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���¹כ K�$3�(abstract interpretation)
���¹כ K�$3�: ��s�n�#Q
���¹כ K�$3� d�¦: >h�'a
���¹כ K�$3� d�¦: ?/6 x



¹���K�$3�(abstractכ interpretation)

◮ áÔ�ÐÕªÏþ� ì�r$3� = áÔ�ÐÕªÏþ�_� ���¹כ z�́'��

◮ ì�r$3�½+É áÔ�ÐÕªÏþ�_� _�p�(z�́'��)_� r:����¹כ >�íß�



{9��©�\�"f_� �¹���K�$3כ

128× 22 + (1920×−10) + 4��H #Q�"� Ãº ?¹כ���9}

◮ 0.1�í Êê: “&ñ
Ãº{9�m���.”

◮ 2�í Êê: “���Ãº{9�m���.”

◮ 3�í Êê: “−10, 0000õ� 1, 0000 ��s�_� Ãº{9�m���.”

◮ 5�í Êê: “6£§Ãº{9�m���.”

◮ 1r�çß� Êê: “−1, 6380{9�m���.”



���¹כ K�$3�(abstract interpretation)_� ��0>

áÔ�ÐÕªÏþ� ì�r$3�l� n������_� è�H�̀¦ ä¼>�ô�Ç ���©� y©�§4�
��¦ çß�

éß�ô�Ç d�¦(framework).

◮ “d�¦”: V,�Ü¼��� a%~�Ér>� ���:r��, F���6 x

◮ “���©� y©�§4�ô�Ç”: �̧��H ì�r$3�s� s� d�¦îß�\�"f s�K�H�d
[CC95b,CC93,CC95,Co97b].

◮ “çß�éß�”: d�¦ ��6 xZO�s� çß�éß�

◮ “è�H�̀¦ ä¼>�ô�Ç”: #Q�"� ì�r$3�s�|	� ���²DG�Ér xx\�¦ ¹���ô�Çכ �	כ



�_���¹כ 
¹$íכ��9

ì�r$3�½+É áÔ�ÐÕªÏþ�_� a(����¹כ z�́'�� = Õª �èÛ¼���#Q_� a(����¹כ
_�p�½̈�̧(semantics)

◮ �¹���sכ ¹ô�Çכ��9 s�Ä»?
◮ �O\���¹כs� z�́'��K� �Ð���(simulation)"f �̧¿º\�¦ �í[O�½+É Ãº
\O���

◮ �O\���¹כs���H ì�r$3�s� =åQs� \O���

◮ ¹����Érכ Òqt|ÄÌs� ��m���

◮ z�́]j: {2, 4, 6, 8, · · · }
◮ “���Ãº”(¹כ���) vs “4_� C�Ãº”(@/Ø�æ)



���¹כ K�$3�Ü¼�Ð ì�r$3�
�l�

��H ��6£§�̀¦ 
���H �	כ

1. áÔ�ÐÕªÏþ�_� z�́]j z�́'��_� &ñ
_�: #Qb�G>� Áº%Á	Ü¼�Ð

2. áÔ�ÐÕªÏþ�_� ���¹כ z�́'��_� &ñ
_�: #Qb�G>� Áº%Á	Ü¼�Ð

3. �̀¦���Ér ���¹כ z�́'�����t� SX����: #Qb�G>� Áº%Á	Ü¼�Ð

4. ���¹כ z�́'���̀¦ >�íß�
���H ~½ÓZO�: #Qb�G>� Áº%Á	Ü¼�Ð

�_�¹���K�$3כ ÅÒ¹כ �7Hë�H[CC77,CC79,CC92a,CC92b]_� &ñ
o�



���¹כ K�$3� d�¦

z�́]j z�́'�� [[C]] = fixF ∈ D

���¹כ z�́'�� [[C]]# = limi∈N F#i(⊥D#) ∈ D#

�̀¦��2£§ [[C]] ≈ [[C]]#

½̈�&³ [[C]]# _� ��1lx>�íß�

d�¦s� 
̈½¹כ���H �:	כ

◮ Dü< D#��s�_� #Q�"� �'a>�

◮ F ∈ D → Dü< F# ∈ D# → D#_� #Q�"� �'a>�

d�¦s� �Ð�©�
���H �:	כ

◮ �̀¦��2£§: [[C]] ≈ [[C]]#

◮ ½̈�&³ZO�: [[C]]# ��1lx >�íß�
���H ZO�

◮ ��Ä»�Ð¹¡§: }��@/�Ð s� îß�\�"f



���¹כ K�$3� n������: step 1

áÔ�ÐÕªÏþ�_� z�́]j z�́'���̀¦ &ñ
_�

◮ _�p�/BNçß�(semantic domain) CPO D \�¦ &ñ
_�

◮ z�́]j z�́'���Ér ���5Åq �<ÊÃº F ∈ D → D _� þj�è

�¦&ñ
&h�(least fixed point) lfpF Ü¼�Ð &ñ
_�

lfpF =
⊔

i∈N

F i(⊥D)

