦ ���. {9�§4��Ér &ñ
Ãºëß�

��0px����¦��¦.
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8̈��â


σ ∈ Env = Var
fin

→ 2Z

s��¦, _�p��<ÊÃº

V : Exp → Env → 2Z

��H ��A�ü< °ú s� &ñ
_�|̈c �:���s	כ

V n σ = {n}

V x σ = σ x

V E1 + E2 σ = {z1 + z2 | zi ∈ V Ei σ}

V - E σ = {−z | z ∈ V E σ}

V let x = E1 in E2 σ = V E2 σ{x 7→ V E1 σ}

ÅÒ#Q���d�� E_�_�p���H E_� ½̈�̧\� ���� �̧wn�d��Ü¼�Ð ½̈$í
�)a V E�Ð (�©�Ãº�<Ê

Ãº λx.V E_� þj�è �¦&ñ
&h�Ü¼�Ð) &ñ
_��)a��.

a(����¹כ _�p��<ÊÃº\�¦

V̂ : Exp → ˆEnv → Ẑ

&ñ
_���¦, °ú��Ð�� ������

Env → 2Z
−→←−α
γ

ˆEnv → Ẑ

�̀¦ �̧wn�d��Ü¼�Ð ½̈$í
���. Env −→←−α1

γ1 ˆEnv��s�_� °ú��Ð�� ������õ� 2Z
−→←−α2

γ2

Ẑ��s�

_� °ú��Ð�� �������̀¦ ��t��¦:

α f = α2 ◦ f ◦ γ1

γ f̂ = γ2 ◦ f̂ ◦ α1
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a(����¹כ [j>�\�"f_� _�p��<ÊÃº��H ��6£§õ� °ú s� &ñ
_��)a��:

V̂ n σ̂ = α2 {n}

V̂ E1 + E2 σ̂ = (V̂ E1 σ̂)⊕ (V̂ E2 σ̂)

V̂ - E σ̂ = ª(V̂ E σ̂)

V̂ let x = E1 in E2 σ̂ = V̂ E2 σ̂{x 7→ V̂ E1 σ̂}

ú́���Ht� SX����½+É �,�Ér	כ �̧��H &ñ
Ãºd�� E\� @/K�"f:

α ◦ (λx.V E)) v (λx̂.V̂ E) ◦ α

éß�í�Hy� ����,

α(V E) v V̂ E. (6.13)

7£x"î
�Ér E\�@/ô�Ç ½̈�̧&h����)±ú�ZO�Ü¼�Ð���'��÷&�¦, α_�&ñ
_�\�¦s�6 xK�"f�â
Äº\�¦

��t���� �)a��. #�l���t��� �_�¹���K�$3כ d�¦s���.

s�]j ë�H]j��H ì�r$3�_� ½̈�&³s���. 7£¤, �<ÊÃº V̂ E ∈ ˆEnv → Ẑ\�¦ >�íß�K� ?/�� ô�Ç

��. s� �<ÊÃº\�¦ >�íß����H ~½ÓZO��Ér ¿º��t��� e����x��.

• ëß�{9� ˆEnv_� "é¶�è�� Ä»ô�Ç������, �̧��H σ̂ ∈ ˆEnv\� @/K�"f V̂ E σ̂\�¦ y��y�� >�

íß�K�"f, _�s��̂¦�̀¦ ëß�[þt��� �)a��. V̂ E σ̂_� >�íß��Ér �½Ó�©� =åQèß���(E_� ½̈�̧\�

���� �̧wn�d��Ü¼�Ð &ñ
_�÷&Ù¼�Ð).

&ñ
Ãºd�� E_� _�p��� �<ÊÃº��� ��Ér	כ &h�]X����. &ñ
Ãºd��\� ��Ä»���Ãº�� e�������

Õª ���Ãº_� °ú̀�כ¦ ��t��¦ e����H 8̈��â
\� ����"f >�íß�÷&��H °úכs� ��\�¦ Ãº e��Ü¼

Ù¼�Ð.

s�XO�>� �̧��H �â
Äº\�¦ >�íß�½+É ��¹כ��9 \O��̀¦ Ãº e����. ì�r$3� r�çß�s� �-Áº ú́§s�

[þt Ãº�̧ e���¦, ��\V Ô�¦��0px ½+É Ãº �̧ e��l� M:ë�Hs���.

• ëß�{9� ˆEnv_�"é¶�è��Áºô�Çy� ú́§�����?<�Ê�ÉrÄ»ô�Ç�t�ëß� �̧��H�â
Äº\�¦>�íß�½+É

��¹כ��9 \O��̀¦ �â
Äº��H?
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���_� ���¹כ 8̈��â
Ü¼�Ð áÔ�ÐÕªÏþ� d��_� ��Ä» ���Ãº�� ��|9� Ãº e����H °úכ(�íl�

8̈��â
)�̀¦ �̧¿º �í[O��>� ½+É Ãº e����. ��Ä» ���Ãº[þts� ��t���H °ú̀�כ¦ >Ü¼�Ð ��

t��¦ e����H 8̈��â
s� ÷&��x��. Õª�Qô�Ç 8̈��â
 σ̂0\� @/K�"f V̂ Eσ̂0�̀¦ >�íß����� �)a

��.

s���s	כ �= �̀¦���Ér ½̈�&³�����?

Proof. îß����$í
(d�� (6.13))s�

α(V E) v V̂ E

7£x"î
÷&%3�Ü¼Ù¼�Ð,

(α(V E))σ̂0 v (V̂ E)σ̂0

��r�, ÊÃº>����¹כ α_� &ñ
_�K� _�K�"f

α2((V E) (γ1 σ̂0)) v (V̂ E)σ̂0

s� $í
wn�ô�Ç��. s���H °ú��Ð�� �������Ð ���K�,

(V E) (γ1 σ̂0) v γ2((V̂ E)σ̂0)

7£¤, ì�r$3����õ� (V̂ E)σ̂0��H z�́]j �©�S!� V E (γ1 σ̂0)�̀¦ �í[O�ô�Ç����H ����:rs� ���:r

��. ����"f 0Aü< °ú �Ér ½̈�&³�Ér �̀���. 2

ìøÍ×¼r���¹���8̈כ�_���â
Ü¼�Ð �̧��H�íl� 8̈��â
�̀¦&�!Q�>�½+É�9¹�̧כ�\O���.

Y>�>h_� ��¹���8̈כâ
 {σ̂1, · · · , σ̂k}Ü¼�Ð �̧��H �íl� 8̈��â
_� �â
Äº�� &�!Q�)a�����

y��y��_� ��¹���8̈כâ
\� @/K�"f V̂ Eσi\�¦ >�íß�K��̧ |̈c �.���s	כ 0A\�"f �7H_�ô�Ç

@/�Ð, y��y��_� �â
Äº��H y�� ��¹���8̈כâ
s� _�p����H z�́[j>�\�"f_� áÔ�ÐÕªÏþ�d��

_� _�p�\�¦ �í[O��Ù¼�Ð, �̧��H ��¹���8̈כâ
s� z�́[j>�_� �̧¿º\�¦ &�!Q���H �â
Äº

�����, ì�r$3��)a áÔ�ÐÕªÏþ�d��_� _�p�[þt�Ér Óüæu��Ð z�́[j>�\�¦ �̧¿º &�!Q�>� �)a

��.
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6.1.4 �¹���K�$3כ &h�6 x2

s�]j��H�<ÊÃº&ñ
_�ü< ñØ�¦s�e����H���#Q\�¦Òqty�����.�<ÊÃº��HF�) ñØ�¦|̈cÃºe���¦,

�<ÊÃº�� ��Ä»\�v>� f�Ë�Q��u�́ Ãº e����H(higher-order) ���#Q�� ÷&��x��.

