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M e Memory = Var — Value
z€ Value = 7
x e Var = ProgramVariable
HAZ C2 QO] [[C] € Memory — Memory
AlALAL Bl o|0| [[E] € Memory — Z



[skip]] M

[z :=E|M =
[if ECy G| M =

[[Cl N 02]] M
[~ M

[[E1 + EQ]] M
[- E1 M

& o=t

M
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[while E CM
= if [E]]M = 0 then [[while E C|([CTM) else M
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[while E CM

= if [E|M = 0 then [[while E C|([C]|M) else M
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» O|0|HHAIO|M AHESH=
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» 9|0| &7+ = CPO(complete partial order set)

» T2 12H0| o|D[HYA SO £0|= A52 Z5 OfH
CPOQ| A E

» HAAMZES B5F CPOOAM CPORZ 7H= H&GH4
(continuous function)

» “Computability is continuity.”
» "ORT)2MS HALESEA0|C}H
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o7IM [C] € D (O CPO)
J2|2F € D—D (DOjM DRO| ¥&s4E50| CPO)

> O] BHHAIQ| Sl SHAF A& B FO| 2| AT H A (Jeast
fixpoint) 22 49|

» 08A O|0| 2R (fixpoint semantics)
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H Lot~ continuous function), 2|21 & (least

fixpoint)

» CPO A, CPO B. A&84 f: A — Beh A9 A2
(chain)Q| Z|ASI5A (least upper bound)E BHsHF=

1€N
> AATSE HEES
» URES frosy= fu) S ()
» THRISEA £ 2 f(7)
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“Computer science is full of fixpoints.”
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“Computer science is full of fixpoints.”

= {0} U {n+1ln € N}
= IfpAX. {0} U {n+ 1jne X}



AZ. AutH o2 1A (fixpoint) O
“Computer science is full of fixpoints.”
» N = {0} u {n+1|n € N}
= IfpAX. {0} U {n+ 1jne X}
» list = {nil} u {(0,1)|1e list}
= IfpAX {nil} u {(0,])|l € X}



AS: et o2 ™ AH(fixpoint) O
“Computer science is full of fixpoints.”

» N = {0} u {n+1|n € N}
= IfpAX. {0} U {n+ 1jne X}

» list = {nil} u {(0,1)|1e list}
= IfpAX {nil} u {(0,])|l € X}

» reach(N) = N U reach(next(N))
= IfpAf.(AN.N U f(next(N)))
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AZ. AutH o2 1A (fixpoint) O
“Computer science is full of fixpoints.”

» N = {0} u {n+1|n € N}
= IfpAX. {0} U {n+ 1jne X}
» list = {nil} u {(0,1)|1e list}
= IfpAX {nil} u {(0,])|l € X}
» reach(N) = N U reach(next(N))
= IfpAf.(AN.N U f(next(N)))
» sort(A) = if sorted(A) then A else
sort(exch(A))
= IfpAf.(MA.sorted(A)? A : f(exch(A)))
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AZ. AutH o2 1A (fixpoint) O
“Computer science is full of fixpoints.”

» N = {0} u {n+1|n € N}
= IfpAX. {0} U {n+ 1jne X}
» list = {nil} u {(0,1)|1e list}
= IfpAX {nil} u {(0,])|l € X}
» reach(N) = N U reach(next(N))
= IfpAf.(AN.N U f(next(N)))
» sort(A) = if sorted(A) then A else
sort(exch(A))
= IfpAf.(MA.sorted(A)? A : f(exch(A)))
» fac(n) = if n=0 then 1 else n*fac(n-1)

= IfpAf.Ann=071: nx f(n—1))
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CPORt CPOQ| & (Cartesian product)= CPO
CPO2t CPO2Q| e (separated sum)= CPO
CPOO||M CPOZ 7t= ¢&astes9| Aete CPO
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CPO D2t D,°| 472 E & (Cartesian product)

Dl XD2 = {<$,y>’$ED1,yED2}

» FAE| &M= ZE A (component-wise)
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Dy + Dy ={{x,1) |z e D} u{{x,2)| xe Dy} u{l}
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(x, 1y, 1) iff zc=p, 2
(x,2y={d,2) iff zE=p, 2

» [L}2tA] CPO. (2H7)



CPO D,0[M Dp2 7tz BE A&ero e Dy —» Dy 2

CPO

» A&eters =AM e 28 A (point-wise):
fEgiffVoe Dy.f(x) Ep, g(x).

» 2t CPO. (247?)
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Store = Loc — (Int + Loc + Cmd)
Cmd = Store — Store

£ DH=5h= CPO Stores 2t 241
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12 A while-

M e Memory
z € Value

xz € Var

=2| 2|0[=7

Var — Value
7y

ProgramVariable |

A&ty [Cf € Memory — Memory

ALA Eol o|0j
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= [E] € Memory — Z,

AL CPO
=c22 CPO
=22 CPO



while-22| 2|0|ZYA2

[while E C|M
= if [E]M = 0 then [[while E C|([C]|M) else M

CIA| 2AH

— L

[while E C] =
AM.if [E|M = 0 then [[while E C([[C]|M) else M.

= while-22| 9|0| [while F C& ¢4 &4

AX.(AM.if [EM = 0 then X ([C| M) else M)
€ (Memory — Memroy) — (Memory — Memroy)
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[while E C|
= IfpF € Memory — Memory
= lfp(AX.(AM.if [E|M = 0 then X ([[C]|M) else M))

HOlE|A=717? [while E Cll= [E]Qt [CTE 7HR 2 2.



M e Memory = Var — Value
z€ Value = 7Z,
x e Var = ProgramVariable |
[Cll € Memory— Memory
[E]l € Memory — Value
[skip] = AM.M
[r:=E] = MAMM{z— [E]M}
[if ECy Co] = AM.f [E]M = 0 then [[C|M else [[C2]| M
[Ci; Coll = AM[Co] ([C1] M)
[while EC] = Ufp(AX.AM.if [E]M = 0 then X ([C]M) else M))
[»] = AMmn
[z = AM.M(x)
[Ey+ Ex] = AM.([E:] M)+ ([E2] M)

[-E]M = AM.— ([E]M)
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O: C = AB
[AB] = [All + [B]
07IM
[A] = 1
[B] = ---[B] -
([AT [B1) (1,---[IB]--)
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