>�S\�: lfpF\�¦ �í[O�
���H a(����¹כ Óüt|	� ½̈
�l�



���¹כ K�$3� n������: step 2

áÔ�ÐÕªÏþ�_� a(����¹כ z�́'���̀¦ &ñ
_�

◮ a(����¹כ _�p�/BNçß�(abstract domain) CPO D#�̀¦ &ñ
_�

◮ Dü< D#�Ér °ú��Ð�� ������(Galois connection)

◮ a(����¹כ z�́'���<ÊÃº F# ∈ D# → D# \�¦ &ñ
_�

◮ F#��H éß��̧ �<ÊÃº(monotonic function)����
◮ F#��H Ø���½Ó �<ÊÃº(extensive function)

>�S\�: lfpF\�¦ �í[O�
���H a(����¹כ Óüt|	��̀¦ F#��t��¦ ½̈
�l�



:1̈½¹כ °ú��Ð�� ������(Galois connection)
Dü< D#�Ér °ú��Ð�� ������(Galois connection)

D −→←−α

γ

D#

÷&#Q e��#Q��

◮ °ú��Ð�� ������_� &ñ
_�:

∀x ∈ D, x# ∈ D# : α(x) ⊑ x# ⇐⇒ x ⊑ γ(x#).

◮ °ú��Ð�� ������_� _�p�:
◮ D#\�"f 	�H "é¶�è{9�Ãº2�¤ �Ð�� ú́§�Ér �¦̀�	כ _�p�
◮ α��H z�́]j\�¦ 
���¹כ��¦(abstraction function)
◮ γ��H ¹���ô�Çכ "é¶�è�� >pw
���H z�́]j\�¦ &ñ
_�(concretization

function).

>�S\�: ���¹כ ì�r$3��Ér
⊔

i∈N
F#i(⊥#)_� �À»Ìº,á
(upper bound)�̀¦ >�íß�
�l�



:2̈½¹כ F#_� $í
|9�

◮ a(����¹כ z�́'���<ÊÃº F#��H éß��̧(monotonic) �<ÊÃº����:

∀x, y ∈ D# : x ⊑ y ⇒ F#(x) ⊑ F#(y)

Ø���½Ó(extensive) �<ÊÃºs�#Q��:

∀x ∈ D# : x ⊑ F#(x).

>�S\�: ���¹כ ì�r$3��Ér
⊔

i∈N
F#i(⊥#)_� �À»Ìº,á
(upper bound)�̀¦ >�íß�
�l�



:3̈½¹כ Fü< F#_� �'a>�

◮ z�́]j z�́'���<ÊÃº Fü< a(����¹כ z�́'���<ÊÃº F# ��s���H

F ◦ γ ⊑ γ ◦ F#, <�Ê�Ér, α ◦ F ⊑ F# ◦ α

s�����

◮ z�́]j z�́'���<ÊÃº Fü< a(����¹כ z�́'���<ÊÃº F# ��s���H

x ⊑ γ(x#) s���� F x ⊑ γ(F# x#)

s�#Q��

>�S\�: ���¹כ ì�r$3��Ér
⊔

i∈N
F#i(⊥#)_� �À»Ìº,á
(upper bound)�̀¦ >�íß�
�l�



���õ�: îß����ô�Ç ���¹כ ì�r$3�

���¹כ ì�r$3� =
⊔

i∈N F
#i(⊥#) _� �À»Ìº,á
(upper bound)�̀¦ Ä»ô�Ç

r�çß�?/\� >�íß�
�l�

◮ Õª�Qô�Ç �À»Ìº,á
(upper bound) A#��H �½Ó�©�

lfpF ⊑ γ(A#) °ú �Ér ú́��Ð

α(lfpF ) ⊑ A#

\�¦ ëß�7á¤: Theorem[fixpoint-transfer]

◮ 7£¤, ì�r$3����õ� A#�� z�́]jz�́'�� lfpF�̀¦ “�í[O�ô�Ç��.”



Fixpoint Transfer Theorem

�= 0Aü< °ú s�ëß� 
���� �̀¦���Ér ì�r$3�s� ÷&��H��?

Theorem (fixpoint transfer)
Dü< D#��H y��y�� CPOs��¦ °ú��Ð�� ������s� ÷&#Qe����. �<ÊÃº
F : D → D��H ���5Åq�<ÊÃºs��¦ F# : D# → D#��H éß��̧�<ÊÃºs����� Ø���½Ó

�<ÊÃºs���. F ◦ γ ⊑ γ ◦ F# s���. Õª�Q���,

lfpF ⊑ γ(
⊔

i∈N

F#i(⊥#)).