E → n (n ∈ Z)

| E + E

| - E

| x ���Ãº

| fλx.E F�) �<ÊÃº

| E E �<ÊÃº  ñØ�¦

e��_�_� áÔ�ÐÕªÏþ�d��_� _�p��� #Qb�G>� �<ÊÃº_� �¦&ñ
&h�Ü¼�Ð &ñ
_�÷&��Ht� �Ð��. ¿º

��t� ~½Óîß�s� e���̀¦ Ãº e����.

• ÏãÎ�FG_� Û¼��{9�(denotational semantics)�Ð _�p�\�¦ &ñ
_����H �.���s	כ áÔ�Ð

ÕªÏþ�_� _�p���H �̧wn�d��Ü¼�Ð &ñ
_��)a��. s� ~½ÓZO�\�"f áÔ�Ðr�4R_� _�p���H �<Ê

Ãº�Ð&ñ
_��)a��.ÕªáÔ�Ðr�4R��F�)&h�����s������,ÕªáÔ�Ðr�4R_�_�p���H	כ

#QÖ¼ �<ÊÃº_� þj�è�¦&ñ
&h�Ü¼�Ð &ñ
_��)a��. s� þj�è�¦&ñ
&h� [þts� áÔ�ÐÕªÏþ�_�

_�p� &ñ
_�5Åq #�l�$�l� ����èß���.

Õª _�p�_� r�̧:����¹כ q�5pw�>�, �̧wn�d��Ü¼�Ð &ñ
_�|̈c �¦��s	כ Õª îß�\� F�)

áÔ�Ðr�4R_� _�p�\�¦ &ñ
_����H þj�è�¦&ñ
&h�s� #�l�$�l� ����èß���. s� ���¹כ

�:rs� "é¶A�_� �¦̀�	כ îß�����>� ¹���ô�Çכ �¦����s	כ 7£x"î
���H X<��H �¦&ñ
&h� )±ú�

ZO�(fixpoint induction)s� ¹כ��9�>� |̈c �.���s	כ �¦&ñ
&h��̀¦ ¾¡§�Ér @/�©�[þt\� @/

ô�Ç $í
|9��̀¦ 7£x"î
���H �.s�Ù¼�Ð	כ

• ���Ér~½Ód��_�_�p�&ñ
_���H,õ�&ñ
�̀¦×¼�Q?/��H~½Ód��(operational semantics)�̀¦

�<ÊÃºg1J�Ð³ð�&³���H����s���.s�XO�>�÷&���,áÔ�ÐÕªÏþ�_�_�p	כ �̧wn�d��Ü¼�Ð

&ñ
_�÷&t� ·ú§t�ëß� &ñ
_�îß�\� þj�è�¦&ñ
&h�s� ������t���H ·ú§��H��.

s�M:_�p��<ÊÃº��HáÔ�ÐÕªÏþ�z�́'��l�(interpreter)�<ÊÃº\�¦F�)&h�Ü¼�Ð³ð�&³ô�Ç

�̧_þvs��)a��.s�XO�>�÷&���,_�p��<ÊÃº��HáÔ�ÐÕªÏþ�_�_�p�\�¦���&ñ
���H�<ÊÃº
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�� ��m���, _�p�\� @/ô�Ç ~½Ó&ñ
d���̀¦ ���&ñ
���H �<ÊÃº�� �)a��.

¿º���P: ~½Ód��Ü¼�Ð ���Ð��.

8̈��â
�Ér

σ ∈ Env = Var
fin

→ Val

Val = 2Z + 2Closure

Closure = Exp × Env

s��¦, _�p��<ÊÃº

V : Exp → Env → Val

��H ��A�ü< °ú s� F�)&h�Ü¼�Ð ³ð�&³|̈c �:���s	כ

V n σ = {n}

V x σ = σ x

V E1 + E2 σ = {z1 + z2 | zi ∈ V Ei σ}

V - E σ = {−z | z ∈ V E σ}

V fλx.E σ = {〈fλx.E, σ〉}

V E1 E2 σ = ∪{V E σ′{x 7→ (σ′ x) ∪ (V E2 σ)}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ V E1 σ}

0A_� ��Ér	כ áÔ�ÐÕªÏþ� E_� _�p� V E\�¦ &ñ
_����H��? ÕªXO�t� ·ú§��. áÔ�ÐÕªÏþ� E_�

_�p� V E��H �̧wn�d��Ü¼�Ð&ñ
_�÷&t�·ú§l�M:ë�Hs���. E��F�)�<ÊÃº\�¦ ñØ�¦��¦Õª

�<ÊÃº?/\� F�) ñØ�¦ “f E ′”s� e����H �â
Äº, &ñ
_��t� 3lw��¦ ëß���:

V E = · · · V f E ′ · · ·

= · · · (· · · V f E ′ · · · ) · · ·

= · · ·

����"f, 0A\�"f ³ð�&³ô�Ç V�Ér E\�¦ ��t��¦ ëß�×¼��H ~½Ó&ñ
d���̀¦ ³ð�&³���H �	כ ÷�rs�

�¦,Õª~½Ó&ñ
d��_�K���áÔ�ÐÕªÏþ�_� E_�_�p� V E��÷&��H���s���.d	כ E_�~½Ó&ñ
d��
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�̀¦ ëß�[þt#QÅÒ��H �<ÊÃº

F : (Exp → Env → Val)→ (Exp → Env → Val)

��H ��2£§��m���:

F V n σ = {n}

F V x σ = σ x

F V E1 + E2 σ = {z1 + z2 | zi ∈ V Ei σ}

F V - E σ = {−z | z ∈ V E σ}

F V fλx.E σ = {〈fλx.E, σ〉}

F V E1 E2 σ = ∪{V E σ′{x 7→ V E2 σ}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ V E1 σ}

s� �)a��.

&ñ
o�����, áÔ�ÐÕªÏþ� E_� _�p���H Õª _�p� V E\� @/ô�Ç ~½Ó&ñ
d��

V E = F V E

õ� Eîß�_� �̧��H d�� Ei[þt_� _�p� V Ei\� @/ô�Ç ~½Ó&ñ
d��

V Ei = F V Ei

[þt_� K�\�¦ ��t��¦ &ñ
_��)a��.

Õª�Qô�Ç F\�¦ :�xK�"f áÔ�ÐÕªÏþ� E�Ð ÂÒ'� �̧Ø�¦�)a ���wn�~½Ó&ñ
d���̀¦

Eqn(E,F)
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���¦ æ¼��. Õª ���wn�~½Ó&ñ
d���̀¦ ���_� �<ÊÃº FE\�¦ s�6 xK�"f ³ð�&³����








X0

...

Xn








= FE








X0

...

Xn








s� ÷&�¦, ~½Ó&ñ
d��_� ÅÒ���/BN Xi��H V Ei@/���\� ��H �,¦��s	כ áÔ�ÐÕªÏþ� E_� �̧��H �

ÂÒ d��[þt�Ér n>h�� e�����¦ ô�Ç �.���s	כ (FE_� &ñ
_���H F�Ð ÂÒ'� "î
Ñþ����.)

Example 26 ��6£§ áÔ�ÐÕªÏþ�

1 + (kλx.k (- x)) 0

�̀¦ Òqty�����. 0A áÔ�ÐÕªÏþ�_� �̧��H ÂÒ¾¡§d��[þt���� ��� ñ\�¦ ·¡s���.

1
︸︷︷︸

1

+ (kλx. k
︸︷︷︸

6

(- x
︸︷︷︸

8

)

︸ ︷︷ ︸

7
︸ ︷︷ ︸

5
︸ ︷︷ ︸

3

0
︸︷︷︸

4

)

︸ ︷︷ ︸

2
︸ ︷︷ ︸

0

y�� áÔ�ÐÕªÏþ� d�� Ei\� @/K�"f ~½Ó&ñ
d��

V Ei = F V Ei
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�̀¦ �̧�Ér ���wn�~½Ó&ñ
d���Ér

V E0 = λσ.{z1 + z2 | z1 ∈ V E1 σ, z2 ∈ V E2 σ}

V E1 = λσ.{1}

V E2 = λσ. ∪ {V E σ′{x 7→ V E4 σ}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ V E3 σ}

V E3 = λσ.{〈kλx.E5, σ〉}

V E4 = λσ.{0}

V E5 = λσ. ∪ {V E σ′{x 7→ V E7 σ}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ V E6 σ}

V E6 = λσ.σ k

V E7 = λσ.{−z | z ∈ V E8 σ}

V E8 = λσ.σ x

~½Ó&ñ
d��_� ÅÒ���/BN�̀¦ V Ei @/���\� Xi�Ð ��r�æ¼���:

X0 = λσ.{z1 + z2 | z1 ∈ X1 σ, z2 ∈ X2 σ}

X1 = λσ.{1}

X2 = λσ. ∪ {XE σ′{x 7→ X4 σ}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ X3 σ}

X3 = λσ.{〈kλx.X5, σ〉}

X4 = λσ.{0}

X5 = λσ. ∪ {XE σ′{x 7→ X7 σ}{f 7→ 〈fλx.E, σ′〉} | 〈fλx.E, σ′〉 ∈ X6 σ}

X6 = λσ.σ k

X7 = λσ.{−z | z ∈ X8 σ}

X8 = λσ.σ x

0A_� ~½Ó&ñ
d��s� :£¤s�ô�Ç ��Ér	כ ~½Ó&ñ
d��_� ÅÒ���/BN[þts� ¢-a���y� ×¼�Q�� e��t� ·ú§��

��H �.���s	כ X2_� ~½Ó&ñ
d���̀¦ �Ð���, “XE”�� ��������H X< áÔ�ÐÕªÏþ� d�� E_� &ñ
�̂��H
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X3_� K��� µ1ß)�|9� M:

“〈fλx.E, σ′〉 ∈ X3 σ′′

q��Ð�è ·ú� Ãº e����. ~½Ó&ñ
d�� ���̂�� ~½Ó&ñ
d���̀¦ ÉÒ��H ×�æ\� ���&ñ
÷&��H !lr���X<, s��	כ

�Ér �<ÊÃº�� áÔ�ÐÕªÏþ�_� °úכs� ÷&#Q ��Ä»\�v>� f�Ë�Q��u�́ Ãº e����H(higher-order) ���

#Q\�¦ @/�©�Ü¼�Ð ì�r$3����H ��s�l	כ M:ë�H\� Òqtl���H �&³�©�s���. #Q�"� �<ÊÃº�� Ô�¦wn= Ãº

e����H t���H ì�r$3�K� ú<�� ·ú� Ãº e����H �,¦��s	כ ì�r$3���9��� #Q�"� �<ÊÃº�� Ô�¦wn= Ãº e��

��H t�\�¦ ·ú����� �l� M:ë�Hs���. 2

���wn� ~½Ó&ñ
d�� Eqn(E,F)_� þj�è_� K���H �½Ó�©� �>rF�ô�Ç��. �=������, Õª�Qô�Ç K�

��H ���5Åq �<ÊÃº F_� þj�è �¦&ñ
&h�

lfpF ∈ Exp → Env → Val

_� �'pàÔo�[þtõ� {9�u�

∀Ei ∈ E : lfpF Ei =���wn� ~½Ó&ñ
d�� Eqn(E,F)\�"f V Ei_� K� (6.14)

�l� M:ë�Hs���.

���wn�~½Ó&ñ
d�� Eqn(E,F)_� K�\�¦ [[Eqn(E,F)]] �Ð æ¼�¦, K�²ú� ×�æ\�"f V Ei_� ²ú�

�̀¦ [[Eqn(E,F)]] Ei�Ð æ¼��. s� ~½Ód��Ü¼�Ð (6.14)\�¦ ��r� æ¼���

∀Ei ∈ E : lfpF Ei = [[Eqn(E,F)]] Ei.

áÔ�ÐÕªÏþ� E_� a(����¹כ _�p���H ��6£§_� �BNçß/���¹כ

σ̂ ∈ ˆEnv = Var
fin

→ V̂al

V̂al = Ẑ + ˆClosure

ˆClosure = 2Exp
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�̀¦ ��t��¦ &ñ
_��)a F̂ �� ëß�[þt#Q ?/��H ���wn�~½Ó&ñ
d�� Eqn(E, F̂)_� K��� �)a��. F̂��H

F̂ ∈ (Exp → ˆEnv → V̂al)→ (Exp → ˆEnv → V̂al)

s��¦ Õª &ñ
_���H

F̂ V̂ n σ̂ = α2 {n}

F̂ V̂ x σ̂ = σ̂ x

F̂ V̂ E1 + E2 σ̂ = (V̂ E1 σ̂)⊕ (V̂ E2 σ̂)

F̂ V̂ - E σ̂ = ª(V̂ E σ̂)

F̂ V̂ λx.E σ̂ = {λx.E}

F̂ V̂ E1 E2 σ̂ = t{V̂ E σ̂{x 7→ σ̂ x ∪ V̂ E2 σ̂} | λx.E ∈ V̂ E1 σ̂}

#�l�"f F̂��H ���5Åq �<ÊÃºs�Ù¼�Ð, lfpF̂��H �>rF���¦, ���wn� ~½Ó&ñ
d�� Eqn(E, F̂)_� K�

��H �½Ó�©�

lfpF̂ ∈ Exp → ˆEnv → V̂al

_� �'pàÔo�[þtõ� {9�u�ô�Ç��:

∀Ei ∈ E : lfpF̂ Ei = [[Eqn(E, F̂)]] Ei.