⊔

i∈N F
#i(⊥#) _� �À»Ìº,á
 >�íß�ZO�

◮ a(����¹כ _�p�/BNçß�(abstract semantic domain) D#_�

Z�}s��� Ä»ô�Ç
������, /BI���Ð

⊔

i∈N

F#i(⊥#)

\�¦ >�íß�

◮ a(����¹כ _�p�/BNçß�(abstract semantic domain) D#_�

Z�}s��� Áºô�Ç
������, ��6£§�̀¦ ëß�7á¤
���H

⊔

i∈N

(F#i(⊥#)) ⊑ lim
i∈N

(X#
i )

Ä»ô�Çô�Ç �̂��� {X#
i }i\�¦ >�íß�



Ä»ô�Ç �̂��� {X#
i }i ¹1Ôl�

⊔

i∈N

(F#i(⊥#)) ⊑ lim
i∈N

(X#
i )

��� Ä»ô�Ç �̂��� {X#
i }i?

◮ F#�� éß��̧(monotonic) �<ÊÃºs����, F#\�

»¡¤t�ZO�(widening operator) ▽\�¦ &h�6 xô�Ç �̂���:

X
#
0 = ⊥#

X
#
i+1 =

{

X
#
i F#(X#

i ) ⊑ X
#
i s����

X
#
i ▽ F#(X#

i ) ��m����



»¡¤t�ZO� ▽_� �̧|	�

�̧|	�

◮ ∀a, b ∈ D# : (a ⊑ a▽ b) ∧ (b ⊑ a▽ b)

◮ ∀7£x��
���H �̂���{ai}i : �̂��� x0 = a0, xi+1 =
xi▽ ai+1��H Ä»ô�Ç

s����

◮ {X#
i }i �Ér Ä»ô�Ç �̂���

◮ Õª =åQ(F#(X#) ⊑ X#��� X#)�Ér

⊔

i∈N

(F#i(⊥#)) ⊑ lim
i∈N

(X#
i )

�̀¦ ëß�7á¤: Theorem[widen’s safety]



»¡¤t�ZO� ���õ� ��1pul�

F#�� éß��̧(monotonic) �<ÊÃº�����,

◮ »¡¤t�ZO��̀¦ +�"f >�íß��)a A# let

= lim〉∈N(X
#

〉 )\�¦

◮ a%vy�l�(narrowing operator) △�̀¦ +�"f &ñ
�§
�>� ��1pu�̀¦
Ãº e����.

◮ ��6£§_� �̂��� {Y #
i }i�̀¦ >�íß�

Y
#
0 = A#

Y
#
i+1 = Y

#
i △ F#(Y #

i )



a%vy�l� △_� �̧|	�

�̧|	�

◮ ∀a, b ∈ D# : a ⊒ b⇒ a ⊒ (a△ b) ⊒ b

◮ ∀y���è
���H �̂���{ai}i : �̂��� y0 = a0, yi+1 =
yi△ ai+1��H Ä»ô�Ç

s����

◮ {Y #
i }i�Ér Ä»ô�Ç �̂���

◮ Õª =åQ�Ér
⊔

i∈N

(F#i(⊥#)) ⊑ lim
i∈N

(Y #
i )

�̀¦ ëß�7á¤: Theorem[narrow’s safety]



Widening/Narrowing Theorems

�= 0Aü< °ú s�ëß� 
���� �̀¦���Ér ì�r$3�s� ÷&��H��?

Theorem (widen’s safety)
D#��H CPO s��¦, F# : D# → D#��H éß��̧(monotonic) �<ÊÃºs��¦,
▽ : D# ×D# → D#�� »¡¤t�ZO� �̧|	��̀¦ ëß�7á¤
����, »¡¤t�ZO�Ü¼�Ð &ñ
_�÷&
��H �̂��� {X#

i
}i �Ér Ä»ô�Ç
��¦ Õª =åQ�Ér limi∈N X

#
i
⊒

⊔

i∈N
F#i(⊥#)s���.

Theorem (narrow’s safety)
D#��H CPO s��¦, F# : D# → D#��H éß��̧(monotonic) �<ÊÃº s��¦,
△ : D# ×D# → D#��H a%vy�l� �̧|	��̀¦ ëß�7á¤
��¦ F#(A#) ⊑ A# s����,

a%vy�l��Ð &ñ
_�÷&��H �̂��� {Y #
i
}i �Ér Ä»ô�Ç
��¦ Õª =åQ�̧

limi∈N Y
#
i
⊒

⊔

i∈N
F#i(⊥#)s���.
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