&ñ
o�����,áÔ�ÐÕªÏþ� E_�z�́]j_�p� [[Eqn(E,F)]]Eü<¹כ����)a_�p� [[Eqn(E, F̂)]]E��H

y��y�� lfpF Eü< lfpF̂ Eü< {9�u�ô�Ç��.

�¹���K�$3כ d�¦\� _�K�, lfpF̂s� lfpF_� îß����ô�Ç ,���9��¹���sכ 7£x"î
½+É ��Ér	כ

α ◦ F v F̂ ◦ α

s���. 7£¤, �̧��H áÔ�ÐÕªÏþ� d�� E\� @/K�"f

∀f : (α(F f)) E v (F̂(α f)) E.
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#�l�"f

(Exp → Env → Val) −→←−α
γ

(Exp → ˆEnv → V̂al)

s��¦, 7£x"î
�Ér E_� y�� �â
ÄºZ>��Ð ��t���� ÷&��H X<, s� M:

Env −→←−α1

γ1 ˆEnv

ü<

Val −→←−α2

γ2

V̂al

\�¦ ��t��¦ �̧wn�d��Ü¼�Ð &ñ
_��)a α�� ��6 x�)a��.

ì�r$3�_� ½̈�&³�Ér, ì�r$3�½+É áÔ�ÐÕªÏþ� E�� ÅÒ#Q&���̀¦ M: ���wn�~½Ó&ñ
d�� Eqn(E, F̂)

�̀¦ Û�¦����)a��. ���wn�~½Ó&ñ
d���Ér Eîß�\� e����H �̧��H d�� Ei_� ���¹כ _�p�

V̂ Ei ∈ ˆEnv → V̂al

\� @/ô�Ç ~½Ó&ñ
d��s���. 7£¤, �<ÊÃº\�¦ >�íß�K� ?/��H �.���s	כ ]X� 6.1.3\�"fü< °ú �Ér �â
Äº

�� ÷&��x��. ¿º��t� ~½ÓZO�Ü¼�Ð >�íß�½+É Ãº e����.

• ëß�{9� ˆEnv_�"é¶�èÃº��Ä»ô�Ç������, ˆEnv → V̂al_�"é¶�è��HÄ»ô�Çô�Ç��s�Ý¼_�

_�s��̂¦s� ÷&�¦, ���wn�~½Ó&ñ
d�� Eqn(E, F̂) 7£¤,








X̂0

...

X̂n








= F̂E








X̂0

...

X̂n








(X̂i\�¦ V̂ Ei @/��� /ú���.) _� þj�è K�

⊔

i∈N

F̂ i
E(⊥, · · · ,⊥) (6.15)

\�¦Õª@/�Ð>�íß�½+ÉÃºe��>��)a��.éß�,s�M: V̂al_�Z�}s���Ä»ô�ÇK�����¦,Õª

XO�t� ·ú§�̀¦ M:��H &h�]X�ô�Ç »¡¤t�ZO�(widening operator)�̀¦ æ¼��� |̈c �.���s	כ
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Äºo�_� �â
Äº, ÅÒ#Q��� áÔ�ÐÕªÏþ�\�"f ˆEnv�Ér Ä»ô�Ç�Ù¼�Ð, »¡¤t�ZO��̧ �O\¹כ��9

s�, d�� (6.15)\�¦ Õª@/�Ð >�íß�½+É Ãº e����.

Õª���X< �̧��H σ̂ ∈ ˆEnv \� @/K�"f

[[Eqn(E, F̂)]] Ei σ̂

�̀¦ ·ú� ��¹כ��9 e���̀¦��? 7£¤, |9�½+Ë (�<ÊÃº_� ÕªA�áÔ)

{σ̂ 7→ [[Eqn(E, F̂)]] Ei σ̂ | σ̂ ∈ ˆEnv} (6.16)

\�¦ >�íß�½+É ��¹כ��9 e���̀¦��? ���_� ��¹���8̈כâ
 σ̂0s� e��#Q"f ÅÒ#Q��� áÔ�ÐÕª

Ïþ� E_� �̧��H �íl�8̈��â
�̀¦ �í[O����H �,������s	כ Äºo��� �'ad��e����H ���õ���H �̧

f�� ���,

[[Eqn(E, F̂)]] Ei σ̂0

s� �������? ¢̧, |9�½+Ë (6.16)�̀¦ >�íß� ���H ��Ér	כ ì�r$3� r�çß�s� �-Áº ú́§s� [þt

Ãº�̧ e���¦, ˆEnv�� Áºô�Çy� ú́§�Ér "é¶�è\�¦ ��t��¦ e������� ��\V Ô�¦��0px ½+É Ãº

�̧ e����.

• ëß�{9� ˆEnv_�"é¶�è��Áºô�Çy� ú́§�����?<�Ê�ÉrÄ»ô�Ç�t�ëß� �̧��H�â
Äº\�¦>�íß�½+É

��¹כ��9 \O��̀¦ �â
Äº��H? 7£¤, ���_� ��¹���8̈כâ
 σ̂0s� e��#Q"f, ÅÒ#Q��� áÔ�ÐÕªÏþ�

E_� �̧��H �íl�8̈��â
�̀¦ �í[O����H �,������s	כ Äºo��� �'ad��e����H ���õ���H �̧f��

���,

[[Eqn(E, F̂)]] E σ̂0

{9� �,¦��s	כ s��¦̀�	כ >�íß����H X< ¹ô�Çכ��9 ëß��puëß� ���wn� ~½Ó&ñ
d�� Eqn(E, F̂)\�

"f >�íß�K� ?/��� |̈c �.���s	כ

¹ô�Çכ��9“ ëß��puëß� ���wn� ~½Ó&ñ
d�� Eqn(E, F̂)\�"f >�íß�K�”�·p��? ��6£§õ� °ú s�
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Òqty������ �)a��. ���wn�~½Ó&ñ
d�� Eqn(E, F̂)








X̂0

...

X̂n








= F̂E








X̂0

...

X̂n








�̀¦SX��©�K�"f,~½Ó&ñ
d��_�ÅÒ���/BN(�̧ØÔ��H���Ãº) X̂i\�¦ ˆEnv_�"é¶�èÃºëß��puSX�

�©�K�"f ~½Ó&ñ
d��_� ÅÒ���/BN[þts� X̂i\� �̧��H σ̂ ∈ ˆEnv[þts� y��y�� ·¡�Ér ��þts]	כ

�)a ~½Ó&ñ
d���̀¦ Òqty��K��Ð��:




















X̂0 σ0

...

X̂0 σω

...

X̂n σ0

...

X̂n σω




















= F̂
ˆEnv

E




















X̂0 σ0

...

X̂0 σω

...

X̂n σ0

...

X̂n σω




















(6.17)

(F̂
ˆEnv

E _� &ñ
_���H F̂E�Ð ÂÒ'� "î
Ñþ����.) 0A_� ���wn� ~½Ó&ñ
d��[þt ×�æ\�"f áÔ�Ð

ÕªÏþ� Eü< �íl� ��¹���8̈כâ
 σ̂0\� K�{©����H ÅÒ���/BN X̂E σ̂0_� ~½Ó&ñ
d���̀¦ ÉÒ��H

X< ¹ô�Çכ��9 ~½Ó&ñ
d�� [þtëß��̀¦ Y�J��?/"f Û�¦��� ÷&��x��.


¹ô�Ç~½Ó&ñכ��9d��[þts�Áºô�Çy� ú́§��t���H�â
Äº��H? ˆEnv_�"é¶�è��Áºô�Çy� ú́§Ü¼

��� ÕªXO�>� |̈c Ãº e����x��. ¹ô�Çכ��9 ~½Ó&ñ
d��s� X̂i\� @/K� 4�¤Ãº�Ð ���̧>� ÷&��H

�â
Äº, 7£¤, X̂i σ1\� @/ô�Ç ~½Ó&ñ
d��õ� X̂i σ2\� @/ô�Ç ~½Ó&ñ
d��s� ¹כ��9�>� ÷&���,

@/���\� X̂i (σ1 t σ2)\� @/ô�Ç ~½Ó&ñ
d��ëß��̀¦ Òqty��ô�Ç�����, >�íß�\� V,�#Q�� ½+É ~½Ó

&ñ
d���Ér ˆEnv_� Z�}s��� Ä»ô�Ç������ �½Ó�©� Ä»ô�Ç>h_� ~½Ó&ñ
d��ëß� ��ÀÒ>� �)a��.

ÕªXO�>� K�"f >�íß��)a X̂i (σ1 t σ2)_� K���H X̂i σ1_� K�ü< X̂i σ2_� K�\�¦ �̧¿º

�í[O�ô�Ç��. �=������ X̂i�� éß��̧(monotonic) �<ÊÃº s��¦(�=?), ~½Ó&ñ
d��_� ?/

6 x�̀¦ ���&ñ
���H F̂�̧ éß��̧(monotonic) �<ÊÃº s�l� M:ë�Hs���.
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6.1.5 �¹���K�$3כ &h�6 x3

s�]j��H"î
§î
+þA���#Q\�¦Òqty��K��Ð��.��A�ü<°ú s�&ñ
_�|̈cÃºe����H"î
§î
ë�H C��áÔ

�ÐÕªÏþ�s���.

C → skip

| x := E

| if E then C else C

| C ; C

| while E do C

E → n (n ∈ Z)

| x

| E + E

| E < E

áÔ�ÐÕªÏþ�_� _�p���H {9��©�&h���� "î
§î
+þA ���#Qü< °ú ��. _�p�/BNçß��Ér

Memory = Loc
fin

→ Value

Value = 2Z + 2B

Loc = Var

B = {T, F}

s��¦, _�p���H ��6£§_� �<ÊÃº�� ëß�×¼��H ~½Ó&ñ
d��_� K��� ÷&��x��:

C ∈ Cmd → Memory → Memory

V ∈ Expr → Memory → Value
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C skip m = m

C x := E m = m{x 7→ V E m}

C if E then C1 else C2 m = V E m ? C C1 m : C C2 m

C C1 ; C2 m = C C2 (C C1 m)

C while E do C m = V E m ? C while E do C (C C m) : m

V n m = {n}

V x m = m x

V E1 + E2 m = (V E1 m) + (V E2 m)

V E1 < E2 m = (V E1 m) < (V E2 m)

0A_����ÉráÔ�ÐÕªÏþ	כ C_�_�p�\�¦&ñ
_��t���H·ú§��H��.áÔ�ÐÕªÏþ�\� while-ë�Hs�

e��Ü¼���Õª_�p��� �̧wn�d��Ü¼�Ð&ñ
_�÷&t�·ú§l�M:ë�Hs���.0A\�"f³ð�&³ô�Ç C�Ér C\�¦

��t��¦ëß�×¼��H~½Ó&ñ
d���̀¦³ð�&³ô�Ç��÷	כrs��¦,Õª~½Ó&ñ
d��_�K���áÔ�ÐÕªÏþ� C_�_�

p� C C�� ÷&��H �.���s	כ ô�Ç¼#�, áÔ�ÐÕªÏþ� d�� E_� _�p���H "î
§î
#Qü<��H ²ú�o� V E�Ð

&ñ
_��)a��. E_� ÂÒ¾¡§[þt_� _�p�[þt�Ð �̧wn�d��Ü¼�Ð &ñ
_�÷&#Q e��l� M:ë�Hs���.

"î
§î
ë�H C_� _�p� ~½Ó&ñ
d��

C C = · · ·

_� �̧�Ér¼#��Ér 0A\�"f ³ð�&³ô�Ç F�)�<ÊÃº C_� ?/6 x�̀¦ �¦Û¼êøÍy� ��t���H �©�0A_� �<Ê

Ãº

F : (Cmd → Memory → Memory)→ (Cmd → Memory → Memory)
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�� &ñ
_����H F C C�� ÷&��x��:

F C skip m = m

F C x := E m = m{x 7→ V E m}

F C if E then C1 else C2 m = V E m ? F C C1 m : C C2 m

F C C1 ; C2 m = C C2 (C C1 m)

F C while E do C m = V E m ? C while E do C (C C m) : m

áÔ�ÐÕªÏþ� C_� a(����¹כ _�p���H ��6£§_� �BNçß/���¹כ

ˆMemory = Loc
fin

→ ˆValue

ˆValue = Ẑ + B̂

B̂ = {⊥, T, F,>}

Loc = Var

�̀¦ ��t��¦ ��6£§_� F�)�<ÊÃº_� ?/6 xÜ¼�Ð ëß�[þt#Qt���H ~½Ó&ñ
d��_� K��� ÷&��x��:

Ĉ ∈ Cmd → ˆMemory → ˆMemory

V̂ ∈ Expr → ˆMemory → ˆValue
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Ĉ skip m̂ = m̂

Ĉ x := E m̂ = m̂{x 7→ V̂ E m̂}

Ĉ if E then C1 else C2 m̂ = (Ĉ C1 m̂) t (Ĉ C2 m̂)

Ĉ C1 ; C2 m̂ = Ĉ C2(Ĉ C1 m̂)

Ĉ while E do C m̂ = m̂ t (Ĉ while E do C (Ĉ C m̂))

V̂ n m̂ = α{n}

V̂ x m̂ = m̂ x

V̂ E1 + E2 m̂ = (V̂ E1 m̂) ⊕ (V̂ E2 m̂)

V̂ E1 < E2 m̂ = (V̂ E1 m̂)<̂(V̂ E2 m̂)

s��¦,

<̂ ⊥ + − >

⊥ ⊥ ⊥ ⊥ ⊥

+ ⊥ > F >

− ⊥ T > >

> ⊥ > > >

7£¤, "î
§î
ë�H C_� �¹���K�$3כ ~½Ó&ñ
d��

Ĉ C = · · ·

_� �̧�Ér¼#��Ér 0A\�"f ³ð�&³ô�Ç F�)�<ÊÃº Ĉ_� ?/6 x�̀¦ �¦Û¼êøÍy� ��t���H �©�0A_� �<Ê

Ãº

F̂ : (Cmd → ˆMemory → ˆMemory)→ (Cmd → ˆMemory → ˆMemory)
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�� &ñ
_����H F̂ Ĉ C�� ÷&��x��:

F̂ Ĉ skip m̂ = m̂

F̂ Ĉ x := E m̂ = m̂{x 7→ V̂ E m̂}

F̂ Ĉ if E then C1 else C2 m̂ = (Ĉ C1 m̂) t (Ĉ C2 m̂)

F̂ Ĉ C1 ; C2 m̂ = Ĉ C2(Ĉ C1 m̂)

F̂ Ĉ while E do C m̂ = m̂ t (Ĉ while E do C (Ĉ C m̂))

�¹���K�$3כ d�¦\� _�K�, lfpF̂s� lfpF_� îß����ô�Ç ,���9��¹���sכ 7£x"î
½+É ��Ér	כ ��A�

Ñüt ×�æ ���s���:

• α ◦ F v F̂ ◦ α, 7£¤, �̧��H áÔ�ÐÕªÏþ� C\� @/K�"f

∀f : (α(F f)) C v (F̂(α f)) C,

<�Ê�Ér,

• α f v f̂ s���� α(F f) v F̂ f̂ , 7£¤, �̧��H áÔ�ÐÕªÏþ� C\� @/K�"f

(α(F f)) C v (F̂ f̂) C.

#�l�"f

(Cmd → Memory → Value) −→←−α
γ

(Cmd → ˆMemory → ˆValue)

s��¦, 7£x"î
�Ér C_� y�� �â
ÄºZ>��Ð ��t���� ÷&��H X<, s� M:

Memory −→←−α1

γ1 ˆMemory

ü<

Value −→←−α2

γ2 ˆValue
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\�¦ ��t��¦ �̧wn�d��Ü¼�Ð &ñ
_��)a α�� ��6 x�)a��.

ì�r$3�_� ½̈�&³�Ér, ì�r$3�½+É áÔ�ÐÕªÏþ� C�� ÅÒ#Q&���̀¦ M: ���wn�~½Ó&ñ
d�� Eqn(C, F̂)

�̀¦Û�¦����)a��. ���wn�~½Ó&ñ
d���Ér Cîß�\�e����H �̧��H"î
§î
ë�H[þt Ciü<d��[þt Ei_¹כ���� _�

p�

Ĉ Ci ∈ ˆMemory → ˆMemory

V̂ Ei ∈ ˆMemory → ˆValue

\� @/ô�Ç ~½Ó&ñ
d��s���.

~½Ó&ñ
d��_� K�(áÔ�ÐÕªÏþ�_� a(����¹כ _�p�)��H Bj�̧o�\�"f Bj�̧o��Ð ����H �<ÊÃº��

÷&��x�¦, ]X� 6.1.4\�"fü< °ú �Ér �â
Äº�� �)a��.

Example 27 ��6£§ áÔ�ÐÕªÏþ�

x := 1 ; while (0 < x) do x := x + 1

�̀¦ Òqty�����. y�� ÂÒ¾¡§���� ��� ñ\�¦ ·¡s���.

x := 1
︸ ︷︷ ︸

1

; while (0 < x) do x := x + 1
︸ ︷︷ ︸

4
︸ ︷︷ ︸

3
︸ ︷︷ ︸

2
︸ ︷︷ ︸

0

y�� ÂÒ¾¡§_� _�p� Ĉ Ciü< V̂ Ei\� @/ô�Ç ~½Ó&ñ
d���Ér y��y�� F̂ Ciü< V̂ Ei\� _�K�"f ��A�

ü< °ú s� &ñ
_��)a��:

Ĉ C0 = λm̂.Ĉ C2(Ĉ C1 m̂)

Ĉ C1 = λm̂.m̂{x 7→ V̂ 1 m̂}

= λm̂.m̂{x 7→ α{1}}

Ĉ C2 = λm̂.m̂ t (Ĉ C2 (Ĉ C3 m̂))

Ĉ C3 = λm̂.m̂{x 7→ V̂ E4 m̂}

= λm̂.m̂{x 7→ (m̂ x) +̂ α{1}}
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~½Ó&ñ
d��_� ÅÒ���/BN Ĉ Ci\�¦ X̂i�Ð K�"f ��r� æ¼���

X̂0 = λm̂.X̂2(X̂1 m̂)

X̂1 = λm̂.m̂{x 7→ +}

X̂2 = λm̂.m̂ t (X̂2 (X̂3 m̂))

X̂3 = λm̂.m̂{x 7→ (m̂ x) ⊕ +}

0A_� ~½Ó&ñ
d���̀¦ ÉÒ��HX<, áÔ�ÐÕªÏþ� r����\�"f_� Bj�̧o�_� �©�I���

{} ∈ Var
fin

→ ˆValue

���¦����,

X̂0 {}

\�"f ÂÒ'� “����WìøÍ6£x”�̀¦ {9�Ü¼v���H ~½Ó&ñ
d��[þtëß� Û�¦��� |̈c�.���s	כ ����WìøÍ6£x�̀¦ ��

�� ¶ú�(R�Ð���, Û�¦#Q�� ½+É ~½Ó&ñ
d��[þt�Ér ��6£§õ� °ú s� 	�YV�Ð ×¼�Qèß���:

X̂0 {} = X̂2(X̂1 {}) ����"f

X̂1 {} = {x 7→ +} ����"f

X̂2 {x 7→ +} = {x 7→ +} t (X̂2 (X̂3 {x 7→ +})) ����"f

X̂3 {x 7→ +} = {x 7→ +}{x 7→ + ⊕ +}

��r� &ñ
o�����

X̂0 {} = X̂2 {x 7→ +}

X̂1 {} = {x 7→ +}

X̂2 {x 7→ +} = {x 7→ +} t (X̂2 {x 7→ +})

X̂3 {x 7→ +} = {x 7→ +}
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0A_� ~½Ó&ñ
d���̀¦ ��r� æ¼��� (X̂i ?�̀¦ Ŷi�Ð)

Ŷ0 = Ŷ2

Ŷ1 = {x 7→ +}

Ŷ2 = {x 7→ +} t Ŷ2

Ŷ3 = {x 7→ +}

0A_� ~½Ó&ñ
d��_� þj�èK���H �¦&ñ
&h� >�íß�(fixpoint iteration)�̀¦ :�xK�"f ��6£§õ� °ú s�

%3�#Q�����:

Ŷ0 = {x 7→ +}

Ŷ1 = {x 7→ +}

Ŷ2 = {x 7→ +}

Ŷ3 = {x 7→ +}

7£¤, áÔ�ÐÕªÏþ�_� �̧��H "î
§î
ë�H���� z�́'��÷&�¦ ����� x��H �½Ó�©� 6£§s������ &ñ
Ãº\�¦ ��

�������H ì�r$3� ���õ��� ���:r��. 2
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6.1.6 áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§

6.1.6.1 ì�r$3� ·ú��¦o�7£§_� {9�§4�

ì�r$3�l�_� {9�§4��Ér

1. ì�r$3�½+É áÔ�ÐÕªÏþ� C ü<

2. áÔ�ÐÕªÏþ�_� a(����¹כ _�p�\� �'aô�Ç ~½Ó&ñ
d���̀¦ �̧Ø�¦K� ÅÒ��H F̂

F̂ ∈ (Code → D̂)→ (Code → D̂)

s���.

6.1.6.2 ì�r$3� ·ú��¦o�7£§_� \O�>h

·ú��¦o�7£§_� \O�>h��H

1. áÔ�ÐÕªÏþ� C\� @/ô�Ç ���¹כ K�$3� ~½Ó&ñ
d�� Eqn(C, F̂)








X̂0

...

X̂n








= F̂C








X̂0

...

X̂n








(6.18)

[jÄºl�. X̂k��H C_� ÂÒ¾¡§ Ck_� ∋)��p_���¹כ D̂)\�¦ >pw��¦ Õª ~½Ó&ñ
d��

X̂k = · · ·

_� �̧�ÉrAá¤�Ér F̂ {Ci 7→ X̂i | Ci ∈ C} Ck �Ð &ñ
_��)a��.

2. ~½Ó&ñ
d�� (6.18) _� K� Û�¦l�. ��6£§_� �À»Ìº,á
�̀¦ >�íß����� �)a��:

⊔

i∈N

F̂ i
C(⊥D̂, · · · ,⊥D̂) (6.19)
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D̂_� Z�}s��� Ä»ô�Ç������, 0A_� �¦̀�	כ Õª@/�Ð >�íß�½+É Ãº e����. F̂C��H ���

5Åq(continuous)s�����éß��̧(monotonic)s�����Ø���½Ó(extensive)���H�<ÊÃºs�

Ù¼�Ð

(⊥D̂, · · · ,⊥D̂) v F̂C(⊥D̂, · · · ,⊥D̂) v F̂2
C(⊥D̂, · · · ,⊥D̂) v · · ·

s��¦ Õª =åQ�Ér Ä»ô�Çô�Ç n\�"f "3�ÆÒ 9 Õª �	כ

F̂n
C(⊥D̂, · · · ,⊥D̂)

s�d�� (6.19)õ�{9�u�ô�Ç��.Z�}s���Áºô�Ç������,»¡¤t�ZO�(widening operator)õ�

a%vy�l�(narrowing operator) (6.1.1]X�)\�¦ +�"f Õª �À»Ìº,á
�̀¦ Ä»ô�Çô�Ç r�çß�?/

\� >�íß���¦ &ñ
�§�>� ��1pu�̀¦ Ãº e����.

6.1.6.3 ��p_���¹כ /BNçß� D̂s� �<ÊÃº/BNçß�s� ��u�́ �â
Äº

ì�r$3� ·ú��¦o�7£§_� ?/6 xs� ÕªaË> 6.1\� e����. ���©� �í�Ð&h���� �¦&ñ
&h� ìøÍ4�¤(fixpoint

iterations) ·ú��¦o�7£§s���. áÔ�ÐÕªÏþ� C_� ì�r$3��Ér

Tabulate(F̂ , C)

\�¦ >�íß����H �.���s	כ i-���P: ìøÍ4�¤�Ér F̂ i
C(⊥D̂, · · · ,⊥D̂)\�¦ >�íß�ô�Ç��. ~½Ó&ñ
d���̀¦ [j

Äº�¦ ÉÒ��H ��s	כ ���Ð e��t�·ú§�¦ áÔ�ÐÕªÏþ� ÂÒ¾¡§ Ck_� ~½Ó&ñ
d�� �̧�Ér¼#� F̂ {Ci 7→

X̂i | Ci ∈ C} Ck _� >�íß�s� F̂ λx.T (x) Ck\�¦  ñØ�¦���H �Ü¼�Ð	כ ½̈�&³�)a��. s� ·ú��¦

o�7£§�Ér, D̂_�Z�}s���Ä»ô�Ç������,Ä»ô�Ç���ìøÍ4�¤Ü¼�Ð"3�ÆÒ>�÷&�¦ÕªM:_� T��ì�r

$3����õ��� �)a��.

·ú��¦o�7£§_�4�¤ú̧��̧��H,~½Ó&ñ
d��_�Ì�	Ãº(ì�r$3�½+ÉáÔ�ÐÕªÏþ�_�ÂÒ¾¡§Ãº,áÔ�ÐÕªÏþ�

_� ß¼l�)�� Ns����¦ ����, B� ìøÍ4�¤���� ×¼��H þj@/ r�çß��Ér

N ×O(F̂) + N ×O(v)
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Tabulate(F̂ : (Code → D̂)→ (Code → D̂), C : Code)

T, T ′ : C → D̂;
begin

∀Ci of C : T (Ci) := T ′(Ci) := ⊥D̂;
repeat

T ′ := T ;

∀Ci of C : T (Ci) := F̂ (λx.T (x)) Ci;
until T v T ′ (* no more increase *)

end

ÕªaË> 6.1: �í�Ð&h���� áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§

s��¦, ìøÍ4�¤_� þj@/ S¦�Ãº��H D̂_� Z�}s��� �)a��.

D̂_� Z�}s��� Áºô�Ç�~����, Ä»ô�Ç��8���̧ À1Ïo� ·ú��¦o�7£§s� =åQ��>� ��9���, Õª

aË> 6.2_� ·ú��¦o�7£§�̀¦ ��6 xô�Ç��. »¡¤t�ZO�(widening operator) 5�̀¦ +�"f îß����ô�Ç ~½Ó

&ñ
d��_�K�\�¦���5Åqy�>�íß���¦,a%vy�l�(narrowing operator) 4�ÐÕª���õ�\�¦��1pu

>� �)a��( 6.1.1]X�).

0A_� ·ú��¦o�7£§[þt(ÕªaË> 6.1, ÕªaË> 6.2)s� �í�Ð&h���� s�Ä»��H, Ô�¦�9¹כ�ô�Ç >�íß��̀¦

ú́§s��l� M:ë�Hs���. B� ìøÍ4�¤���� �̧��H ~½Ó&ñ
d��_� �̧�ÉrAá¤�̀¦ ��r� >�íß� ô�Ç��:

∀Ci ∈ C : T (Ci) := F̂ (λx.T (x)) Ci

7á§�8 ò́Ö�¦&h�s�l�0AK�"f��H,B�ìøÍ4�¤������r�>�íß�½+É�9¹כ���e����H~½Ó&ñ
d��ëß�

��r� >�íß����� �)a��. ��r� >�íß�½+É ��¹כ��9 e����H ~½Ó&ñ
d���Ér s���� ìøÍ4�¤\�"f ����o��

{9�#Qèß� T (Ci)\�%ò
�¾Ó~ÃÎ�̀¦Ãºe����H~½Ó&ñ
d��[þtëß�s���.B���� �̧��H~½Ó&ñ
d���̀¦��r�>�

íß�½+É�9¹כ���H\O���.s�XO�>�½+É{9�ëß��l�~½Ód��Ü¼�Ð·ú��¦o�7£§(worklist algorithm)�̀¦

&ñ
_����� ÕªaË> 6.3õ� °ú ��.

Exercise 1 ÕªaË> 6.3_�·ú��¦o�7£§�̀¦»¡¤t�ZO�(widening operator)õ�a%vy�l�(narrowing

operator)\�¦ æ¼��H ·ú��¦o�7£§Ü¼�Ð SX��©����.
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Tabulate4
5(F̂ : (Code → D̂)→ (Code → D̂), C : Code)

T, T ′ : C → D̂;

d : D̂;
begin

∀Ci of C : T (Ci) := T ′(Ci) := ⊥D̂;
repeat

T ′ := T ;
∀Ci of C :

d := F̂ (λx.T (x)) Ci;
if d 6v T ′(Ci) then T (Ci) := T ′(Ci)5 d

until T v T ′ (* no more increase *)
repeat

T ′ := T ;

∀Ci of C : T (Ci) := T ′(Ci)4 F̂ (λx.T (x)) Ci;
until T ′ v T (* no more decrease *)

end

ÕªaË> 6.2: �í�Ð&h���� áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§: »¡¤t�ZO�õ� a%vy�l�

6.1.6.4 ��p_���¹כ /BNçß� D̂s� �<ÊÃº/BNçß�{9� �â
Äº

áÔ�ÐÕªÏþ�_� _�p���H @/>� �<ÊÃº/BNçß�\�"f &ñ
_�÷&��H �â
Äº�� ú́§��: \V\�¦[þt#Q, 8̈��â


\�"f °úכÜ¼�Ð_� �<ÊÃº�Ð, Bj�̧o�\�"f Bj�̧o�_� �<ÊÃº�Ð. 7£¤, áÔ�ÐÕªÏþ�_� ���¹כ _�

p�\�¦ ���&ñ
���H �<ÊÃº F̂��H @/>�

F̂ ∈ (Code → Â→ B̂)→ (Code → Â→ B̂)

_� g1Js� �)a��.

s���� �â
Äº, 6.1.4]X�õ� 6.1.5]X�\�"f �7H_�ô�Ç X<�Ð, z�́]j�Ð ¹ô�Çכ��9 &ñ
�Ð��H áÔ�Ð

ÕªÏþ�_� _�p���� �<ÊÃº ����̂_� �̧_þvs� ��m��� Õª ×�æ {9�ÂÒì�rÜ¼�Ð ²DGô�Ç÷&��H �â
Äº��

ú́§��. 7£¤, áÔ�ÐÕªÏþ� C_� _�p���� �<ÊÃº����̂ �Ð����H Õª ×�æ\�"f :£¤&ñ
 â ∈ Â\� @/ô�Ç

s�p�t�ëß�s� ì�r$3�_� �'ad��s� ÷&���� Õª�Ü¼�Ð	כ Ø�æì�rô�Ç �â
Äº�� ú́§��. Õª�Qô�Ç â_�

\V�Ð��H, áÔ�ÐÕªÏþ�_� _�p��� {9�Ø�¦§4� �<ÊÃº�Ð &ñ
_�|̈c M: �̧��H ��0pxô�Ç {9�§4�[þt�̀¦ ³ð

�&³���H >Â.
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W : 2Code (* worklist *)
w : Code

(* f is called when the evaluation of w (current expression) requires
the evaluation of c (sub expression of w). *)

f(c : Code) : D̂
begin

record that evaluation of w requires that of c;
W := Add(W, c);
return T (c)

end

Tabulate(F̂ : (Code → D̂)→ (Code → D̂), C : Code)

TX : Pgm → X̂; TY : Pgm → Ŷ ; y : Ŷ ;
begin

∀Ci of C : T (Ci) := T ′(Ci) := ⊥D̂;
W := {C}
repeat

w := Select(W )

y := F̂ f w
if y 6v TY (w) then

TY (w) := y
∀w′ whose evaluation needs that of w :

W := Add(W,w′)
until W = {}

end

ÕªaË> 6.3: ½+É{9�ëß� �l� ~½Ód��_� áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§(worklist algorithm)
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ÕªXO�>� :£¤&ñ
ô�Ç â\� @/ô�Ç áÔ�ÐÕªÏþ� C_� ì�r$3��Ér, áÔ�ÐÕªÏþ� C_� �¹���K�$3כ ~½Ó

&ñ
d�� 






X̂0

...

X̂n








= F̂C








X̂0

...

X̂n








�Ð����H, X̂i\�¦ Â_� "é¶�è Ãº ëß��pu SX��©��)a ~½Ó&ñ
d��




















X̂0 â0

...

X̂0 âω

...

X̂n â0

...

X̂n âω




















= F̂ Â
C




















X̂0 â0

...

X̂0 âω

...

X̂n â0

...

X̂n âω




















�̀¦Òqty��K�"f,Õª×�æ\�"f X̂C â_�~½Ó&ñ
d���̀¦ÉÒ��HX<�9¹כ�ô�Ç~½Ó&ñ
d��[þtëß��̀¦ÉÒ��H~½Ó

d��s� �)a��.

ÕªaË>6.4��HÕªXO�>� ½̈�&³ô�Ç�í�Ð&h����·ú��¦o�7£§s��¦,ÕªaË>6.5�Ér½+É{9�ëß��l�~½Ó

d��(worklist algorithm)_� ·ú��¦o�7£§s���.

Exercise 2 ·ú��¦o�7£§[þt(ÕªaË>6.4,6.5) �̀¦»¡¤t�ZO�(widening operator)õ�a%vy�l�(narrowing

operator)\�¦ ��6 x���H !Q���Ü¼�Ð SX��©����.
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f (c : Code) (a : Â) : B̂
begin

TX(c) := TX(c) t a;
return TY (c)

end

Tabulate(F̂ : (Code → Â→ B̂)→ Code → Â→ B̂, C : Code, a : Â)

TA, T ′
A : Code → Â;

TB, T ′
B : Code → B̂;

begin

∀Ci of C : TA(Ci) := ⊥Â, TB(Ci) := ⊥B̂;
TA(C) = a;
repeat

〈T ′
A, T ′

B〉 = 〈TA, TB〉;

∀Ci ∈ C : TB(Ci) := F̂ f Ci (TA(Ci));
until (TA v T ′

A) ∧ (TB v T ′
B)

end

ÕªaË> 6.4: �í�Ð&h���� áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§: áÔ�ÐÕªÏþ� _�p�(∈ Â → B̂)��
{9�Ø�¦§4� �<ÊÃº{9� M:
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W : 2Code

w : Code

(* f is called when the evaluation of w (current code) requires
the evaluation of c (sub code of w). *)

f (c : Code) (a : Â) : B̂
begin

record that evaluation of w requires that of c;
if (x 6v TA(c)) then

TA(c) := TA(c) t a;
W := Add(W, c);

return TB(c)
end

Tabulate(F̂ : (Code → Â→ B̂)→ (Code → Â→ B̂), C : Code, â : Â)

TA : C → Â; TB : C → B̂; y : B̂;
begin

∀Ci ∈ C : TA(Ci) := ⊥Â, TB(Ci) := ⊥B̂;
TA(C) := â;
W := {C}
repeat

w := Select(W )

y := F̂ f w TA(w)
if y 6v TB(w) then

TB(w) := y
∀w′ whose evaluation needs that of w :

W := Add(W,w′)
until W = {}

end

ÕªaË> 6.5: ½+É{9�ëß� �l� ~½Ód��_� áÔ�ÐÕªÏþ� ì�r$3� ·ú��¦o�7£§(worklist algorithm):
áÔ�ÐÕªÏþ� _�p�(∈ Â→ B̂)�� {9�Ø�¦§4� �<ÊÃº{9� M:
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